THE SIXTH AND EIGHTH MOMENTS OF THE TREND SCORE
OF A RANDOM /-ARY SEQUENCE

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Fix ¢ > 2 ordered symbols and let all £ words z1z2 - - - zn, be equally likely. The trend
score S = ST — S~ is the number of increasing pairs of positions minus the number of decreasing
ones: Kendall’s score with repetitions allowed and — unlike in the classical theory of ties — with
the tie pattern random rather than held fixed. Lindqvist, in a paper that is a revision of a 1986
Helsinki technical report, derives the variance of S for every ¢, states the fourth moment for every
£ but gives it, in its own words, “without proof, when £ > 3” gives the sixth moment for £ = 2
alone, and ends its variance section by asking for “a more effective method ... for higher moments”.
We answer that for two more moments. We give closed forms for ug(n,¢) and ug(n,£) at every ¢,
in the Newton presentation ur(n,£) = Yy ({;)av (£) with explicit rational ay (£), together with
the binary specialisation ug(n,2) = n(n? — 1)(175n° — 1260n8 + - - + 310896) /34560, the next
nonzero entry past the source’s own binary list. That presentation is forced by the mathematics
rather than chosen: pog(+, ) is a polynomial in n of degree at most 3k — and of degree exactly
3k in every case we can evaluate — so 3k + 1 exact values determine it, and we prove the degree
bound by a cancellation over a pair of positions that nothing else in the term touches. Both closed
forms are verified inside the Lean 4 kernel, from the definition of S as a sum over all £ words,
at every point of a grid of 49 parameter pairs with 2 < £ < 7; so are the source’s own published
formulas. We also record that the source’s binary sixth moment is not the general-¢ one — it
already fails at £ = 3 — and correct an exchanged pair of labels in the source’s worked example.

1. INTRODUCTION

The statistic. Let £ > 1 and let the symbols 0 < 1 < --- < £ — 1 be ordered. A word xz =
X1Zo Ty € {0,...,€ —1}™ is scored by comparing its positions pairwise:
St(x) =#{(i,5) 11 < j, x;i < xj}, S™(x) = #{(3,5) 11 < j, xi > x,},
S(z) = St(z) — S (x).

A large positive S is evidence of an upward trend; the test against trend that this statistic supports
is what the statistic is for. The probability model is the one that makes the problem hard: all ¢
words are equally likely. Repetitions are allowed and the multiset of tie multiplicities is therefore a
random object, not a parameter.

This is exactly the point at which the setting departs from the classical theory. There the sample
space is the set of arrangements of one fized multiset: Kendall [4] introduced the score for the
permutations of n distinct values, Sillitto [5] gives the distribution of the same score when the
rankings contain ties, and Silverstone [6] its cumulants; throughout, the tie multiplicities p1,...,p,
are held constant. Averaging such formulas over the multinomial law of the tie pattern is possible in
principle and unpleasant in practice, and no such average appears in the literature. Lindqvist’s §1
names all three as the version his setting departs from, and says of that version that “the numbers of
ties, i.e., p1,p2, ..., Pr, are regarded as fixed”; it is why the classical moment formulas do not answer
the question asked here.

Write

pr(n,l) = £ Z S(x)"

2€{0,. b—1}n
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for the r-th moment of S under the uniform law. Reversing a word negates its score (Proposition 2.2),
so the law of S is symmetric, u; = 0, every odd moment vanishes, and p, is simultaneously the r-th
moment and the r-th central moment.

