THE CONGRUENTIAL OBSTRUCTIONS TO A D(n) PAIR
OF TRIANGULAR NUMBERS ARE EXACTLY
n=2,5 (mod 9)

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. A D(n) pair of triangular numbers is a pair (T,, T}) with T, T, +n a perfect square, where
Ta = a(a + 1)/2. Bagchi and Zhou-Zheng prove that no such pair exists when n = 2,5 (mod 9),
observe computationally that n = 12,17,42 also admit no pair with a < 10%, conjecture that
infinitely many such sporadic n exist, and assert that they “do not arise as a result of a congruential
obstruction”. The theorem they offer in support of that assertion is restricted to moduli m with
9t m — that is, it says nothing at exactly the moduli where their own obstruction lives. We remove
the restriction at the prime 3: for every n Z 2,5 (mod 9) and every k, the congruence T, Ty, +n = c¢?
(mod 3’“) is solvable with distinct positive indices, by one explicit Hensel lift together with a five-
case split on n mod 27. Hence solvability modulo every power of 3 holds if and only if n Z 2,5
(mod 9), the congruential obstructions to a triangular D(n) pair are exactly those two classes, and
the sporadic values 12,17,42 carry no obstruction at any modulus. Read together with a recent
preprint of Bliznac Trebjesanin, which proves that no D(12) pair exists at all, this exhibits n = 12
as a failure of the local-global principle for the equation. We also record a per-index obstruction
with certified two-modulus sieves, which cut the admissible first indices for n = 12,17, 42 to densities
91/675, 1/15 and 7/60, and we note that the printed list of n < 50 without a pair omits n = 50,
which the source’s own theorem excludes. All theorems below are machine-checked in Lean 4; §7
says exactly what is checked and what is not, and §6 collects the numerical observations that lie
outside the formal development.

1. INTRODUCTION

Following Diophantus and Fermat, a D(n) m-tuple is a set of m positive integers such that the
product of any two distinct elements, increased by n, is a perfect square; the classical case n = 1
culminated in the theorem of He, Toghé and Ziegler that no D(1) quintuple exists [5], and the subject
is surveyed in [3] with a running bibliography at [4]. Bagchi and Zhou-Zheng [1] restrict the elements
to triangular numbers. We quote their definitions verbatim:

“A D(n) Diophantine m-tuple of rationals is a set of m positive rationals such that
the product of any two distinct elements of the set is n less than a rational perfect
square. If all rationals in the tuple are integers, then we say it is a D(n) Diophantine
m-tuple of integers.”

“The sum of the first n positive integers is known as the n-th triangular number,
given by T,, = n(n+1)/2”

“Throughout this paper, we will only consider Diophantine integer m-tuples con-
sisting solely of triangular numbers, which we refer to as triangular D(n) tuples.

For pairs, [1] reduces the question to a single Diophantine equation, again verbatim:

“To find triangular pairs, we must find positive integer solutions (a, b, c) to the equa-
tion a(a +1)/2-b(b+ 1)/2 +n = ¢ Then, such a positive integer solution would
correspond with the D(n) pair (T, Ty), with T, T, +n = 2

The question that organises [1], and this paper, is: for which n does a solution exist? Three facts
frame it.
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First, a congruence removes two residue classes. [1] proves that no solution exists when n = 2,5
(mod 9); we restate and reprove this in §3 in the slightly stronger form that the congruence already
fails modulo 9.

Second, for a fixed first index the question is decidable. Setting d = a(a+1), z = 4c and y = 2b+1
turns T, Ty, +n = c? into the generalized Pell equation x? — dy? = 16n — d, whose solution classes
have representatives inside an explicit box once a norm-one unit is known; u = 2a+1+2+/a(a + 1) is
such a unit, and the bounding theorem [1] quotes from [2] then gives an O(a'/?) test deciding whether
T, lies in any D(n) triangular pair, with the second index unbounded. This is the algorithm behind
every numerical statement in [1] and in §6 below.

Third, some n outside the two obstructed classes still admit no pair in the searched range. [1] runs
the test for 1 <n < 50 and 1 < a < 10°, finds that n = 12,17, 42 produce no pair although they are
unobstructed, calls these values sporadic, writes that they “do not seem to follow any pattern”, and
conjectures that infinitely many sporadic n exist.

