THE UNARY MULTIPLE-CONCATENATION BOUND IS NOT TIGHT, AND
FAILS ONLY IN ITS CYCLE LENGTH

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Jirdsek and Jirdskova (arXiv:2511.03814) close their study of the state complexity
of the concatenation LqLsg--- Ly of k regular languages with the unary case, and give an upper
bound for unary automata that may carry final states in their tails: if A; has size (A\;, ;) then
L(A1)--- L(Ag) is recognised by a unary automaton of size (A, M) with A =lem(A1,...,\x) and
M a maximum, over subsets I of the indices, of 3, u; —k + 14 d;f(I), where dj is the greatest
common divisor of the A\; with ¢ € I and f is the modified Frobenius number. They exhibit one
instance in which the bound is met — sizes (12, 2), (20, 2), (30, 2), minimal size (60, 124), 184 states
— and write that “the tightness of this upper bound in a general case remains open”. We settle it:
the bound is not tight. At k = 3 with cycle lengths (3,2, 2) and tails (2,2, 2) the bound is (6, 12),
that is 18 states, and yet for every one of the 8192 choices of final-state sets the concatenation is
recognised by a unary automaton with at most 15 states, because the cycle length lem(3,2,2) =6
is never attained. The failure is confined to the cycle: at those same sizes the preperiod half
M = 12 of the bound is exactly right, forced by a single witness. We also exhibit two size tuples
at which the whole bound is met, both far smaller than the published example: (2,4, 4) with tails
(2,2,2) gives minimal size exactly (4,12), 16 states, and (1,4, 6) gives exactly (12,16), 28 states
— the latter with globally coprime cycle lengths and with the maximum defining M attained on
a proper pair of indices. An exhaustive census over all 216 cycle-length triples with A\; < 6 and
i = 2 finds no violation of the bound, finds its preperiod half attained every time, and singles out
a candidate closed form for the true cycle length, which we state as a conjecture. Finally we settle,
in the unary case and for every k, a second remark the same paper leaves open: the concatenation
of £ — 1 unary languages of at most two states each with a one-state language is recognised by a
k-state automaton, and k states are necessary. All theorems below are machine-checked in Lean 4.

1. INTRODUCTION

The quantity and the source. The state complexity of a regular language is the number of states
of its minimal deterministic finite automaton. For the concatenation of two languages the answer is
classical [6, 9]; for the concatenation LjLy--- Ly of k languages the problem was raised by Caron,
Luque and Patrou [1] and is the subject of the recent paper of Jirdsek and Jirdskovéd [3], which
describes witness languages meeting the upper bound over alphabets of various sizes and proves
that a ternary alphabet is optimal for k = 3.

Its last section treats the unary case, where the alphabet is a single letter a. Unary state complex-
ity has a different flavour from the general case: the minimal automaton is a “lasso”, concatenation
becomes addition, and number theory — the Frobenius coin problem — enters the bounds [8]; the
average behaviour of the operations on unary automata is different again [7]. For two unary lan-
guages the case is the subject of Pighizzini and Shallit [8], on which [3] leans throughout its unary
section. For k languages, [3] proves tight bounds for cyclic unary languages (its Theorem 26) and for
languages recognised by automata with no final state in the tail (its Corollary 27), and then gives
an upper bound in the remaining, general case (Theorem 2.1 below). About that last bound it says,
verbatim:

We cannot obtain a tight upper bound here, nevertheless, we provide an example
that meets our upper bound.

and, after the example,

The tightness of this upper bound in a general case remains open.
1
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The conclusions repeat the point, as “The tightness of this upper bound remains open.” The paper’s
single example uses unary automata of sizes (12,2), (20,2), (30,2); the minimal automaton of the
concatenation has size (60,124), that is, 184 states.

What is settled here. The bound is not tight. Section 4 exhibits a size tuple at which no choice
of final states meets it, and the gap is not marginal: the bound asks for 18 states and the truth is
at most 15, for all 8192 instances at once (Theorem 4.1). What fails is precisely the cycle length:
the bound predicts a cycle of length lem(3,2,2) = 6, and 6 is never reached. The other half of the
bound survives the counterexample. The preperiod M is built from the modified Frobenius number,
and at those same sizes it is exactly right: a single explicit witness needs a tail of length 12 in every
unary automaton that recognises it, and 12 is the value the bound predicts (Theorem 4.2).