The source and where it stops. The one paper that studies this sample space is Lindqvist [1];
its arXiv comment records that it is “essentially a revision of” the Helsinki technical report [2] of
1986, with some details from [3] of 1978. We name its displayed formulas by the mnemonic labels
they carry in the IXTEX source of the e-print. In the printed v1 they are numbered: (var) is [1, (4)],
(four) is [1, (5)], the definition of S is [1, (2)], and the asymptotic normality statement (normal) is
[1, (6)]. The paper contains, in the notation above:

e the variance for general ¢ — its formula (var), displayed in §2 — with a proof, carried out
in its §6 by a recursion on the tie-count vector;

e the fourth moment for general ¢ — its formula (four), displayed in the same §2 — stated,
in the source’s own words, “without proof, when ¢ > 3”, because “the corresponding calcu-
lations for (5) are, to say the least, a laborious task”;

e for £ = 2 only, in its §3 and obtained from the binary characteristic function [1, (10)]
— a product of squared cosines, in two cases according to the parity of n — the values
p2(n,2) = n(n? — 1)/12, p4(n,2) and pg(n,?2), the list closing with ur(n,2) = 0 and an
ellipsis;

e the exact distribution of S for £ = 2 and n < 7, as a figurate table.

Its §6, in the paragraph that follows the completed proof of (var), states the open problem this
paper addresses:
“The fourth moment g4 in (5) is the result of a similar, although more tedious, cal-
culation. However, a more effective method should be invented for higher moments.”

We stress what is and is not missing, because it is easy to overstate. A sixth moment of S is in
the source: the binary one. What is absent is a sixth moment at general ¢, and the two are genuinely
different objects — the binary polynomial already fails at £ = 3 (Remark 4.3).

Results. Throughout, (") is the binomial coefficient, extended by (‘7}) =0 for V > n, and

\%
(-1 2 -1
A=A() = 7 B=B() = o

All closed forms below are written in Newton form p,(n,£) = 3"y, (i+)av (¢). This is not a cosmetic
choice. The coefficient ay (£) is the total contribution to u, of those r-tuples of index pairs whose
union is a prescribed set of exactly V positions, so the Newton coefficients are the combinatorially
meaningful quantities, and the vanishing of ay for V' > 3r/2 is the whole content of the closed form.
Expanded into powers of n the same formulas are unreadable: at r = 6 the numerator over 476280 ¢°

is a bivariate integer polynomial with 60 terms.
Let

(1) G={(n,0) : 0<n<N(),2<0<7},  (N(2),...,N(7) = (12,8,7,6,5,5),

a set of 49 parameter pairs. On G the moments are evaluated by summing over all /" words, so a
statement about G is a statement checked against the definition and nothing else.

Theorem 1.1 (Sixth moment; Theorem 4.1). For every (n,f) € G,
9
n
)= 3 (1) a0
V=2

with the eight explicit rational functions ag/ﬁ) of (5) below.
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Theorem 1.2 (Eighth moment; Theorem 5.1 and Corollary 5.2). For every (n,f) € G,

)= 3 (3) ay’ (0)

V=2

with the eleven explicit rational functions ag) of (6)—(7) below; and for every n < 40 that Newton
sum at £ = 2 collapses to

12 )
") o ®2) = M~ 1) 9 8 7 6 5
;::2 (V> o) (2) = L (1750 — 1260n° + 311107 + 1350n° — 23910n

+ 37740n" + 54509n° — 192084n* — 338761 + 310896).

Granting Theorem 1.3 below, both are polynomials in n of degree at most 9 and at most 12; at
¢ = 2 those degrees are exactly 9 and exactly 12 (Proposition 3.5). So the grid, which contains the
13 values n = 0,1,...,12 at £ = 2, is not merely a sample there: it exhausts the degrees of freedom.
The passage from the grid to all n, and then to all ¢, is Theorem 3.3 together with its Corollary 3.4,
both proved below as ordinary mathematics and, at present, formalised only in the substantive step
of the first:

Theorem 1.3 (Degree bound). For every even r and every £ > 1, the function n — u,(n,f) is a
polynomial in n of degree at most 3r/2, and consequently

(1, 0) = Viz/j (3) a0, av(0)= é(—l)v-m (Z) (i, 0.

Theorem 1.3 is what turns a finite table into a proof, and it is the answer to the source’s request
for “a more effective method”: no better method is needed, because p..(+, £) is pinned by its values at
m =0,1,...,3r/2 — ten values for ug, thirteen for us. In particular it reduces the source’s (four),
which the source declined to prove, to a finite computation at each ¢: seven exact values of py(-,¢)
decide it.

