THE DISTANCE FROM A VECTORIAL BOOLEAN FUNCTION TO THE
AFFINE FUNCTIONS: CERTIFIED VALUES FOR n <4, AND MAXIMIZERS
THAT ARE NOT APN
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ABsTRACT. For an (n,m)-function F': F} — FJ* let da(F) be the minimum Hamming distance
from F to an affine function, and let M (n) = max{d4 (F)} over (n,n)-functions. Problem 11 of the
Eighth International Olympiad in Cryptography (NSUCRYPTO’2021) asks for functions in a fixed
number of variables whose distance to the affine functions is as large as possible, and the organisers’
status table still records the problem as unsolved. For n = 4 it is not. Carlet’s interpolation bound
da(F) <2™—n—1 is strict for (n,n)-functions with n > 4 — proved by Carlet, and proved again by
Biryukov, Turecek and Udovenko at EUROCRYPT 2026, whose introduction names the olympiad
problem — while Ryabov computes d 4 (f) = 10 for every APN function in four variables and states
that this value is the maximum over all (4,4)-functions. So M(4) = 10 is in print. We state that
attribution first, and then contribute two things. First, a complete machine-checked account of the
range n < 4: the interpolation bound for all n and m with no hypothesis on F', the exact values
M(2) = 1 and M(3) = 4 over all functions rather than the APN ones, an explicit (4, 4)-function
at distance at least 10 from every one of the 220 affine maps and exactly 10 from one of them, and
a third proof of the matching upper bound at n = 4 — a finite search of 52 six-point certificates
over 1374496 assignments, confined to the even-weight subspace, using neither character sums nor
a counting argument. Second, one statement the sources do not make: at n = 4 the maximum is
attained by functions that are not APN. An explicit F,, of differential uniformity 4 and image size
10 has da(Fy) = 10, while 23 over F15 is APN, has image size 6, and reaches the same 10; with
Ryabov’s theorem the set of maximizers at n = 4 therefore contains the APN functions strictly.
Every assertion below, apart from the computations explicitly labelled as lying outside the formal
development, is machine-checked in Lean 4.

1. INTRODUCTION

The quantity. An (n,m)-function is a map F: Fy — F3*; it is affine when F(z) = L(z) + ¢ with L
linear and ¢ € FJ" constant. The Hamming distance between two (n, m)-functions is the number of
inputs at which they differ,

du(F,G) = #{z € F} : F(x) # G(a)},
and the distance from F' to the affine functions is
da(F) =min{dg(F,A) : A affine}.
The object of this paper is the maximum of that minimum over (n,n)-functions,
M(n) = max{da(F): F: Fy — FJ}.
The cryptographic literature works with the complementary quantity, the vectorial linearity
VecLing = max{|X|: X CF}, F|x = A|x for some affine A} = 2" — d,(F),

introduced under that name in [1], so that M(n) = 2" — ming VecLing. For m = 1 the analogous
maximum is the covering radius of the first-order Reed—Muller code RM(1,n), a classical quantity,
equal to 2"~1 — 27/2=1 for even n by Rothaus’ theorem on bent functions and open for odd n > 7;
Carlet [2, §7] poses the vectorial question as the analogue still to be settled, not as the same problem.
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The source, and its status. The question comes from the Eighth International Olympiad in Cryp-
tography, NSUCRYPT(0’2021, unsolved research problem 11, “Distance to affine functions” [3]. The
problem statement recalls the definition of Hamming distance and then says that the minimum dis-
tance to the affine functions “is known to be strictly smaller than 2™ —n — 1 if n > 4”, and its third
question asks

Problem 1.1 ([3, Problem 11, Q3]). Find constructions (possibly with a computer; then a represen-
tation of these functions will be needed) of functions F' in fixed numbers of variables having a distance
to affine functions as large as possible.