It then asserts more, and this is where the present paper begins. Verbatim:

“One thing we can prove is that such n do not arise as a result of a congruential
obstruction. In other words, we will prove the following:

Theorem. Fix a positive integer n, and let m be a positive integer with 9 { m.
Then, there exist positive integers a, b, ¢ such that T, T, +n = ¢ (mod m). In other
words, the equation has solutions in Z/mZ.

The hypothesis 9 t m is not incidental: it excludes precisely the moduli 9,27,81,... at which the
obstruction of [1] itself lives. Its proof assembles Z/p*Z for p > 3 (pigeonhole for one solution modulo
p, then multivariate Hensel at ¢ = 1), Z/2*Z (the map b + T} is a bijection modulo 2¥) and Z/3Z,
by the Chinese remainder theorem, and it stops there. The section closes with

“Since we know solutions always exist modulo powers of a prime, apart from p = 3,
it is curious that we do not find any solutions for some n # 2,5 (mod 9).”

So the sentence [1] advertises — that the sporadic n carry no congruential obstruction — is not
established by the theorem it states, and [1] says as much.

Results. We complete the local analysis at the missing prime. Write N for the non-negative integers;
throughout, n € N, which covers the positive n of [1].

(1) For every n # 2,5 (mod 9) and every k > 0 there are positive integers a # b and ¢ with
T, T, +n = c? (mod 3¥) (Theorem 4.3). The proof is not a search: one explicit Hensel lift at
3 (Lemma 4.1) together with a five-case split on n mod 27, each case naming a pair of indices
drawn from 7} =1, T = 3, T, = 10, Ty = 28, T13 = 91.

(2) Consequently solvability modulo every power of 3 holds if and only if n # 2,5 (mod 9)
(Theorem 4.4), the converse half being the theorem of [1]. Combined with the theorem of [1]
quoted above, this determines the congruential obstructions completely: they are exactly the
two classes already known (Corollary 4.6).

(3) In particular the sporadic values n = 12,17, 42 are solvable modulo every power of 3 (Corol-
lary 4.5), hence carry no congruential obstruction whatsoever. The natural first guess about
the sporadic cases — that some modulus larger than 9 kills them — is therefore false, and
false as a theorem rather than as a failed search.

Two further contributions are supporting rather than headline. §5 isolates a per-index obstruction
— a residue A modulo m can be bad, in the sense that A - T, +n = ¢? (mod m) is insoluble, and
then no a with T, = A (mod m) occurs in any D(n) pair — of which the opening observation of [1] is
the case m = 3. Two moduli per sporadic value, verified rather than trusted, cut the admissible first
indices to 182 of 1350 residue classes for n = 12, 70 of 1050 for n = 17, and 210 of 1800 for n = 42
(Theorems 5.4 and 5.5); this is an infinite statement obtained from a finite check. The obstruction
itself is not new — its quadratic-residue form is Theorem 9 of [7] — but the sieve here is verified
rather than asserted and comes with exact densities. There is no tension with the results above: a
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per-index obstruction constrains a, not n. Finally, Proposition 3.3 records that the list of n < 50
without a pair printed in [1] omits n = 50, which the theorem of [1] itself excludes.

Related work. The bibliography of [1] lists no paper that asks for which n a triangular D(n) pair
exists. Such a paper does exist, and it was posted first. Bliznac Trebjesanin [7] studies the same
equation T,T;, +n = ¢? for arbitrary non-zero n; her second version, posted more than two months
before [1], carries three results that bear on what follows. Her Theorem 6 is the obstruction n # 2,5
(mod 9) — the theorem of [1], obtained independently and by a different argument, from the residue
sets ¢ mod 9 € {0,1,4,7} and T,T, mod 9 € {0,1,3,6} rather than by the descent to a = b = 1
(mod 3). Her Proposition 7 proves that no D(12) pair of triangular numbers exists, and none for
n = —37, by a descent inside a solution class; the same is asserted, with the proofs “omitted for
brevity”, for n € {252,487, —158,42,52}. Two of the three sporadic values of [1] are therefore settled
there — n = 12 with a proof and n = 42 without one — and n = 17 is not. Her Theorem 9 is a
quadratic-residue obstruction on the indezx, which reappears below as the second half of Theorem 5.2.
Nothing in [7] concerns solvability modulo prime powers, so §4, which is this paper’s headline, does
not overlap it; §5 and §6 do, and say where.