Section 5 goes the other way. The published example is the only instance in [3] where the bound is
met, and it gives no criterion for when that happens. We add two instances, both much smaller. At
cycle lengths (2,4, 4) with tails (2, 2,2) the bound (4, 12) is met exactly, on 16 states (Theorem 5.1).
At cycle lengths (1,4,6) the bound (12,16) is met exactly, on 28 states (Theorem 5.2); there the
cycle lengths are globally coprime, ged(1,4,6) = 1, and the maximum defining M is attained not
at the full index set — as in the published example, where ged(12,20,30) = 2 — but at the proper
pair {2,3}. Both are shapes the published example does not exhibit.

Section 6 reports the exhaustive census that located these parameters, and states the conjecture
it suggests: when every p; > 1, the largest attainable cycle length is

AF = max{lcmig)\i AT C{L,... k}, gc;i)\i22}
ie

(and 1 when no such I exists). This matched in every case computed. Proving it would replace
A = lem(Aq,..., ;) in Theorem 2.1 by the largest attainable cycle length; the preperiod half is
attained throughout the window we searched. That would make each coordinate of the bound
sharp, but not yet the pair: at some sizes the two are never attained together, and Section 9 exhibits
one.

Section 7 settles, in the unary case and for every k, a second question left open in [3]: if
A1,..., A1 have at most two states each and A has one, is L(A;)--- L(Ag) recognised by a
k-state automaton? Over one letter the answer is yes, by an elementary argument, and k states are
necessary. The remark in [3] is stated over a general alphabet, and that case is not proved here;
Remark 7.2 records an exhaustive verification of it for k£ < 6 over every alphabet.

Section 8 records one more computation, on a different conjecture of [3]: that k symbols are
necessary to describe witnesses for the concatenation of k languages, which [3] proves only for k = 3.
At k = 4 with all component automata of two states, a ternary alphabet reaches 35 while the bound
is 37, and the four-letter construction of [3] reaches 37; so four symbols are necessary in that case.

Section 10 describes the formal verification. Every theorem and proposition below is machine-
checked in Lean 4; the statements labelled as remarks are the ones that are not, and each of them
says so. One elementary step is carried out on paper rather than in Lean, and that section says
which.

2. PRELIMINARIES

Unary automata as eventually periodic sets. Fix the one-letter alphabet {a} and identify the
word a™ with the natural number n, so that a unary language is a subset of N = {0,1,2,...} and
concatenation is the sumset

LlLQ = {ern : mGLl, nGLQ}.

Following [3], which in turn follows [8], a unary automaton of size (A, 1) with A > 1 has state set
qo; - -, qu—1 (the tail) and po,...,pa—1 (the cycle) with transitions

qgo —>q1 —> " —>qu—1—>Po —>P1 " —> Prx—1 — Do,
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S0 A + u states in all. We number the states 0,1,...,A 4+ u — 1 in that order and record the final

states as a subset F' C {0,..., A+ pu— 1}; this is the convention used for Fy, Fy, F3 in the example of

[3] reproduced below. The state reached by a™ is n if n < p+ A and g+ ((n — ) mod \) otherwise.
Say that L C N is eventually periodic with preperiod m and period p when

Yn>m: neL < n+pé€elL.

The dictionary we use throughout is [8, Theorem 2], as quoted by [3]: L is recognised by a unary
automaton of size (A, ) if and only if A > 1 and L is eventually periodic with preperiod p and
period A. Consequently no automaton interface is needed below: every statement is arithmetic on
N.

We say that a nonempty L has minimal size ezactly (Ao, po) when L is recognised by an automaton
of size (Ag, 110) and every unary automaton of size (A, ) recognising L satisfies Ao | A and po < p.
This is the form in which all the exactness claims below are stated and verified; it is stronger than
minimality of the state count A + p, and it is what makes “the bound is met” a claim about both
coordinates separately.

The Frobenius numbers and the source’s bound. For positive integers ni,...,ny with
ged(ng,...,ng) =1, let g(nq,...,ne) be the Frobenius number, the largest integer not representable
as T1ny + - - + xene with all z; > 0, and let

fn,...ong) = g(ng,...,me) +n1+ -+ ny

be the modified Frobenius number, which [3] glosses as the largest integer not representable by
positive integer linear combinations. Thus f(1) = 0 and f(1,1) = 1, while f(2,3) =145 =6 and
f(3,5)=7+8=15.