The solution section of [3] reports no value of M(n) for any n, and the organisers’ live table of
unsolved problems still carried the row “2021 | Distance to affine functions | Unsolved” when we last
consulted it, on 3 September 2026 [10].

What is settled, and by whom. We record the attribution before anything else, because the live
status flag is misleading.

(1) The upper bound. Carlet [2, Prop. 6] proves d4(F) < 2™ —n —1 for every n and every (n,m)-
function F', by interpolating F' at a point and a basis translated by it. In the paragraph
after his Proposition 7 he sharpens it: “Hence, for every n > 4 and every m, the inequality
in Proposition 6 is in fact strict”, so dao(F) < 2™ —n — 2 for n > 4; the argument there
is a sixth-moment character-sum identity. The displayed computation there is carried out
for m < n, and Ryabov, reading the same paper, records the hypothesis as m < 2n — 5 or
m =n =4 [7, (6)]; all three readings agree on m = n, which is the only case used below.
Biryukov, Turedek and Udovenko [1, Prop. 6] prove the same inequality again, in the form
VecLing > n+ 2 for n > 4 and m < 2n — 3, by a pigeonhole count on 3-subsets producing a
six-element zero-sum. Their introduction states that this improvement “was posed as an open
problem at the NSUCRYPTO 2021 international cryptographic olympiad”.

(2) The value at n < 5. Ryabov [7, §3] computes the distance to the affine functions of all APN
functions in n < 5 variables, class by class of extended-affine equivalence, and finds one value
in each dimension: 0,1,4,10,25 for n = 1,...,5. At n = 4 there are two EA-classes, both of
distance 10, and neither contains a permutation. His conclusion draws the consequence in so
many words: “all APN functions in dimension up to 5 have the maximum possible nonlinearity
among all mappings in the corresponding dimension”. Nagy [6, Thm. 17] restates the table as
a theorem attributed to [7, §3], and [1, §6.4] report verifying the n < 5 values with their own
algorithms.

Since 2 — 4 — 2 = 10, the two together give M(4) = 10: no (4,4)-function exceeds 10 by (1),
and every APN one attains it by (2). Biryukov, Turecek and Udovenko put both halves in a single
sentence [1, §6.4]: “the vectorial linearity of APN functions is forced to be equal to 4,6, 7 respectively
for n = 3,4, 5 simply by the theoretical bounds.” So Problem 1.1 is answered at n = 4 in the published
record, whatever the olympiad’s status table says, and nothing in this paper claims otherwise.

What this paper adds. Two things, of different kinds.

A certified account of 2 < n < 4. Sections 3-5 give a complete formal development of the range:
Carlet’s interpolation bound for every n and every m with no hypothesis on F' (Theorem 3.1); the
exact values M (2) = 1 and M (3) = 4 over all functions, not only the APN ones (Theorem 4.1); an
explicit (4, 4)-function at distance at least 10 from every one of the 22° affine maps, with equality for
one of them (Theorem 5.1); and the matching upper bound at n = 4 (Theorem 5.2). The mathematics
of all four is known. What is new is that the n = 4 upper bound is obtained here by a third route,
independent of both published ones: after normalising F' by its own interpolant, a depth-first search
over six values — six of the eight points of the even-weight subspace — closes with 52 six-point
certificates, no character sums and no counting argument. The search is small enough to be checked
inside a proof assistant, which is what Section 8 reports.
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One new observation. At n = 4 the maximum is attained by functions that are not APN (The-
orem 6.1). Carlet asks, in the section that poses the problem, “what are the functions which reach
it (which would be the equivalent of bent functions and of almost bent functions for this notion of
nonlinearity)” [2, §7]; every published answer we located describes the extremal functions as APN
functions — Ryabov’s theorem, in the form Nagy states it, is about “all APN functions in n vari-
ables”, [1, §6.4] apply their algorithms to “several known APN extended affine (EA) equivalence
classes”, and [6] is framed around APN and bent functions throughout. The one place where the
literature computes the parameter for non-APN functions at n = 4 is Ryabov’s §4, and it goes the
other way: all differentially 4-uniform permutations of F3 have distance 9, one short of the maximum.
Nor do the available inequalities forbid a non-APN maximizer: the bound VecLing < v/3g2"/2 + 1 of
[1, Prop. 3], attributed there to Nagy and to Ryabov independently, requires only 6 > 2 at n = 4. We
are explicit about the risk in §6: once the question is asked, the computation that answers it takes a
second, so the fact may well be folklore; what we did not find in the sources is the statement.