Hamtat [6], listed in [4] as a 2025 preprint on Diophantine triples in triangular numbers, we were
unable to obtain; we cite it exactly as [4] lists it and make no claim about its contents. A larger
group of papers uses the phrase “triangular D(n)-tuple” for a different equation, in which a;a; +n is
required to be triangular rather than square [8, 9, 10, 11]. None of these does a local analysis of the

equation T,Ty +n = c2.

2. PRELIMINARIES
For a € N put Ta za(a—|—1)/2, SO TO = 0, T1 = 17 TQ = 3, T4 = 10, T7 228, T13 =91.

Definition 2.1. For n,a,b,c € N write Sol(n; a, b, ¢) for the equation T, T, +n = ¢2. A D(n) triangular
pair is a triple (a,b,c¢) with a,b > 0, a # b and Sol(n;a, b, c).

The distinctness condition deserves a word, because [1] uses two readings. Its definition asks for a
set, hence for distinct elements; its search predicate, quoted in §1, asks only for positive (a, b, ¢), and
its own worked example for n = 7 is the “pair” (T, T3), since 3 -3 + 7 = 42. We keep both: every
nonexistence statement below is proved for Sol, hence covers the weaker predicate and so both
readings, and every existence statement below produces a # b, hence satisfies the stricter one.

Lemma 2.2. For every a € N one has 2T, = a(a+1). If m, P € N with 2m | P, then Ty = To mod P
(mod m) for every a. In particular T, mod m depends only on a mod 2m.

Proof. The first identity is the statement that a(a + 1) is even. For the second, Toiomq = To +
m(2aq + q(2mg + 1)), which follows from the first identity applied to both sides; taking ¢ = |a/P]
and P = 2ms gives the congruence. O

Lemma 2.2 is what makes every congruence condition on the equation a finite condition: modulo
m, the values T} run over a set determined by b mod 2m and the squares ¢ over a set determined by
c mod m.

3. THE OBSTRUCTION MODULO 9

We restate the theorem of [1] in the form the next section needs, namely as the insolubility of a
congruence rather than of an equation.

Proposition 3.1 ([1], Section 3; independently [7], Theorem 6). Let n =2 or 5 (mod 9). Then for
all a,b,c € N,

T.Ty +n#c* (mod9).
In particular the equation T, Ty +n = c¢* has no solution at all, so no D(9k + 2) or D(9k + 5) pair of
triangular numbers exists.
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Proof sketch. The mathematics is that of [1]: if n =2 (mod 3) then 317, and 31T}, forcesa=b=1
(mod 3), whence T, =T, = 1 (mod 9) and T,Tp, + n =1+ n = 3,6 (mod 9), neither of which is a
quadratic residue. We run the same arithmetic as one finite check, after clearing the denominator so
that no division by 2 modulo 9 is needed: by Lemma 2.2, 47, T, = a(a+ 1) - b(b+ 1), so a solution of
the congruence would give

z(z+1)-yly+1)+4r =422 (mod 9), r € {2,5},

with x,y, z the residues of a,b,c. For each of the two values of r and each of the 9% = 729 triples
(z,y,2) in (Z/9Z)3 — 1458 evaluations in all — the two sides differ. (In the formal proof the case
split on r is made by the same decision procedure, which therefore scans all 9* quadruples (r, x, vy, 2)
and discards the seven values of r that fail the hypothesis.) This is the only exhaustive computation
on which Proposition 3.1, and the reverse implication of Theorem 4.4, rest. (|

The following four facts fix the shape of Proposition 3.1; the first is the example printed in [1], the
second and third show that the modulus 9 can be neither raised from nor lowered to 3, and the fourth
records that the sporadic values are outside its scope.

Proposition 3.2. (1) {1,3,120} = {T1,Ts,T15} is a D(1) triangular triple: 1-3 +1 = 22

1-120+1=112,3-120 +1 = 192

(2) The hypothesis cannot be weakened tom =2 (mod 3): forn =8 one has TyT;+8 =1-2848 =
62, a D(8) triangular pair, and 8 =2 (mod 3).

(3) The modulus cannot be lowered to 3: for n = 2 one has TYTy +2 = 3 = 0% (mod 3), so the
obstruction is invisible at the prime itself.

(4) 2mod 9 = 2, while 12mod9 = 3, 17mod 9 = 8 and 42mod 9 = 6: the hypothesis is
satisfiable, and the three sporadic values of [1] do not satisfy it.