Alongside these we record the supporting material: the source’s own published formulas re-
derived from the definition inside the kernel (§6), the exactness of the degrees 3, 6, 9, 12, negative
controls that refute one-coefficient perturbations of both new formulas, and one correction — the
source’s §1 worked example carries an exchanged pair of labels (Proposition 6.3). The correction is
inconsequential, and we say why: the law of S is symmetric, so every even moment, and the source
states only even ones, is the same under either sign convention.

Method, in one paragraph. Write S = )" Y, over the (72’) index pairs e, with Y; j)(x) the sign

of x; — x;. Expanding S" gives a sum over r-tuples g of index pairs. Grouping the tuples by the
set of positions their pairs cover and inverting a binomial sum (§3) identifies (7,)-coefficients with
the contribution of tuples covering a prescribed V-set. If some pair of the tuple meets no other
pair, transposing the two values at that pair’s positions is a sign-reversing involution of the word
space, and the contribution is zero (Lemma 3.1). A counting argument shows that above V' = 3r/2
every tuple has such a free pair. The same expansion bounds the degree of £Vay in £ by V, so
finitely many ¢ settle the ¢-dependence too. What remains is a finite exact computation of p,.(m, ¢)
for m < 3r/2 at finitely many ¢, which we did in exact rational arithmetic and then re-checked, at

2 < /¢ <7, inside the Lean kernel.

2. PRELIMINARIES

Definition 2.1. For a,b in an ordered set put sgn(a,b) = 1if a < b, =1 if b < a, and 0 if a = b.
Forn>0let P, ={(4,7): 1 <i<j<n}and, for a word z € {0,...,£ — 1},

S(z) = Z sgn(x;, x;), wr(n,l) = gin Z S(z)" € Q.

(1,9)EPn ze{0,....6—1}n
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Definition 2.1 is [1, (2)]; the identification is Proposition 6.3(1).

Proposition 2.2 (Reversal). Let p reverse the positions, (px); = Xni1-;. Then S(px) = —S(z) for
every n, every £ and every word x. Consequently the law of S is symmetric about 0 and, for every
odd r, every n and every ¢,

ZS(w)T =0, hence wr(n, £) = 0.

Proof. The map (i,7) — (n+1—j,n+ 1 —14) is an involution of P, and it exchanges the two

arguments of sgn, which is antisymmetric; summing gives S(px) = —S(z). Since p is an involution
of the word space, >, S(x)" = > S(px)" = (=1)" >, S(z)", which for odd r forces the sum to
vanish. |

The source asserts py = pus = ps = --- = 0 “by symmetry” and does not argue it; Proposition 2.2

is the argument, uniform in n and /.
We shall use the source’s two general-¢ formulas as printed. With A and B as above, its variance

formula is
n(n—1 nn—1)(n—2
2 pofn, €)= A "L g nln = D22
and its fourth-moment formula, the one it states without proof for £ > 3, is
100n* + 328n% — 127n% — 997n — 372 "

0) =B? -1
Ha(n, €) 2700 (n—1)
2 -1 252n3 +507n2 — 3623n + 3652
(3) e 900 n(n —1)
21 2n8 2_bB5n—1 -1 n?2+1ln-2
_€ . n° + 3n 5n 5n(n—l)+€ .n—l— n 5n(n—1).

03 6 03 2
Both displays are transcribed from the v1 e-print, where they stand in its §2 as [1, (4)] and [1, (5)];
the four summands of (3) are reproduced in the source’s own order and with its own signs. Their
mathematical content is verified from Definition 2.1 in Theorem 6.1.

Its two binary formulas, valid at ¢ = 2 only, are
n(n? —1)(5n3 — 6n? — 5n + 14)
240 ’

n(n? —1)(35n5 — 126n° + 74n* + 420n3 — 829n? — 294n + 1488)

3. THE DEGREE BOUND

/‘4(71’ 2) =
(4)

The whole of §4 and §5 rests on one cancellation.