Larger n. Nothing here touches n > 5. For the record, the published data bracket the next values.
At n =5, M(5) = 25 = 2° — 5 — 2 by the same two ingredients as at n = 4. At n = 6 the bound
gives M(6) < 56, while Dillon’s APN permutation has d4 = 55 [6, Thm. 17] and [1, §6.4] confirm
vectorial linearity 9, i.e. d4 = 55, for all 534 EA-classes of cubic APN functions in six variables
(Langevin’s classification, cited there); so M (6) € {55,56}. At n = 7 the bound gives M(7) < 119
and [6, Thm. 18(ii)] computes d4 = 117 for z3 and 2, so 117 < M (7) < 119; [1, §6.4] report the
same VecLin = 11 for most of the n = 7 APN functions they checked. At n = 8 the bound gives
M(8) < 246, and the largest distance we found in print is 241: an APN function of vectorial linearity
15, “the smallest known for n = 8 bits” [1, Appendix C]. Their discussion [1, §6.5] adds: “We recall
that the proven lower bound for n = 8 is 10. It is thus a challenging open problem to find 8-bit
S-boxes with vectorial linearity lower than 14, or to prove that they do not exist.” All of these lower
bounds come from APN functions. Theorem 6.1 says that at n = 4 the extremal set is larger than
the APN functions, so a search for M (n) at n > 6 has no reason to be confined to them; we make no
claim about whether that helps.

2. NOTATION AND THE FORMAL ENCODING

Throughout, eq, ..., e,_1 is the canonical basis of F%, indexed from zero. A linear (n, m)-function
L is determined by the images b; = L(e;), and every affine (n, m)-function is A(z) = L(x) + ¢ for
a unique tuple (bo,...,b,—1;c¢); there are 2m(n+1) of them, in particular 220 for n = m = 4. We

write agr(F, A) for the number of points at which F' and A agree, so agr(F, A) + dy(F, A) = 2™ and
da(F) =2" — VecLinp.

The differential uniformity of F' is §p = max,o maxy #{x : F(z) + F(x + a) = b}, and F is APN
when dp = 2; the image size of F is |F(F%)|.

For the formal development we use a flat encoding, which is also how the tables below are printed.
A point of F% is a natural number x < 2", bit i of & being its i-th coordinate z;, so that e; = 2%
a value in F3' is a natural number < 2™; and addition in 3" is bitwise XOR, written @. A linear
map is a function b: i — b; with lin(b,z) = @,_,, ,,—, bi, and aff(b,c,x) = lin(b,z) G c. A (4,4)-
function is displayed as the list [F/(0), F(1),..., F(15)] of 4-bit integers, and a linear part as the tuple
(bo, b1, b2, b3). We identify Fig with Fo[z ]/(Jc —|— x+1) and encode a field element by the integer whose
bits are its coordinates in the basis 1, x, 22, x3.

3. THE INTERPOLATION BOUND

The first theorem is Carlet’s Proposition 6, formalised for all parameters at once. Its proof is his, in
one paragraph; we reproduce it because everything below rests on it and because the formal statement
carries no hypothesis whatsoever: no bound on m, and no condition on F' of any kind.
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Theorem 3.1 (Carlet [2, Prop. 6]). Let n,m > 1 and let F': F} — F3* be any function. Let Ap be
the affine function with constant term F(0) and linear part e; — F(e;) + F(0). Then Ap agrees with
F at the n+ 1 points 0,eq,...,en_1, SO

dA(F) S dH(F,AF) S 2" —n—1.