Theorem 2.1 ([3, Theorem 29]). For i = 1,....k let A; be a unary automaton of size
(Niy ;). For each nonempty I = {i1,...,50} C {1,...,k} put df = ged(Niy,...,N\;,) and
fI) = f\i, /dr, ... i, /dr), and set dg = 1, f(0) = 0. Then L(A1)L(As)--- L(Ay) is recognised
by an automaton of size (A, M) where

A=lem(Ai,. . M), M= Igr{xﬁa}ik}(m ek 14dr f([)).

We follow [3] in saying that this bound is met at a tuple of sizes (A1, u1), ..., (Ak, fir) when there
are automata of exactly those sizes whose concatenation has minimal size exactly (A, M), and that
the bound is tight when it is met at every tuple of sizes. This is the reading [3] itself fixes: its
Theorem 26 and its Corollary 27 each end with the words “and this upper bound is tight”, and each
is proved tight by exhibiting a witness family for every tuple of sizes — languages L; = a™ ~!(a™)*
in Theorem 26 and L; = a*t*~1(a*:)* in Corollary 27.

Two special values are used repeatedly. At k& = 3 with all u; = 2 the additive constant is
w1+ pe+us—k+1=4,80 M =4+max;d;f(I). And for a singleton I = {i} one has d; = \; and
f(I) = f(1) = 0, so singletons never contribute.

Three lemmas. Everything below rests on three elementary facts, all proved in full generality (no
computation) in the formal development.

Lemma 2.2. If A is eventually periodic with preperiod o and period p, and B with preperiod 5 and
period q, then the sumset A + B is eventually periodic with preperiod oo + B + lem(p, q) and period

lem(p, q).

This preperiod is much larger than the one Theorem 2.1 provides; it is used only as a coarse
starting point, from which a finite window check upgrades to the sharp statement:

Lemma 2.3. Let L be eventually periodic with preperiod TI' and period A > 1, let m < T, and let
p>0. Ifne€l < n+p¢€L for every n in the finite window [m,I" + A), then L is eventually
periodic with preperiod m and period p.
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Lemma 2.4. Let L be eventually periodic with preperiod I' and period A > 1. If L is also eventually
periodic with period p and some preperiod, then L is eventually periodic with preperiod I' and period
ged(p, A).

Lemma 2.4 is what turns a handful of refutations into a statement about all automata: to show
that every eventual period of L is a multiple of A, it suffices to refute the maximal proper divisors
of A, since any period p with ged(p, A) # A has ged(p, A) dividing one of them. Likewise, if L is
A-periodic from T" on and is recognised by an automaton of size (A, u), then L is A-periodic from pu
on; so a single failure of A-periodicity at some n < po shows that every recognising automaton has
tail at least uog.

3. THE PUBLISHED EXAMPLE, RE-DERIVED

Before the new parameters, the one instance printed in [3] was recomputed from the definitions,
as a check on the model and on the reading of the size and final-state conventions.

Proposition 3.1. Let Ay, Ag, Az be the unary automata of sizes (12,2), (20,2), (30,2) with F} =
{0,13}, Fy, = {0,21}, F5 = {0,31}. Then L(A1)L(A2)L(As) has minimal size exactly (60,124): it
is recognised by an automaton of size (60,124), every eventual period of it is a multiple of 60, and
every unary automaton recognising it has tail at least 124.

Proof sketch. Each L(A;) is eventually periodic with preperiod 2 and period \;; two applications of
Lemma 2.2 make the sumset 60-periodic from 126 on, with no computation. Lemma 2.3 with I' =
126, A = 60, m = 124 then reduces recognisability by (60,124) to checkingn € L <= n+60 € L
for the 62 values n € [124,186), which is an exhaustive finite check. For the tail, one evaluation
suffices: 123 ¢ L and 183 € L differ, so L is not 60-periodic from 123 on, and by the transport
described after Lemma 2.4 no recognising automaton has tail below 124. For the cycle, the maximal
proper divisors of 60 are 30, 20 and 12; each is refuted by a single evaluation (n = 126, 128, 132
respectively), and Lemma 2.4 upgrades the three refutations to: every eventual period is a multiple
of 60. The arithmetic A = lem(12, 20, 30) = 60 and M = 2+2+2—3+14+max{60,120} = 124 printed
in [3], and the intermediate values 4f(3,5) = 6f(2,5) = 10f(2,3) = 60 and 2£(6, 10, 15) = 120, were
recomputed independently and agree. O