3.1. A correction to the printed list.
Proposition 3.3. No D(50) pair of triangular numbers exists.
Proof. 50 =5 (mod 9); apply Proposition 3.1. O

This is a corollary of the theorem of [1], but it does not appear in the data printed there. [1]
reports, of the run 1 < n < 50 with 1 < a < 105, that “Thirty-six such n produced a D(n) pair in the
range” and that “For fourteen such n, no integer solutions (z,y) in the range were found. They are:
n=2,511,12,14,17,20, 23,29, 32, 38,41,42,47”. The value n = 50 is absent from that list, although
Proposition 3.3 excludes it; accordingly the list has fifteen entries and the count should read thirty-
five. An independent rerun of the same experiment, described in §6, returns exactly those fifteen
values. Nothing else in [1] depends on the count, and the sporadic set {12,17,42} is unchanged, 50
being an obstructed rather than a sporadic value.

4. LOCAL SOLVABILITY AT THE PRIME 3

This section removes the hypothesis 9 1 m from the theorem of [1] at the prime 3. Everything rests
on one lift.

Lemma 4.1 (Hensel at 3). Let v be an integer with v =1 (mod 3). Then for every k > 0 there is an
integer z with 381 | 22 —v. Consequently, if v € N satisfies v = 1 (mod 3) then v is a square modulo
3% for every k.

Proof. Write v = 3u + 1 and induct, the base case being z = 1, for which 22 — v = —3u. Given
2?2 — v =3 1s take 2/ = 2(1 + 3**1s). Substituting 22 = 3u + 1 + 3¥T1s gives the identity

2% — v =32 s(1+2u+3-3"s+ 3u-3Fs +3(3")%5?),
which is a polynomial identity in u, s and 3*. The lift is explicit and no appeal to a general Hensel

lemma is made; this matters for the verification of §7, since the standard library statement available
to us is for the p-adic integers rather than for Z/p*Z. O
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Corollary 4.2. If v € N satisfies v =9 (mod 27) then v is a square modulo 3 for every k.

Proof. Write v = 9w; then w = 1 (mod 3), so w = ¢ modulo 3* by Lemma 4.1 and v = (3¢;)?
modulo 3*. O

Theorem 4.3. Let n € N with n £ 2 (mod 9) and n 25 (mod 9). Then for every k > 0 there exist
positive integers a # b and ¢ € N with
T.Ty +n=c? (mod 3%).
Proof. The residues of n not excluded by the hypothesis are covered by the five cases
n=0(3), n=1(3), n=8(27), n=17(27), n=26 (27),
since n = 2 (mod 3) splits modulo 9 into n = 2,5, 8, of which the first two are excluded, and n = 8

(mod 9) splits modulo 27 into 8,17,26. In each case we name two distinct positive indices and apply
Lemma 4.1 or Corollary 4.2 to the resulting value:

class of n (a,b) T,Tp+n reason

n=0 (3) (1,4) 10+n=1(3) Lemma 4.1
n=1(3) (1,2) 3+n=1(3) Lemma 4.1
n=8(27) (1,7) 284n=9(27) Corollary 4.2
n=17 (27) (4,13) 910+ n =9 (27) Corollary 4.2
n=26(27) (1,4) 10+n=9(27) Corollary 4.2

Here T T, = 10, T1 Ty, = 3, T1T7 = 28 and TyT13 = 10-91 = 910, and in every row the two indices are
distinct and positive. O

The case n = 2 (mod 3) is the delicate one and explains the shape of the table. There a solution
modulo 9 must have 3 4 T, and 3 { T}, since otherwise the value is = n = 2 (mod 3), a non-residue;
so a =b =1 (mod 3), hence T, = T, = 1 (mod 9) and the value is = 1 + n (mod 9). For the
three classes n = 2,5,8 (mod 9) that is 3, 6, 0, and only the last is a square modulo 9 — which is
Proposition 3.1 again, and leaves only n = 8 (mod 9). The value is then divisible by 9, and the three
sub-cases modulo 27 choose indices for which it is exactly 9 times a unit congruent to 1 modulo 3;
that this is always possible comes from T, mod 27 € {1,10} for the indices used. For example, for
n = 17 the witness is (a,b) = (4,13), where 10-91 4+ 17 =927 =9 - 103 and 103 = 1 (mod 3).