Proof. Ap(0) = F(0) because a linear map vanishes at 0, and Ar(e;) = (F(e;)+F(0))+ F(0) = F(e;).
The n+1 points 0, eg, . . . , e, 1 are distinct, so F' and Ag differ at no more than the remaining 2" —n—1
points. O

Nothing in Theorem 3.1 is new, and [1, Prop. 2] restate it as VecLing > n+ 1 with a two-line proof.
We isolate it because it is the only statement in this paper that holds for every n, and because it is
what makes the finite searches below finite: the interpolant Ag is also the normalisation used in §5.2.

4. THE EXACT VALUES AT n =2 AND n =3

Carlet’s bound is attained below n = 4, which is the non-vacuity control for its strictness from
n =4 on.

Theorem 4.1. M(2) =1 and M (3) = 4; that is, maxp da(F) = 2" —n—1 forn = 2,3, the mazimum
being over all (n,n)-functions. Witnesses are

®,=1[0,1,0,0, @5 =1[0,7,4,2,1,0,0,0],
which satisfy da(®P2) =1 and da(P3) = 4.

Proof sketch. The upper halves are Theorem 3.1 with n = 2 and n = 3, and need no computation.
The lower halves are exhaustive: dy(®2, A) > 1 is checked against all 4% = 64 affine (2, 2)-functions
and dg (@3, A) > 4 against all 8* = 4096 affine (3, 3)-functions, in each case by enumerating the linear
part and the constant term and evaluating the agreement count at all 2" points. The two witnesses
themselves were found outside the formal development, by exhausting every F with F(0) = 0 — a
normalisation that costs nothing, since adding a constant to F' permutes the affine functions — which
is 4% functions at n = 2 and 8" at n = 3. O

5. THE VALUE AT n =4
5.1. A function at distance exactly ten.

Theorem 5.1. Let

F, =[0,12,11,0,10,2,0,0,3,4,5,7,1,2, 4, 2.
Then dg (Fy, A) > 10 for every one of the 2%° affine functions A: F3 — F3, with equality for the A of
linear part (3,5,1,0) and constant term 0. Hence ds(F,) =10 =2* —4 — 2 and M(4) > 10.

Proof sketch. Exhaustive. The 220 = 1048 576 affine maps are indexed by a single integer whose four
low nibbles are by, by, bs, b3 and whose top nibble is ¢; for each the agreement count over the 16 points
is computed and compared with 6. The attaining map is exhibited separately, as a single evaluation.
No structure of I, is used. (]

The mathematical content of Theorem 5.1 — that the sharpened bound is attained at n = 4 —
is published: by Ryabov’s computation [7, §3] every APN (4, 4)-function is at distance 10 from the
affine functions. What the theorem adds is a witness in explicit form, as Problem 1.1 asks for, checked
against every affine map rather than through the Sidon-set machinery the sources use — and, as §6
shows, a witness that is not APN and so is not an instance of the published family. The table was
found by a restarted hill climb and verified twice in C and once in Python before any formal statement
was written.
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5.2. The upper bound, by a third route.

Theorem 5.2. Every (4,4)-function agrees with some affine function at 6 or more of the 16 points;
equivalently, do(F) < 10 =2* —4 — 2 for every F': F§ — F3.

This is Carlet’s strict inequality at n = 4, and equally [1, Prop. 6] at n = m = 4. The proof below
is neither of theirs. We describe it in full, because the interest is how small the finite search is and
because the verification section has to say exactly what was searched.

Normalisation. For a fixed affine Ay the map A — A+ Aq is a bijection of the affine functions and
dg(F,A) = dy(F 4+ Ap, A+ Ap), so F and G := F + Ay have the same agreement spectrum. Take
Ag = Ap, the interpolant of Theorem 3.1; then GG vanishes at the five points 0, eq, €1, €2, €3, i.e. at
0,1,2,4,8 in the flat encoding. Suppose, for contradiction, that every affine map agrees with F' —
equivalently with G — at most 5 times.