4. THE BOUND IS NOT TIGHT

Take k = 3, cycle lengths (A1, A2, A3) = (3,2,2) and tails yq = po = pz = 2. Theorem 2.1 gives
A =lem(3,2,2) = 6 and, since

d{1,2}f({17 2}) = f(37 2) =0, d{2,3}f({2’ 3}) = 2f<1’ 1) =2, d{1,2,3}f({1a 2, 3}) = f(37 2, 2) =38,
with the singletons contributing 0, the maximum is 8 and M = 4+ 8 = 12. So the bound predicts a
minimal size of (6,12), that is 18 states. The three automata have 3+2=05,24+2=4and 2+2=4
states, so there are 2° - 2% .24 = 8192 choices of final-state sets in all.

Theorem 4.1. Let A; have size (3,2) and As, As size (2,2), with arbitrary final-state sets Fy C
{0,...,4} and F», F3 C{0,...,3}. Then L(A1)L(A3)L(A3) is eventually periodic with preperiod 12
and period 2, or with preperiod 12 and period 3. Consequently it is recognised by a unary automaton
with at most 15 states, for every one of the 8192 choices of final-state sets, whereas the bound of
Theorem 2.1 at these sizes is (6,12), that is 18 states. In particular the cycle length lem(3,2,2) = 6
is never attained, and the upper bound of Theorem 2.1 is not tight.

Proof sketch. For every choice of final-state sets, two applications of Lemma 2.2 make the concate-
nation 6-periodic from 18 on; this half is general and involves no computation. Lemma 2.3 with
I' =18, A = 6, m = 12 then reduces “2-periodic from 12 on” and “3-periodic from 12 on” to finite
checks on the window [12,24), twelve values each. The claim is that at least one of the two checks
succeeds, and this is verified by exhaustive computation over all 8192 triples of final-state sets: for
each triple, the membership test n € L(A;)L(A2)L(Aj3) is recomputed from the sumset definition for



THE UNARY MULTIPLE-CONCATENATION BOUND IS NOT TIGHT 5

n < 26 and the two window checks are run. This is the only exhaustive search the theorem depends
on; the rest of the argument is the two general lemmas. Given the conclusion, recognisability by a
unary automaton of size (2,12) or (3,12) — 14 or 15 states — is immediate from the dictionary of
Section 2. |

Theorem 4.1 refutes tightness by a gap of at least three states, uniformly over all instances at
those sizes. It also isolates where the bound goes wrong: the predicted cycle length is 6 and the true
one is at most 3. The next theorem shows that the other coordinate is not merely close but exactly
right at the same sizes.

The choice k = 3 is not incidental. At k& = 2 the maximum in Theorem 2.1 is always attained at
the full index set: writing d = ged(A1, A2), Sylvester’s value f(a,b) = ab for coprime a,b gives d -
FfA1/d, Aa/d) = A Aa/d = lem(Aq, A2), so the bound is always (Iem(Aq, A2), p1+pe—1+lem(Aq, A2)),
a total of 2lem(A1, Aa) + p1 + o — 1 states. Over the whole window A\; < 8, p; < 4 the census of
Section 6 measured the largest total state count in the cases with ged(A1, A2) = 1 as Ap Az + u1 + po,
smaller by A\yAs — 1: at £ = 2 the bound is already not tight. That is no surprise, and we claim
no priority for it — the two-language unary case, automata with final states in their tails included,
is the subject of the results of [8] that [3] cites for exactly this point, namely that the cycle of a
two-language unary concatenation can be the least common multiple of the two given cycles when
the automata have final states in their tails. (The value AjA2 + p1 + p2 quoted above is our own
measurement over that window, not a quotation from [8].) What Theorem 2.1 introduces, and what
[3] records as open, is the case k > 3 with final states in the tails; that is where Theorem 4.1 sits.

Theorem 4.2. At the sizes of Theorem 4.1, take Fy = {4}, Fo = {3}, F5 = {3}. Then every unary
automaton recognising L(A1)L(A2)L(As) has tail length at least 12. Since Theorem 4.1 recognises
this language with tail exactly 12, its minimal preperiod is exactly 12 = M : the preperiod half of the
bound of Theorem 2.1 is attained at these sizes, and the failure of the bound is confined to its cycle
length.