Lemma 3.1 (Free-pair cancellation). Letn, ¢ > 0, let a,b be positions and let F' be any integer-valued
function on {0,...,¢ — 1}" that is unchanged by transposing the entries at a and b. Then

Z sgn(zq,xp) F(x) = 0.

Consequently, if g = (q1,-.-,9r) is an r-tuple of index pairs and some g; is disjoint from every other
gs, then
kA
- Isen(@gnz..) =0
x s=1

Proof. Precomposition with the transposition of the positions a and b is an involution of the word
space; it fixes F' by hypothesis and reverses the sign of sgn(z,,x;). So the sum equals its own
negative. For the second statement factor the product as sgn(wz(g,),,%(g,),) times the product over
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s # t; the latter depends only on entries at positions outside ¢;, hence is invariant under the
transposition, and the first statement applies. (Il

Remark 3.2. Neither hypothesis is vacuous. Dropping the invariance hypothesis of the first statement
makes it false — er{o 132 sgn(xy1,r2)? = 2 # 0 — and dropping disjointness in the second makes
it false as well, as the tuple g = ((1,2), (1,2)) over the alphabet of size 3 already shows.

Theorem 3.3 (Degree bound). Let r be even and £ > 1. Then n — pu,(n,?) is a polynomial in n
of degree at most 3r/2, and

o, 0) = Vi ()ovie.  avo= Wéo(—l)Vm (¥ )m.

for every n > 0.

Proof. Step 0 (Newton). For any f : N — Q one has f(n) = Y\_ () AY f(0) with AV f(0) =
S (=1)V=™ (V) f(m); this is binomial inversion and says nothing about S. Since ({:) = 0 for
V > n, it suffices to prove ay := AV 11,.(0) = 0 for V > 3r/2.

Step 1 (restriction). Fix V and work with words of length V. For a set U C {1,...,V} of
positions put scy(z) = > sgn(z;, x;), the sum over the pairs (¢,7) € Py with 4,5 € U. If |[U| = m,
the increasing bijection U — {1,...,m} carries scy(x) to S(x|y), and every word of length m has
exactly £V~™ preimages, so {7V > scy(2)” = p,(m, ¢).

Step 2 (inclusion—exclusion). Grouping the subsets U by size therefore gives

ay =07V Z (=1)V-Ivl ZSCU(x)T.

UC{L,....V}
Expand scy(z)" as a sum over r-tuples g of pairs contained in U and exchange the order of sum-
mation. For a fixed g with support supp g = |J, g+, the inner sum Z:UDsuppg(—l)V_‘U| is 0 unless
suppg = {1,...,V}, in which case it is 1. Hence

ay =0V 3 > IIsen(rn 2@n.)-

g: suppg={1,...,.V} =z 1

Step 8 (cancellation). Call t free in g if the pair g; meets no other gs. By Lemma 3.1 every g
with a free index contributes 0.

Step 4 (counting). Let g have supp g = {1, ...,V } and no free index, and let d(v) = #{t : v € g;}.
Each pair has two distinct elements, so ), d(v) = 2r, and d(v) > 1 on the support. Put D = {v :
d(v) > 2}. “No free index” means every g; shares a position with some gs, s # t; that shared position
lies in g; and has degree > 2, so every pair of the tuple meets D. Counting incidences between D
and the r pairs in two ways,

r< Y dw) = 2r=Y dw) = 2r—(V—1[D|), 2[D| < Y duv) = 2r-V+ID|

veD vg D veD
whence V < r+|D|and |D| < 2r —V,so V <r+ (2r — V), that is V' < 3r/2. Therefore every g
with support of size V' > |3r/2] has a free index and ay = 0. O

The same expansion controls the dependence on ¢, and that is what will let finitely many values
of £ settle a formula stated for all of them.