The search space. Eleven values of G remain unknown. The search assigns only six of them, namely

G(3), G(5), G(6), G(9), G(10), G(12),

each ranging over the 16 elements of F3. Together with 0 these are seven of the eight points of the
even-weight subspace £ = {0,3,5,6,9,10,12,15}: the four odd-weight points 7,11,13,14 are never
assigned, and neither is G(15).

The certificates. If some six-element set T C 3 carries an affine interpolant of G — an affine A
with Al = G|r — then agr(G, A) > 6, contradicting the hypothesis. A certificate is such a candidate
set T together with (i) one left-null-space vector of the 6 x 5 matrix [1 | ]y over Fg, recorded as the
set of value slots it involves, and (ii) the five coefficients c, by, . .., b3 of the interpolant, each written
as an XOR of the assigned values. A certificate fires on an assignment when the null-space relation is
satisfied and the affine map reconstructed from (ii) is verified, point by point, to agree with G at all
six points of 7. The relation is only a filter; the six explicit agreement checks are the whole evidence,
so an erroneous coefficient table can make the search prune less but can never make it unsound.
Proof sketch of Theorem 5.2. The certificates were produced outside the formal development by enu-
merating all (162) = 924 six-element subsets of the twelve points {0,1,2,4,8} U E, computing the
null-space relation and the interpolation masks of each, and retaining those that fire at least once dur-
ing a full search; 52 survive, and they involve only the eleven points {0,1,2,3,4,5,6,8,9,10,12}. They
are distributed by the depth at which they become checkable: 1,2,4,7,14,24 certificates at depths
0,...,5. The formal search is a depth-first traversal of the six unknowns in the order above, testing at
each level exactly the certificates of that depth and abandoning a prefix as soon as one fires. It visits
1374496 candidate assignments — the surviving prefixes per level are 1, 15,210, 2520, 22680, 60480, 0
— and no assignment survives. The bridge from that emptiness to the theorem needs two facts about
the table, both decided by kernel computation: every certificate’s point set is a six-element duplicate-
free subset of the eleven points, and every point of a depth-d certificate either is one of the five base
points, where G vanishes, or has a slot < d, so that the depth-d prefix already determines its G-value.
Given those, a firing certificate yields an affine map agreeing with GG at six distinct points, contra-
dicting the assumption; hence no assignment can be consistent with it, and the search’s emptiness is
exactly the statement that no F' is farther than 10 from every affine map. O

The same search was run in C, in about a second on one core, performing 12670621 certificate
tests, once with the relation filter alone and once with the relation filter and the full agreement check,
giving identical node and work counts; and the tables were replayed in Python under exactly the
semantics of the formal statement before any of them was written down.

Corollary 5.3. M(4) = 10.

Proof. Theorem 5.2 gives d4(F') < 10 for every (4, 4)-function and Theorem 5.1 exhibits an F' with
da(F) = 10. O

As explained in §1, Corollary 5.3 restates a published value; the two theorems it combines are a
formal certification of it, with a proof of the upper half that is independent of the two in the literature.
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6. THE MAXIMIZERS AT n = 4 ARE NOT ONLY THE APN FUNCTIONS

Theorem 6.1. Let F,, be as in Theorem 5.1 and let C: Fig — Fig be C(x) = a2, with Fig =
Folz]/(x* +x +1), whose table in the encoding of §2 is [0,1,8,15,12,10,1,1,10,15,15,12,8,10, 8, 12].
Then
(1) 0p, =4, so Fy, is not APN, its image has 10 of the 16 values, and d(F,,) = 10;
(2) 0c = 2, so C is APN, its image has 6 of the 16 values, and ds(C) = 10, the value being
attained at the affine map of linear part (4,6,0,0) and constant term 14.