Proof sketch. Write L for the concatenation at this choice of final states. A single evaluation shows
11 ¢ L and 17 € L differ, so L is not 6-periodic from 11 on. Suppose L were recognised by an
automaton of size (A, pu) with x4 < 11. Then L is A-periodic from g on and, by Lemma 2.2, 6-
periodic from 18 on; the transport described after Lemma 2.4 yields 6-periodicity from p < 11 on,
a contradiction. The finite input to the argument is the single membership pair (11, 17), evaluated
from the sumset definition. O

5. TWO SIZE TUPLES AT WHICH THE BOUND IS MET

The example of [3] reproduced in Proposition 3.1 is the only instance in that paper where the
bound is met, and no criterion is offered for when this happens. Two more instances follow, both an
order of magnitude smaller in state count. They were located by the census of Section 6 and then
verified exactly.

Theorem 5.1. Let Ay have size (2,2) with Fy = {0,3}, and let Az, A3 have size (4,2) with
Fy, = F3 = {5}. Then L(A1)L(A2)L(As) has minimal size exactly (4,12), which is the bound of
Theorem 2.1 at these sizes: 16 states, against the 184 states of the published example.

Proof sketch. At cycle lengths (2,4,4) and tails (2,2,2) the bound reads A = lem(2,4,4) = 4 and
M = 4+ max{2f(1,2),4f(1,1), 2f(1,2,2) } = 4 + max{4,4,8} = 12. Lemma 2.2 makes the
concatenation 4-periodic from 14 on, without computation. Lemma 2.3 with I' =14, A =4, m = 12
reduces recognisability by (4, 12) to a check on the six values n € [12,18). For minimality of the tail,
one evaluation: 11 ¢ L and 15 € L differ, so L is not 4-periodic from 11 on, and as in Theorem 4.2
no recognising automaton has tail below 12. For minimality of the cycle, the only maximal proper
divisor of 4 is 2, refuted by the single evaluation at n = 14; Lemma 2.4 then gives that every eventual
period is a multiple of 4. |
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Theorem 5.2. Let Ay have size (1,2) with Fy = {1}, let Ay have size (4,2) with F5 = {0,5}, and
let A3 have size (6,2) with F3 = {0,7}. Then L(A1)L(A2)L(A3) has minimal size exactly (12,16),
which is the bound of Theorem 2.1 at these sizes: 28 states.

Proof sketch. At cycle lengths (1,4,6) and tails (2,2,2) the bound reads A = lem(1,4,6) = 12
and, from f(1,4) = 4, f(1,6) = 6, 2f(2,3) = 12 and f(1,4,6) = 10, the maximum is 12 and
M =4+ 12 = 16. Lemma 2.2 makes the concatenation 12-periodic from 22 on; Lemma 2.3 with
I’ = 22, m = 16 reduces recognisability by (12,16) to a check on the eighteen values n € [16,34).
The tail is minimal because 15 ¢ L and 27 € L differ, so L is not 12-periodic from 15 on. The cycle
is minimal because the maximal proper divisors of 12 are 6 and 4, refuted by single evaluations at
n = 22 and n = 28; Lemma 2.4 upgrades these to: every eventual period is a multiple of 12. |

Theorem 5.2 is worth separating from Theorem 5.1 for two reasons. First, ged(1,4,6) = 1: the
bound can be met even when the cycle lengths are globally coprime, whereas the example of [3] has
ged(12,20,30) = 2. Second, the maximum defining M is attained at the proper pair I = {2,3},
where d; = ged(4,6) = 2 and f(2,3) = 6 give drf(I) = 12, and not at the full index set, which
contributes only 10; in the example of [3] the maximum sits at the full index set. So the subset
structure of the maximum in Theorem 2.1 is genuinely used.

6. THE CENSUS, AND A CONJECTURE FOR THE TRUE CYCLE LENGTH

The parameters of Sections 4 and 5 were not guessed. The following is a computation carried
out outside the formal development, by an independent program in C that recomputes the sumset
from the definitions and never uses the formula of Theorem 2.1 except to compare against it. It is
reported here as measurement, not as a theorem.