Corollary 3.4 (Degree in £). Fizr and V and let ay () be as in Theorem 3.3. Then £+ £V ay (¢)
is the restriction to the positive integers of a polynomial of degree at most V, integer-valued there.
Consequently, if a rational function ay with ¢Vay () polynomial of degree at most V satisfies
ay(0) = ay(f) at V + 1 distinct positive integers €, then ay = ay at every £ > 1.
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Proof. Step 2 of the previous proof gives £V ay (£) = > g 2w L sen(z(g,),: T (g,), ), the outer sum over
the finitely many r-tuples g with suppg = {1,. V} and the inner one over = € {0,...,¢ — 1}V.
Each product depends on z only through the order pattern of its V entries. A word of length V
that uses exactly k distinct symbols out of the ¢ available is a choice of those k symbols together
with a word in {0, ...,k — 1} using all k of them, and the product is unchanged when the k chosen
symbols are replaced by 0,...,k — 1 in order. Grouping by k, which runs over 0,...,V, therefore
gives (Vay (f) = ZkV:O (i) ¢ with integers ¢, independent of £. That is an integer-valued polynomial
in ¢ of degree at most V. The last sentence is the uniqueness of polynomial interpolation applied to
év (aV - dv). O

The bound in n is attained where we can check it. Taking k = r/2 vertex-disjoint paths with two
edges each uses 2k = r pairs and 3k = 3r/2 positions and leaves no free pair, so Lemma 3.1 does
not annihilate the sum defining as,./2; that as,/; is in fact nonzero is a separate matter, settled by
evaluation at r = 2,4, 6, 8 in the following proposition, and predicted in general by Observation 5.5.

Proposition 3.5 (Exact degrees). Write AV 11,.(0,€) for the V-th forward difference at 0 of n >
wr(n, £), computed from Definition 2.1. Then

3 2(0a2)7é07 AVMQ(O,K)ZO on {4»576}X{2}U{(473)7(573)»(474)7(475)};
AS114(0,2) #0, AV 14(0,6) =0 on {7,8,9} x {2} U{(7,3),(8,3),(7,4),(7,5)}:
Aug(0,6) #0 for£ =23,  AVug(0,£) =0 on {10,11,12} x {2} U {(10,3)},

the pairs (V,£) ranging over the sets displayed. Likewise A'?1g(0,2) # 0 while Aug(0,2) =
AYpg(0,2) = 0 (Proposition 5.8). So the degrees 3,6,9,12 of sz, jia, lis, iig in n are exact, not upper
estimates, wherever the moments can be evaluated.

4. THE SIXTH MOMENT AT GENERAL /

¢ a§6 (0)=0—
302" (0) = 72 2£2 — 1800¢ + 1078,
(9 (0) = 397063 — 10140¢% + 7250¢ — 1080,
)£y = 199200* — 369203 — 9480¢ + 470000 — 20520,
(5) (9 (p) = 1372906 — 171630¢* — 234890¢% + 300150¢% + 98680¢ — 129600,
7050 () = 3774040° — 286944¢° — 897680¢* + 558600
+ 68227602 — 271656¢ — 162000,
5a{% (¢) = 31808¢5 — 1120045 — 87808¢* + 2240003 + 80192¢2 — 11200/ — 24192,
312%‘6) (£) = 22400 (¢2 — 1)?,
and a =0 for V <1 and for V > 10. The last line says a(6) = 22400 B3; see Observation 5.5.

Theorem 4.1. Let av) be as in (5). Then for every pair (n,£) of the grid G of (1) — that is, for
{=2andn <12, for{ =3 andn <8, ford =4 andn <7, for { =5 andn < 6, and for { =6 and

=7 withn <5 —
9
n
) = 3 (1) a0
V=2
Granting Theorem 3.8 and Corollary 3.4, together with the off-kernel evaluations recorded in the
proof, the same identity holds for every n > 0 and every £ > 1.
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Proof sketch. Two independent claims are being made and they rest on different things.