In particular the set of (4, 4)-functions attaining M(4) = 10 contains functions of differential unifor-
mity 2 and functions of differential uniformity 4.

Proof sketch. Each item is an exhaustive evaluation. The differential uniformities are read off the
16 x 16 difference distribution table; the image sizes are counted directly; and d4(C) = 10 is checked,
as in Theorem 5.1, against all 220 affine maps, with the attaining map exhibited by a single evaluation.
Part (1)’s distance claim is Theorem 5.1. O

Corollary 6.2. The set of (4,4)-functions at mazimum distance from the affine functions contains
the APN functions strictly.

Proof. Every APN (4, 4)-function is at distance 10 from the affine functions, by [7, §3]; that inclusion

is not ours. Theorem 6.1(1) exhibits a function at distance 10 that is not APN. g
Why we state this. Carlet poses the general question — “what are the functions which reach
it” [2, §7] — and every published answer we located describes the extremal functions at n < 5

exclusively as APN functions. Ryabov’s theorem, in the form Nagy states it, is about “all APN
functions in n variables”; [1, §6.4] compute vectorial linearity for “several known APN extended affine
(EA) equivalence classes”; [6] is organised around APN and bent functions throughout. The nearest
computation for non-APN functions at n = 4 is [7, §4], which finds that the thirteen EA-classes of
differentially 4-uniform mappings of 3 that contain permutations all have distance 9, and concludes
that no permutation of F3 exceeds 9 — so that computation, far from exhibiting a non-APN maximizer,
rules out the bijective ones. What we found in no source is the statement that some non-APN (4, 4)-
function reaches 10. The question is not settled by the available inequalities either: [1, Prop. 3| gives
VecLing < v/3g-2"/2+ 1, which at n = 4 and VecLin = 6 requires only dg > 2 and therefore excludes
nothing.

Remark 6.3 (stated as a risk). Theorem 6.1 is one exhaustive computation on two explicit tables.
Once the question is asked, answering it takes a second of computer time, and we cannot rule out that
the fact is folklore among specialists even though it is absent from the sources we searched. What we
claim as new is the observation, not its difficulty.

Remark 6.4 (outside the formal development). Non-APN maximizers are not rare. Sampling 3000
functions normalised by F(0) = 0 found one with maximum affine agreement at most 6, so the density
of maximizers among normalised (4, 4)-functions is of order 3 x 104 and their number of order 6 x 10°
(about 6 x 10 functions in all, the affine translate being free). A depth-first enumeration run for 600
CPU-seconds visited 70 146 386 nodes and emitted 2 562 661 maximizers before its cost cap; every one
of them had differential uniformity 4. That region is a lexicographic prefix and not a random sample,
so the last observation is not evidence about the global distribution of § among maximizers, and we
draw no conclusion from it. A complete census is out of reach at this size. None of the numbers in
this remark is part of the formal development.

7. CONTROLS, AND ONE REPRODUCTION

Negative controls. A finite search that proves an emptiness is only as good as the evidence that it
could have found something. Each of the following is computed by the same pipeline as the result it
guards.
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Proposition 7.1. (1) The distance is not trivially large. The affine function with linear part
(3,9,6,12) and constant term 5, whose table is [5,6,12,15,3,0,10,9,9,10,0,3,15,12,6,5], is
at distance 0 from itself.

(2) The claim is not too large. It is false that dy(F,, A) > 11 for every affine A: the map of
Theorem 5.1 attains exactly 10. Here 11 = 2* — 4 — 1 is Carlet’s unsharpened bound, so the
witness does not reach it.

(3) A wrong witness fails. Changing the single value Fy,(7) from 0 to 1 produces a function at
distance 9 from the affine map of linear part (6,6,1,3) and constant term 0; so Theorem 5.1
is a property of this table and not of tables of this shape.