Remark 6.1 (an exhaustive census at k = 3; computation outside the formal development). For
every one of the 216 cycle-length triples with A; < 6, with all tails y; = 2, and for every one of
the 22112 . 222+2 . 92342 (hojces of final-state sets — 128024 064 instances in total, 6.9 seconds of
processor time — the exact minimal size of the concatenation was computed. The findings were: (a)
the bound of Theorem 2.1 is never violated, an independent check of that theorem over the window;
(b) the preperiod half M is attained at every one of the 216 triples, so Theorem 4.2 is not an accident
of its parameters; (c) the full pair (A, M) is attained at exactly 12 cycle-length multisets, namely
the six constant ones {1,1,1},...,{6,6,6} — where all three cycle lengths agree, so that the bound
of Theorem 2.1 coincides with the one [3, Corollary 27] already states to be tight — and the six
further multisets {2,4,4}, {2,4,6}, {1,4,6}, {2,6,6}, {3,3,6}, {3,6,6}; Theorems 5.1 and 5.2 are
the two smallest of the six. A companion run at k = 2 over all 1600 size pairs with \; < 8 and
i < 4 produced the two-language measurements quoted in Section 4.

Conjecture 6.2. Let A; be unary automata of sizes (\;, p;) with u; > 1 for every 7. Then the
largest cycle length attained by L(A;)--- L(Ag) over all choices of final-state sets is

A" = max{lemier A : 0# T C{1,...,k}, ged\; > 2},
iel

and A* = 1 when no such [ exists.

The evidence is the census: A* matched the measured largest attainable cycle length in all 216
cases at k = 3 in the window above, and in all 1024 size pairs at £ = 2 with A\; <8 and 1 < u; < 4.
The hypothesis p; > 1 cannot be dropped, and what goes wrong is already visible in the source: for
cyclic languages, that is p; = 0 throughout, [3, Theorem 26] makes the cycle of the concatenation
exactly ged(Mq, ..., \k), so at A = (2,3) with g = (0,0) the true cycle is 1 while A* = 3. Of the 576
two-language size pairs in that window with some p; = 0, the formula fails in 296.

Conjecture 6.2 explains both halves of the picture above. It gives A* = 3 at (3,2,2), matching
Theorem 4.1; and it gives A* = lem(\q, ..., A\x) exactly when some subset with ged > 2 already
has the full least common multiple, which holds at (2,4,4) and at (1,4,6) — Theorems 5.1 and 5.2.
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A mechanism is visible in the proof of Theorem 2.1 in [3], which decomposes the concatenation as
a union over subsets I of (Hj¢1 X;)(ITic; @*Y;): the piece indexed by I carries cycle dy, and a
piece with d; = 1 is eventually all of N, collapsing everything after it to period 1. Only subsets
with d;y > 2 can carry a long cycle. Proving Conjecture 6.2 would replace A in Theorem 2.1 by the
largest attainable cycle length, which together with the preperiod half — attained throughout the
window — makes each coordinate of the bound sharp. Whether both can be met by one choice of
final states is a further question; Section 9 shows that it is not automatic.

Widening the census is a matter of cost. At k = 3 the same search with u; < 3 is about 6.8 x 10°
instances, some fifty times the run above, and is the obvious next step; at k¥ = 4 over the same
cycle-length window \; < 6 with u; = 2 it is about 6.5 x 10'° instances, and was not run.

7. THE k-STATE QUESTION IN THE UNARY CASE

Separately from the unary section, [3] records a second open remark, in the middle of its treatment
of automata with one state, in the paragraph that follows its Proposition 10 and the example
illustrating it. We quote it verbatim:

However, it looks like these upper bounds can further be decreased if a two-state
automaton precedes the one-state automaton. If all automata except for A have
two states, and Ay, has one, it looks like their concatenation is recognized by a k-state
DFA. We leave the problem of finding a tight upper bound for such cases open.

The remark is stated over a general alphabet X, where L(A;) € {0,X*}. Over one letter it
becomes elementary, and holds for every k.

Proposition 7.1. Let Ly,...,Lr_1 C N each be recognised by a unary automaton with at most two
states, and let Ly, = N. Then Ly1Lo -+ Ly is recognised by a unary automaton of size (1,k — 1), that
is, by a k-state automaton. The bound is attained: taking each of Ly, ..., Lip_1 to be the set of odd
numbers gives Ly --- Ly, = {n : n >k — 1}, which is not eventually periodic with preperiod k — 2 and
period 1.