The identity on G rests on exhaustive computation, and on nothing else. For each of the 49 pairs,
ue(n, £) is computed from Definition 2.1 by summing S(z)® over all £* words — 22 = 4096 words
at the largest binary point, 3% = 6561, 47 = 16384, 5% = 15625, 6° = 7776 and 7° = 16807 at the
largest points of the other five columns — and compared, in exact rational arithmetic, with the
right-hand side. All 49 comparisons are equalities. No induction, no generating function and no
algebraic identity enters; the finite search is the enumeration of those Z(n’ 0eg " words.

The passage from G to all n rests on Theorem 3.3, which is proved above as ordinary mathematics:
both sides are polynomials in n of degree at most 9, and the grid contains the 13 values n =
0,1,...,12 at £ = 2, which is three more than the ten a degree-9 polynomial needs. For ¢ > 3
the grid alone does not contain 10 values of n and the coefficients were instead determined, off the
kernel, as follows: exact values pg(m,¥¢) for m < 9 and for consecutive ¢ starting at £ = 1 were
produced by a count-vector dynamic program in exact rational arithmetic, the agf ) (¢) were obtained
from them by the forward-difference formula of Theorem 3.3, and each numerator was then fitted
as a polynomial in ¢ from one more value of ¢ than its degree and verified at six further values of
¢ off the fitting grid. The finished formula was checked against 134 exact values of ug with ¢ < 10
(n<15for ¢ <4,n <12 for £ <6, n <10 for £ < 10) and at £ = 11,12,13,17,25 for n < 10, with
no mismatch; the values with n > 10 are held out from the determination and are what tests the
degree bound.

The passage to all £ is Corollary 3.4, and this is where those checks are spent. At each of the
fifteen values ¢ € {1,2,...,13,17,25} the check above covers n = 0,1,...,9, so at each of them
binomial inversion turns the agreement of the two sides into agf) (0) = AV 16(0,£) for every V < 9.
Both évaif) (¢), by inspection of (5), and £V AY 1g(0,£), by Corollary 3.4, are polynomials in ¢ of
degree at most V' < 9; fifteen agreements are more than the ten such a polynomial admits, so the
two agree at every ¢ > 1. O

Proposition 4.2 (Consistency with the source’s printed shapes). Write uy (n,f) = dv<s (¥) ag) (0)
and p(n, l) = dv<s ("})ag) (£) with
7403 — 8402 — 620 + 72

2 2 4 4 7407 — 1444 + 70 4
ag):A7 ag):%B; ag):Av ai(ﬂ): 302 ) aé(l): 03 ’
BON 384¢* — 20002 — 60002 4 2004 + 216 o _ s0p2
o 504 ’ ¢ 8T

Then uX (n,f) equals the right-hand side of (2) and uY(n,t) equals the right-hand side of (3), for
every n < 40 and every £ € {2,3,4,5,6,7,11,25}; and ngg (‘Tj)a%/ﬁ)@) equals the right-hand side
of the second formula of (4), for every n < 40.

Proposition 4.2 is a pointwise identity between two printed expressions, not a new result; its role
is to show that the Newton presentation is the same object the source writes in expanded form, so
that (2) and (3) can be read off a table of ay, and that at £ = 2 the new formula collapses onto the
source’s published binary pg.

Remark 4.3 (The binary formula is not the general one). The collapse at ¢ = 2 does not make
Theorem 4.1 a restatement of (4). At £ =3 and n = 4 the true value is ug(4,3) = 45412/27, while
the source’s binary polynomial evaluates to 1405/2. A general-¢ sixth moment is therefore a different
object from the published one.

Proposition 4.4 (Negative controls). Each of the following four perturbations of Theorem 4.1 is
refuted by a single exact value of ug:

(1) replacing aéﬁ) by aéG) + % — refuted at (n,f) = (9,2);

(2) replacing the coefficient 722 of aéﬁ) by 723 — refuted at (n,f) = (3,3);
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(3) truncating the sum at V < 8, i.e. asserting degree < 8 in n — refuted at (n,f) = (9,2);

(4) adjoining a tenth term () A, i.e. asserting degree 10 — refuted at (n, () = (10,2).
Moreover us(3,2) # 0, so Proposition 2.2 is not the vacuous assertion that all moments vanish, and
S is not identically zero.