(4) The certificates fire. On the normalised witness

G=F,+Ap, =1[0,0,0,7,0,4,1,13,0,11,13,3,8,7,6,12],

whose siz search values (G(S),G(S),G(6),G(9),G(10),G(12)) are (7,4,1,11,13,8), a certifi-
cate fires — as it must, since the maximum agreement of F,, really is 6. A certificate also
fires on the zero function at the first level. But the test is not constant: on the assignment

G(3) =1 the first level passes.
An S-box, and non-invariance under inversion.

Proposition 7.2 (reproducing [1, Rem. 1]). Let S = [3,7,4,8,6,11,0,5,13,10,9,1,12,2,14,15], a
permutation of Fs, with inverse S~ = [6,11,13,0,2,7,4,1,3,10,9,5,12,8,14,15]. Then

da(S) =9,  da(S7') =8,

that is VecLing = 7 and VecLing-1 = 8. The values are attained at the affine maps of linear part
(8,3,0,9) with constant term 3, and of linear part (13,11,6,5) with constant term 6, respectively.

Proof sketch. Two exhaustive sweeps over all 22° affine maps, one for S and one for S~1, plus the two
attaining evaluations; that S~! is the inverse of S is checked pointwise. O

The two numbers are those of [1, Rem. 1], where they are given to show that vectorial linearity
is not preserved by inversion — a fact the authors report as resolving the question, posed in [6]
and numbered Problem 2 in its journal version, of whether d4 is CCZ-invariant. The paper states
the values without attaining maps; the maps above are ours, and are what makes the reproduction
independently checkable. Note also that this permutation has d4 = 9, one less than the maximum
M(4) = 10.

Remark 7.3 (not ours; the published answer). That gap is not an accident of this example. No
permutation of F3 attains d4 = 10: Ryabov [7, §4] computes d4 = 9 for canonical representatives of all
thirteen EA-classes of differentially 4-uniform mappings of F3 that contain permutations, and argues
from the same classification that every EA-class containing a permutation of differential uniformity
at least 6 has d4 < 9; since ]F‘Q1 admits no APN permutation, 9 is the maximum of d4 over IF%—
permutations. Vectorial linearity is an EA-invariant [1, Prop. 5], which is what makes a class-by-class
computation decide the question. We record this because we did not find it before pricing a direct
attack: outside the formal development, 400 000 uniformly random 4-bit permutations gave vectorial
linearity at least 7 every time — against a rate of about one in 3000 for unrestricted (4, 4)-functions
— and an exhaustive depth-first search, normalised by S(0) = 0 and S(1) =1 (an output translation
followed by an output linear bijection, both of which preserve bijectivity and every agreement count)
and pruned incrementally over all 65536 linear parts, covered 3 532 644 nodes in 42 CPU-minutes and
entered only 7 of the several thousand depth-6 branches, which prices the full search near 700 CPU-
hours. Both are consistent with Ryabov’s answer, and neither was needed for it. We did recompute
the distances and the differential uniformities in his Tables 7 and 8 — again outside the formal
development — and every one came out as printed.
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8. VERIFICATION