Theorem 4.4. For n € N, the congruence T,Ty, +n = ¢? (mod 3¥) is solvable with a,b positive and
distinct for every k > 0 if and only if n £ 2,5 (mod 9).

Proof. The implication from right to left is Theorem 4.3. Conversely, taking & = 2 turns a solution
into a solution modulo 9, which Proposition 3.1 forbids when n = 2,5 (mod 9). O

Corollary 4.5. For each n € {12,17,42} and each k > 0 there are positive integers a # b and ¢ with
T, T, +n=c? (mod 3F).

Proof. 12 =3, 17 =8 and 42 = 6 modulo 9; apply Theorem 4.3. O

Combining Theorem 4.3 with the theorem of [1] quoted in §1 settles the question for every modulus
at once.

Corollary 4.6. Assume the theorem of [1] for moduli m with 9 ¥ m. Then for every m > 1 and
every n #Z 2,5 (mod 9) the congruence T,Ty, +n = ¢ (mod m) has a solution in positive integers;
and forn = 2,5 (mod 9) it has none already for m = 9. Thus the congruential obstructions to a D(n)
triangular pair are exactly the two classes n = 2,5 (mod 9), and the sporadic values n = 12,17,42
carry none at any modulus.

Proof. Write m = 3¥m/ with 3 { m’. Theorem 4.3 solves the congruence modulo 3* and the theorem
of [1] solves it modulo m/, since 9 { m/; combine the two solutions by the Chinese remainder theorem.
(Distinctness of the two indices is claimed only in Theorem 4.3, not here.) The second assertion is
Proposition 3.1. O
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Corollary 4.6 is the only statement in this paper whose proof uses a result we have not verified
ourselves: the theorem of [1] is quoted, not reproved. Theorems 4.3 and 4.4 and Corollary 4.5 are
independent of it.

Remark 4.7. Corollary 4.6 and [7, Proposition 7] together exhibit a failure of the local-global principle
for this equation. For n = 12 the congruence T, T} + 12 = ¢? (mod m) is solvable in positive integers
for every modulus m, while by that proposition no D(12) pair of triangular numbers exists. That is
the shape Corollary 4.6 forces on any genuinely sporadic value, and n = 12 is the first for which both
halves are theorems. Both halves are quoted rather than verified here — the first uses the theorem of
[1] for 9+ m, the second is [7, Proposition 7] — and nothing below depends on this remark.

The next two facts confine Theorem 4.4 from both sides.

Proposition 4.8. (1) The equivalence is not the vacuous one “solvable for every n”: for n = 2
solvability modulo every power of 3 fails, there being already no solution modulo 9.

(2) The hypothesis of Lemma 4.1 is not decorative: 2 =2 (mod 3) is a non-residue, so no ¢ has
c? =2 (mod 3), whereas 4 =1 (mod 3) is a square modulo 3° = 243 by the lemma.

5. A PER-INDEX OBSTRUCTION, AND HOW THIN THE ADMISSIBLE INDICES ARE

The results of §4 say that no congruence in n can explain the sporadic values. A congruence in the
index is a different matter, and [1] already uses one. The proof of its Theorem on n = 2,5 (mod 9)
opens with the observation, verbatim: “Note that 3 | T, if and only if a = 0,2 (mod 3). Thus, if
either @ = 0,2 (mod 3) or b = 0,2 (mod 3), then modulo 3 the equation becomes 2 = ¢? (mod 3),
which is impossible. Hence, we may assume that a,b =1 (mod 3).” This generalises.

Definition 5.1. For n,m, A € N with m > 0, say that A is bad for n modulo m if
A-T,+n#c® (modm) forallt<2m and all c < m.

By Lemma 2.2 this is a finite condition that decides the corresponding infinite one, and the values
t < 2m, ¢ < m exhaust the relevant residues.

Theorem 5.2. Let m > 0 and let a be such that T, mod m is bad for n modulo m. Then there are no
b, ¢ whatsoever with T, Ty, + n = c¢?; that is, T, lies in no D(n) triangular pair, with the second index
unbounded. In particular, if p | T, and n is not a square modulo p, then T, lies in no D(n) triangular
pair.