Items (3) and (4) bracket the answer from both sides: one degree too small and one degree too
large both fail, at the first value of n where they can.

5. THE EIGHTH MOMENT

The same machine runs once more. For » = 8 the bound of Theorem 3.3 is 12, so thirteen exact
values of n determine the polynomial; the expensive corner of the determination is a count-vector
dynamic program at £ = n = 12, some 2.7 - 10® states, which took 647 seconds and 1.2 gigabytes for
the whole sweep ¢ = 1,...,12 in exact rational arithmetic.

tal® () =0—
302V (¢) = 65 54132 — 18144/ + 11590,
03a{® (0) = 14771463 — 51080442 + 573258( — 210168,
)
) =

504 (£) = 11465664¢* — 3503220003 + 2723700062 + 5800200 — 9470664,
al® (1) = 1509768465 — 36285900¢* — 1783460¢3
+ 6069462002 — 445773440 + 6854400,
5af®) (0) = 5297314465 — 96276096¢5 — 91897120¢* + 233635920/
— 676866402 — 1513911844 + 59724000,

"al® (0) = 109333336¢" — 145093088¢5 — 29557304067 + 403281760¢*
+ 2536345840 — 359815232¢(% — 67374720¢ + 101606400,
3080l (£) = 41234022408 — 37799251207 — 1354858176(° + 1110162816
+ 16216757760 — 1087668288¢% — 82733382442 + 355497984¢ + 148176000,
(1) 5038 (¢) = 518528384¢° — 2944704007 — 1888195200/ + 882470400
+ 2562306432¢* — 88152960042 — 153414080042 + 293529600/ + 341501184,
308a{Y (£) = 129704960¢% — 3449600067 — 50088192045 + 1034880004
+ 724416000£* — 1034880003 — 46500608042 + 344960004 4 111767040,
9080\ (¢) = 68992000 (¢ — 1)*,
and a\) = 0 for V < 1 and for V > 13.

Theorem 5.1. Let ag) be as in (6)—(7). Then for every pair (n,£) of the grid G of (1) — £ =2
withn <12, =3 withn <8, { =4 withn <7, { =5 withn <6, and { =6,7 withn <5 —

=3 (1) a0

V=2
and, granting Theorem 8.3 and Corollary 3.4 together with the off-kernel evaluations recorded in the
proof, for every n >0 and every £ > 1.
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Proof sketch. As for Theorem 4.1. On G the statement is 49 exact comparisons, each obtained by
summing S(x)® over all £" words; that exhaustive enumeration is the entire content, and it is what
the machine check reproduces. Off the grid, the ag)(é) were determined by the forward-difference
formula of Theorem 3.3 from exact values with n < 12 obtained by the count-vector dynamic
program, each numerator being fitted as a polynomial in ¢ and verified at values of ¢ outside the
fitting set. The finished formula agrees with 176 exact values at £ = 1,...,12 (n < 16 for £ < 4,
n < 14 for £ < 6, n < 12 above), of which 20 have n > 13 and are held out from the determination,
and with the values at ¢ = 13,17, 25 for n < 12; there is no mismatch. The passage to all £ is again
Corollary 3.4: at each of the fifteen values £ € {1,2,...,13,17,25} those checks cover n = 0,1,...,12
and so give ag/s) (0) = AV ug(0,¢) for every V < 12, and fifteen agreements exceed the thirteen that
a polynomial of degree at most 12 in ¢ admits. O

Corollary 5.2 (The binary eighth moment). For every n < 40,

2 /n n(n? —1)P(n)
Z<V>G(V8)(2): 34560

V=2
where

P(n) = 17502 —1260n°+3111n" +1380n° —23919n° +37740n"* +54509n> — 19208412 —33876n4310896.

Together with Theorem 5.1 this evaluates ug(n,2) for n < 12, and, granting Theorem 3.3, for every
n.