Proof sketch. No computation is involved. A unary language with at most two states is either empty
or contains an element at most 1: its automaton has size (1,0), (1,1) or (2,0), and in each case the
states reachable by a® and a'! exhaust the state set. If some L; is empty the concatenation is empty
and the claim is trivial. Otherwise pick e; € L; with e; < 1fori < k—1;thene;+---+ep_1 <k-—1
liesin Ly --- Lg_1, and adding L = N makes the concatenation the upward closure of a set meeting
{0,...,k — 1}, hence of the form {n : n > m} with m < k — 1. Such a set is eventually periodic
with preperiod m < k — 1 and period 1, so it is recognised by an automaton of size (1,k — 1). For
attainment, the sumset of r copies of the odd numbers contains no element below r and contains r,
by induction on 7; with L; = N the concatenation is {n : n > k — 1}, which is not 1-periodic from
k — 2 on, so its preperiod is exactly k£ — 1. (|

That last clause gives the lower bound in the form the formal development checks. It extends to
every automaton size in one line, on paper: an automaton of size (A, u) with A+ p < k has A > 1
and p < k-2, whiltk—2¢ {n:n>k—-1}and k—24+ X € {n:n>k— 1}, soit fails to be
A-periodic from g on. Hence k states really are necessary.

Remark 7.2 (the general alphabet; computation outside the formal development). Proposition 7.1
does not settle the remark of [3], which is over an arbitrary alphabet. That case was verified
exhaustively for k < 6, over every alphabet, by the following reduction, again outside the formal
development. State complexity does not decrease when the alphabet is enlarged, and every r-
tuple of two-state automata over any alphabet factors through the universal action alphabet X, =
{id, swap, constg, const; }" of size 4", by sending each letter to the tuple of the actions it induces. So
enumerating 3, with all 4" choices of final-state sets dominates every alphabet and every choice of
automata. Forr =k —1=1,...,5 the maximum state complexity of L; --- L,.X* was measured as
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2,3,4,5, 6 respectively — that is, exactly k£ — and in each case the maximum is attained by exactly
one choice of final-state sets, the one in which every A; has its initial state non-final. A proof for
general k£ along these lines, taking the maximal non-empty level of the underlying nondeterministic
automaton as a bisimulation invariant, is plausible but is not carried out here.

8. A CELL OF THE k-LETTER CONJECTURE

The paper [3] also conjectures, about a different question, that “k symbols are necessary for de-
scribing witnesses for concatenation of k languages”, and proves this only at k = 3 (its Theorem 19,
about the witnesses of its Theorem 17), adding in its conclusions that “we cannot see any gener-
alization of the proof”. The relevant upper bound is the number #7 of valid states of the subset
automaton defined in [3] and computed there by the recurrence of [3, Theorem 6]; with all component
automata on two states that recurrence gives #7135 = 15, #74 = 37, #75 = 90 and #71¢ = 218.

Remark 8.1 (computation outside the formal development). All tuples of two-state automata over
an alphabet of m letters were enumerated, the subset automaton constructed and minimised, for
m < 3. With all n; = 2: at k = 3 the largest state complexity of L;LsL3 over a binary alphabet
is 13, strictly below #7135 = 15, and over a ternary alphabet it is exactly 15 — which reproduces,
at this instance, the ternary-optimality theorem [3, Theorem 19]. At k = 4 the largest is 18 over a
binary alphabet and 35 over a ternary one, strictly below #74 = 37, from 2.7 x 10® instances and
about 15 minutes of processor time; and the four-letter all-two-state construction of [3] preceding its
Proposition 21 reaches exactly 37. Hence four symbols are necessary for witnesses at k = 4 with all
n; = 2, a case the conjecture of [3] leaves open. Following the remark of [3] before its Proposition 5
— that to reach as many valid states as possible each A; with ¢ < k — 1 should have a single final
state, different from its initial state — the search fixes F; € {{s;},{fi}}; the two excluded choices
are harmless, since F; = () makes the concatenation empty and F; = {s;, f;} makes L; = ¥*, a case
in which [3, Propositions 8 and 10] bound the complexity far below 35 — at most 15, and less when
more than one L; equals ¥*. The next case, k = 5 over a four-letter alphabet, is about 1.1 x 102
tuples — some four thousand times the k = 4 run, a thousand hours of processor time at the rate
just quoted — and was not run.