Every theorem and proposition stated above, and Corollary 5.3, is formally verified in Lean 4
[4] (toolchain v4.32.0); the development contains no sorry and no hand-written axiom. The two
exceptions are the remarks that say so themselves — Remarks 6.4 and 7.3, whose numbers come
from computations outside the development — and Corollary 6.2, which combines Theorem 6.1 with
a published theorem that is not formalised here. It consists of seven modules: the encoding and its
elementary lemmas; Theorem 3.1; the witness of Theorem 5.1; the certificate search of §5.2; the bridge
and Corollary 5.3; Theorem 4.1; and the controls of §7. Four of the seven are written against Lean’s
built-in prelude alone, so that the statements they carry are equations between natural numbers, lists
and booleans; the three that need finite-set reasoning — Theorem 3.1, Theorem 4.1 and the bridge
— are stated over Mathlib [5]. The reasoning layer is kernel-clean: Theorem 3.1 for all n and m,
the two structural facts about the certificate table used in the proof of Theorem 5.2, and the whole
of the n = 2 case of Theorem 4.1 — including its 64-map sweep — are checked by the kernel and
depend on no evaluation axiom. Everything that touches a 22°-map sweep, the 4096-map sweep at
n = 3, or the certificate search is delegated to compiled evaluation, and each such statement carries
the standard axioms of the ambient library together with one evaluation axiom for each compiled
sweep it invokes — one where a single sweep settles the statement, two where a sweep is combined
with the exhibition of an attaining map, three for Corollary 5.3, which combines the search with both
halves of Theorem 5.1. This covers Theorems 5.1 and 6.1, the emptiness of the search in Theorem 5.2,
Propositions 7.1 and 7.2, and Corollary 5.3. Re-checking the development module by module costs
about 500 CPU-seconds in total — the controls of §7, which contain three separate 22°-map sweeps,
account for 275 of them and the certificate search for 96 — at a peak resident set of about 7 GB,
reached by two of the three Mathlib-importing modules. Every number reported anywhere in this
paper was produced first by an independent implementation in C, and replayed in Python under the
semantics of the formal statements, before being stated formally; the formal run therefore re-checks a
known answer rather than searching for one. The development lives in a repository that is private at
the time of writing; repository reference to be added at submission.

9. WHAT IS OPEN

Problem 1.1 at n > 6. The first undecided value is M (6) € {55,56}: equivalently, is there a (6,6)-
function of vectorial linearity 87 We priced a direct attack and parked it. Deciding VecLin < 8 for
a single function by the method used here means interpolating on every affine frame of F$, of which
there are 64 -63-62-60-56-48-32/7! = 2.56 x 108, each at 64 points: about 1.6 x 10*° operations, or
30-60 CPU-minutes per function. Enumerating over linear parts instead is worse, 236 of them. Any
search that evaluates thousands of candidates is therefore two to three orders of magnitude beyond
what we were willing to spend, and a route that changes this would have to bound vectorial linearity
from a cheaper invariant — the gerbera configurations of [6], or the reduction algorithms of [1] —
rather than from frames.

Formalising the general bound. Theorem 5.2 is a search at n = 4 only. Formalising [1, Prop. 6] for
general n would replace it by a theorem for every n > 4; its proof is a pigeonhole count on 3-subsets
together with the extension of an affinely independent set to an affine basis, and it is the second half
that would be the work.

The extremal set. Corollary 6.2 says the maximizers at n = 4 are not only the APN functions.
Which differential uniformities occur among them? Remark 6.4 reports 6 = 4 throughout a large but
lexicographically biased sample, and § = 2 for 23; whether § = 6 or larger occurs is a one-shot witness
hunt we did not run, and the complete census is out of reach. The same question at n = 5, where
M (5) = 25 is known, is untouched.

Not open: 4-bit permutations. Whether some permutation of F3 reaches d4 = 10 is the natural
companion question, and it is settled in print: none does, by [7, §4]. Remark 7.3 records the answer
and our own late arrival at it.



DISTANCE TO AFFINE FUNCTIONS FOR n < 4 9

The best general upper bound. Ryabov’s olympiad follow-up [8] collects the upper bounds into a

single “universal” one, d4(F) < UB(n, m) with UB(n,m) = min{(2™ —1)2n~™ —2n/2=m 9n _p 1},
the second entry replaced by 2" —n — 2 when m < 2n — 5 or m = n = 4. At m = n the first entry
is 2" — 1 — 27"/2 which never binds, and the bound reduces to the one used here; we know of no
published upper bound on M (n) better than 2" —n — 2. The conjecture of Liu, Mesnager and Chen,
da(F) < (1 —27™)(2" — 2"/2), would give M(6) < 55 and hence decide M(6), but [6, Thm. 18]
disproves it at n =8 and n = 9.
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