Proof. Reduce a hypothetical solution modulo m: T, = T, mod m, Ty = Ty mod 2m by Lemma 2.2,
and ¢ = ¢ mod m, so the pair (¢,¢) = (b mod 2m, ¢ mod m) realises the forbidden congruence. For
the second statement, p | T,, gives T, mod p = 0 and the condition of Definition 5.1 becomes “n is not
a square modulo p”. O

The second statement is not new. For odd p one has p | T, if and only if p | a(a + 1), so it says
that a triangular number T, can lie in a D(n) pair only if every odd prime divisor of a(a + 1) divides
n or has n as a quadratic residue — which is Theorem 9 of [7], proved there by the same reduction of
the Pell equation modulo p. What the rest of this section adds is that the general form, Theorem 5.2,
gives certified sieves with exact densities.

Lemma 5.3. T, = 1 (mod 3) if a = 1 (mod 3), and T, = 0 (mod 3) otherwise. Consequently, if
n =2 (mod 3) and T,T, +n = ¢® with a,b,c €N, then a=b =1 (mod 3).

Proof. The first claim is the case m = 3, P = 6 of Lemma 2.2 together with the six values Ty, ..., T5
modulo 3. For the second, 0 is bad for n modulo 3 when n = 2 (mod 3) — one checks the three
residues ¢ < 3 — so Theorem 5.2 applies to any index with T, = 0, and the equation is symmetric in
a and b. O
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Lemma 5.3 recovers the observation of [1]. With more moduli the same device becomes quantitative.
For the three sporadic values we fix two moduli each and the following residue sets, obtained by
enumeration and then verified:

n=12: Biygs ={0,1,5,6,10,11,15,16,20}, Biaor = {0,3,6,9,12,18,21};
n=17: Bizs ={0,3,6,7,9,12,14,15,18}, Bira5 = {0,1,5,6,10,15,16,20,21};
n=42: By ={0,1,5,6,10,15,16,20,21},

Busss = {0,4,6,8,9,12,15,16, 18,20, 24, 27, 28, 32, 33}.

Theorem 5.4. Every element of B, is bad for n modulo m, for each of the siz pairs above.
Consequently, if T,Ty, +n = ¢? with n = 12 then T, mod 25 ¢ Bia25 and T, mod 27 ¢ Bis a7, and
stmilarly for n = 17 (moduli 21,25) and n = 42 (moduli 25,36). Call an index a admissible for n
when it passes both tests; then admissibility for n =12, 17, 42 depends only on a modulo 1350, 1050,
1800 respectively.

Proof sketch. Badness of a listed residue A is the exhaustive check of Definition 5.1, which compares
2m? pairs (t,¢): 9-1250 and 7- 1458 evaluations for n = 12, 9-882 and 9- 1250 for n = 17, 9- 1250 and
15 - 2592 for n = 42; 90774 evaluations in all. The lists themselves were produced by a search over
small moduli: for each n and each m with 2 < m < 64, enumerate the residues A < m that are bad;
then compare every set of at most four such moduli whose common period lem;(2m;) is at most 2000,
and keep one of least admissible density. In each of the three cases that minimum is attained by a
pair, and by the pair named above. That search is not trusted: every listed residue is re-verified by the
check above, and a residue wrongly included would be caught rather than believed. The consequence
is Theorem 5.2 applied to both moduli. The period claim is Lemma 2.2 with P = lem(2mg, 2ma),
which is 1350 = 2 - 27 - 25, 1050 = 2 - 21 - 25 and 1800 = 2 - 25 - 36 for the three pairs of moduli. (|

Theorem 5.5. Ezactly 182 of the 1350 residue classes are admissible for n = 12, exactly 70 of 1050
for n =17, and ezactly 210 of 1800 for n = 42. The admissible indices therefore have densities

91 1 7

— =~ 135 — ~6.7 — ~ 11.7%.

675 %, 15 %, 60 i’
Proof. Enumerate the 1350 + 1050 4+ 1800 = 4200 residue classes and apply the two membership tests
of Theorem 5.4 to each. This is an exhaustive computation, and it is the whole proof. O