Remark 8.2 (a discrepancy in the source text). The all-two-state construction of [3] is introduced
over the alphabet {b, ¢, as,as,...,ax—1}, which has k letters, while its Proposition 21, immediately
following, lists the alphabet as {b, ¢, as,as, ..., ax}, which has k + 1. The k-letter list is the one the
construction is written for: the figure that accompanies it, drawn for k = 6, carries exactly the letters
b, ¢, as, as, a4, as, with a5 = ax_1 acting on both A; and Ag as the construction prescribes, and the
whole point of the section is to produce witnesses over k letters. Read that way the construction
meets #7 at k =4,5,6 (the values 37, 90, 218 were recomputed), but degenerates at k = 3, where
the index range 1 = 2,...,k — 2 of its first clause is empty and the letters as and ay_1 coincide; the
resulting complexity is 7, not #713 = 15. Taking the alphabet as Proposition 21 prints it does not
repair this: none of the four clauses assigns an action to ag, so the extra letter acts as the identity
in every component and the complexity is again 7. None of this is a counterexample to a claim of
[3]: exhaustive search finds 390 ternary all-two-state witnesses meeting #73 = 15, so three letters
do suffice at k = 3; only the construction as printed does not produce one.

9. OPEN PROBLEMS

The tight cycle length. Conjecture 6.2 is the main question left. With the preperiod half of
Theorem 2.1 attained throughout the census window (Remark 6.1(b)), a proof of Conjecture 6.2
would make each coordinate of Theorem 2.1 — with A replaced by A* — attained by some choice
of final states, at every tuple of sizes with all u; > 1 in the window. It would not by itself make the
pair attained, as the next paragraph shows.

A criterion for the pair. Which size tuples meet the full bound? At k = 2 the census gives a clean
answer over its window — the bound is met exactly when lem(\1, A\g) = 1, or ged(Aq, A2) > 2 and
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w; > 2 for every i with \; # lem(A1, A2) — but that criterion already fails at k = 3, for instance at
cycle lengths (2,2, 4). The sharpest open cell in the window is (3,4, 6) with tails (2,2,2): there the
bound is (12,22), and each coordinate is attained by some choice of final states, but the measured
maximum state count is 28 rather than 34, so they are never attained together.

The general-alphabet k-state remark. Remark 7.2 verifies it to k = 6; a proof for every k would
settle the second open question of [3] in full.

10. FORMAL VERIFICATION

Every theorem and proposition stated above — Propositions 3.1 and 7.1 and Theorems 4.1, 4.2,
5.1 and 5.2 — is formalised and machine-checked in Lean 4 [4] on top of Mathlib [5]. The material
stated as remarks is exactly the material that is not: Remarks 6.1, 7.2, 8.1 and 8.2, together with
Conjecture 6.2, are computations and observations outside the formal development. One further
step is outside it: the paragraph after Proposition 7.1, which carries that proposition’s lower bound
from automata with a one-state cycle to automata of every size; it is a one-line argument, not a
computation. The development is four files: the dictionary of Section 2 — eventual periodicity, the
sumset, the language of a unary automaton of size (A, u) with a given final-state set, and Lemmas 2.2,
2.3 and 2.4 — then one file each for Section 3, for Sections 4-5, and for Section 7. There is no
incomplete proof and no hand-declared axiom. The axiom set of every statement above was printed.
The whole of the first file and the whole of Section 7 are free of compiled evaluation, using no axiom
beyond the three of Lean’s own logic; the first file uses only two of those, propositional extensionality
and quotient soundness. That is the formal counterpart of their being proofs for all parameters
rather than checks over a range. The finite-range statements depend additionally on compiled
evaluation, through one named axiom for each named computation: five for Proposition 3.1 (the
window check and the four single-point refutations), one for Theorem 4.1 (the 8192-instance check),
one for Theorem 4.2, three for Theorem 5.1 and four for Theorem 5.2. Each of those runs a check
and then uses its output only through Lemma 2.3 or through a single membership disagreement,
so no search procedure is trusted. Negative controls are included: that a tail one shorter fails in
each exactness claim, that the quantifier ranges of Theorem 4.1 are inhabited, that the witness
languages are not eventually constant, and that k — 1 states do not suffice in Proposition 7.1. The
whole development checks in a few minutes, and the computations reported in Remarks 6.1-8.1 took
well under one hour of processor time in total, on the independent programs described there. The
repository is private; repository reference to be added at submission.
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