Two remarks. First, a = 1 is inadmissible for all three values, since 77 = 1 and 1 is bad modulo
25 in each case; for n = 12 this is the statement that u? — 8¢ = —95 has no solution, which one sees
modulo 25: the congruence forces 5 | w and 5 | ¢, hence 25 | 95. Second, the sieve does not prove the
conjecture of [1] by accident — see Proposition 5.6(2) — and it is far from exhausting the method:
taking all moduli m < 1000 instead of two reduces the surviving fraction of indices a < 20000 to about
2.1%, 0.6% and 3.1% respectively, after which it plateaus, as Theorem 4.4 says it must. That larger
computation is not part of the verified development, its period being of order 10°. For comparison,
the condition of [7, Theorem 9] — which looks at every odd prime divisor of a(a + 1) rather than at
two fixed moduli — leaves 6.9%, 1.9% and 12.2% of the indices a < 20000, so the two-modulus sieve
above is the weaker of the two for n = 12 and n = 17. Its point is not strength: it is that Theorems 5.4
and 5.5 are statements about all a, checked by the proof kernel, rather than counts over a range.

Proposition 5.6. (1) The residue 7 is not bad for n = 12 modulo 25: 7-Ty + 12 = 19 and
19 =122 (mod 25). So the sets By, cannot be padded.
(2) Admissible indices exist: a = 7 forn = 12, a = 16 forn = 17, a = 2 for n = 42. So
Theorem 5.4 does not vacuously prove that no pair exists.
(3) The device is genuinely about n: for n =1 the residue 1 is not bad modulo 25, since 1-To+1 =
4 =22, So it is not an artefact rejecting every parameter.
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6. COMPUTATIONS OUTSIDE THE FORMAL DEVELOPMENT

The statements of this section are numerical. They are not part of the machine-checked develop-
ment of §7, for a specific reason: the O(a'/?) test decides that T, lies in no D(n) pair only because
every solution class of a generalized Pell equation has a representative inside an explicit box, and no
bounding theorem of that kind is available to us in verified form. Positive answers are exact identities
and are checked as such; negative answers rest on the bound. We record them as observations.

Two boxes were used, and it matters which. Write d = a(a + 1) and N = 16n — d. The runs
below scan the odd y up to /—N/a when N < 0 and up to /N/(a + 1) when N > 0, plus a small
constant margin against floating-point error: this is the classical bound on the fundamental solution
of a solution class, instantiated at the norm-one unit (2a + 1,2) of 22 — dy? = 1. The second box is
the one [1] quotes, |y| < /|N|(1 + vu)/(2v/d) with u = 2a + 1 + 2v/d ([2, Theorem 2.1]); it is the
larger of the two for every (n,a) occurring below. Every run of the test reported here was carried out
with both boxes, from two independently written implementations, and they agree on every answer.

Remark 6.1 (Reproduction and validation). We reimplemented the O(a'/?) test in C from the textual
description in [1], deliberately without consulting the SageMath repository named in its footnote, so
that the reproduction is independent. Three checks were run before anything else. A direct box search
finds 942 pairs with 1 < a < 300 and ¢ < b < 3-10° for n = 1, the smallest being T1T» + 1 = 22,
Ti\Ts + 1 =42, T1Ty5 + 1 = 112, The worked example of [1] for n = 7 reproduces: a = 1 admits no
partner b < 2-10%. And on the 7200 pairs (n,a) with 1 < n < 60 and 1 < a < 120 the fast test
agrees with a direct scan over b < 2-10° in both directions — 1070 positive answers verified as exact
integer identities, 6 130 negative answers confirmed by the scan, no discrepancies. Rerunning the run
1 <n <50, a < 10° of [1] returns 35 values of n with a pair and 15 without, the fifteen being the
fourteen printed in [1] together with n = 50; this is the computational half of §3.1.

Remark 6.2 (The census, extended to n < 10*). Running the same test with the same box a < 105
over all 7778 values n < 10* with n # 2,5 (mod 9) leaves 942 values with no pair — 12.11% —
beginning 12,17, 42, 52,62, 67,87,98,102, 107, 132,142, 150, 152,192 and ending at 9989. At n < 103
the count is 90 of 778, or 11.6%, so the proportion is flat over a decade. This is the largest body
of evidence we know of for the conjecture of [1]; [7, Proposition 7] settles a handful of individual n
outright, which is far stronger for those values but says nothing about a density.

These values are moreover not patternless, contrary to the expectation recorded in [1], at least over
the range computed. Let k(n) = #{p € {3,5,7,11,13,17,19} : n is not a square modulo p}. Then:

k(n) ‘ 0 1 2 3 4 5 6 7
no pair found 0 7 73 226 339 224 65 8
values tested | 214 879 2069 2326 1568 591 121 10
proportion 0% 08% 35% 9.7% 21.6% 37.9% 53.7% 80%

In particular not one of the 214 values that are squares modulo every one of 3,5,7,11,13,17,19 is
among them. Theorem 5.2 supplies the mechanism: each prime p with n a non-residue deletes every
index a with p | T,, a proportion 2/p of all indices, so the more such primes, the thinner the set
of indices that could work. This is a bias in the indices, not a congruence in n, and it is therefore
consistent with Corollary 4.6. We state it as an observation about the range computed and not as a
theorem or a conjecture.

Remark 6.3 (The sporadic values, pushed to a < 107). For each n € {12,17,42} and each a < 107
— one hundred times the range of [1] — the test reports that T, lies in no D(n) triangular pair, the
second index unbounded. Since a pair (T,,T}) with a < b has smaller index a, this says that both
indices of any D(12), D(17) or D(42) triangular pair exceed 107, so that both elements exceed 5-1013.
As a safety check, rerunning a < 10% with the search bound tripled returns the same answer, so the
constant in the bound is not load-bearing.

For two of the three values this is now a consistency check rather than evidence: [7, Proposition 7]
proves that no D(12) pair of triangular numbers exists at all, and asserts the same for n = 42 with
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the proof omitted. For n = 17 we know of no such argument, and the run above is where the evidence
stands.

7. VERIFICATION

Every numbered statement of §§2-5 except Corollary 4.6 and Remark 4.7 — that is, Lemmas 2.2,
4.1 and 5.3, Corollaries 4.2 and 4.5, Theorems 4.3, 4.4, 5.2, 5.4 and 5.5, and Propositions 3.1, 3.2, 3.3,
4.8 and 5.6 — has been machine-checked in Lean 4 [12] against Mathlib [13], in three files (objects
and the obstruction modulo 9; the local analysis at 3; the per-index obstruction and the sieves). The
development contains no sorry and, in particular, no appeal to compiled evaluation: the exhaustive
computations quoted above — the 1458 residue comparisons behind Proposition 3.1, the 90 774 behind
Theorem 5.4 and the 4 200 index tests behind Theorem 5.5 — are carried out by the proof kernel itself,
so the axiom closure of every theorem is contained in propositional extensionality, quotient soundness
and the axiom of choice. Three limitations should be stated plainly. Corollary 4.6 is a paper argument
that quotes the theorem of [1] for moduli m with 9  m; that theorem is not reproved here, and the
results it is combined with (Theorems 4.3 and 4.4, Corollary 4.5) do not depend on it. Remark 4.7
quotes, in addition, [7, Proposition 7], which we have neither reproved nor refereed; nothing else in the
paper uses it. And everything in §6 is outside the development, for the reason given there. Repository
reference to be added at submission.

8. WHAT REMAINS

Three questions are left open, in increasing order of difficulty.

The first is quantitative and looks reachable. Remark 6.2 exhibits a correlation between having
no pair in the searched range and being a quadratic non-residue at small primes, and Theorem 5.2
explains its mechanism. The natural statement is that for fixed n the set of admissible indices has
density Hp: (n|p):—1(1 — 2/p), extended over the primes at which n is a non-residue; for non-square
n those primes have density 1/2, so > 2/p diverges over them and the product is 0; the admissible
indices would then have density zero for every non-square n. A theorem of that shape would go a
long way towards explaining the sporadic phenomenon — though not, by itself, towards proving the
conjecture of [1], since density zero is not emptiness. Its truncation to finitely many primes is already
provable by the method of §5.

The second is a verification question with mathematical content. The negative half of the O(a'/?)
test rests on a bounding theorem for generalized Pell equations [2]; formalizing that bound would turn
every observation of §6 into a theorem, and would be reusable wherever a Pell equation is decided by
a finite scan.

The third is the conjecture of [1] itself. Corollary 4.6 closes off the easiest possible route to it —
there is no congruence in n to be found — and Remark 6.2 says that the phenomenon it describes
persists at a stable rate of about 12% across the decade from n < 103 to n < 10*. Individual values
are now within reach: [7, Proposition 7] settles n = 12 and n = —37 by a descent inside a solution
class, and reports the same for five further values. That descent is carried out one n at a time, and
the finite set of exceptional pairs it produces depends on n; how to run it uniformly over an infinite
family of n, which is what the conjecture needs, we do not know.
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