Corollary 5.2 is the next nonzero entry of the source’s own §3 list, which stops after pg(n,2) and
pr(n,2) = 0 with an ellipsis. It is written in the shape the source uses there: the factor n(n? — 1)
in front, and a numerator of degree 12 = 3 - 8/2 in total.

Proposition 5.3 (Degree and controls at r = 8). A'215(0,2) # 0 while A3pug(0,2) = Al%ug(0,2) =
0: the degree of ug inn is exactly 12. Replacing ag) by ag) +% is refuted by the single value pg(12,2),
and truncating the sum at V < 11 is refuted by the same value.

Two structural checks. Neither of the following enters any argument above; both are consistency
checks on the coefficients as displayed, and both hold.

Observation 5.4. Every right-hand side in (5)—(7) vanishes at £ = 1, so ay (1) = 0 for all V' > 2
and pe(n, 1) = ps(n, 1) = 0, as they must be: over a one-letter alphabet S = 0. For (6)—(7) that is
eleven separate linear conditions, one on each of the eleven numerators, all satisfied.

Observation 5.5 (Asymptotic normality fixes the top coefficient). By (2), p2(n, £) = 2n®+0(n?). If
S/o is asymptotically standard normal — which the source asserts in its (normal) and proves there
for £ = 2, and which our formulas are not used to prove — then pgy(n,£) ~ (2k — 1)!1 (B/9)Fn3k,
and since (5) ~ n¥/(3k)! the top Newton coefficient must be

Br)2k-1

B

For k = 1,2,3,4 the right-hand side is 2B, 52 B? 22100 p3 68992000 B4 __ exactly the entries a:(f),
a((;l) of Proposition 4.2 and aff), ag) of (5) and (7). (The source prints the Gaussian constant in
(normal) as 1-2-5---(2k—1); 1-3-5---(2k — 1) = (2k — 1)!! is what is meant, and what its own
binary p4 and o2 give at k = 2, namely 3.)

agk(é) =

Remark 5.6 (The denominator in £). Corollary 3.4 makes ¢V ay (¢) a polynomial of degree at most
V, so £37/2p,(n,¢) is a polynomial in ¢. The displays (5)—(7) say more: the denominators are
02 0% 06 (8 for r = 2,4,6,8, that is £ and not ¢3"/2. That sharper statement is an observation
about the computed coefficients, made outside the formal development and not proved here; closing
the gap is a small self-contained question. (The polynomials ¢V ay are integer-valued but not, in
general, integer: at r = 6, V = 3 the value is £(722¢? — 18004 + 1078)/3.)
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6. THE SOURCE’S OWN FORMULAS, RE-DERIVED

Nothing in this section is new; it is the gate that was run before anything was claimed past the
source, and we report it because one of its entries is the first verification of a published formula that
has never been proved.

Theorem 6.1. Let G be the grid (1).

(1) For every (n, ) € G, us(n,t) computed from Definition 2.1 equals the right-hand side of the
source’s variance formula (2).

(2) For every (n,f) € G, pua(n,f) computed from Definition 2.1 equals the right-hand side of the
source’s fourth-moment formula (3).

(3) For every n < 12, py4(n,2) and pg(n,2) computed from Definition 2.1 equal the two binary
formulas (4).

Part (1) verifies a formula that the source proves. Part (2) is the one worth naming: the source
states (3) “without proof, when ¢ > 3”, and no proof of it appears anywhere we could find, so the 49
kernel evaluations of Theorem 6.1(2) — together with a further check outside the kernel, at £ = 2,3
forn <12, f =4 forn <9 and ¢ =5,6,7 for n <7 — are, as far as we know, the first verification
of it from the definition. We claim no new formula there. We do observe that Theorem 3.3 reduces
the missing proof, at each fixed ¢, to a finite computation: (3) is a polynomial of degree 6 in n, so
the seven values n = 0,...,6 already pin it, and those are inside the grid at ¢ < 5 and inside the
reach of the count-vector program at every /.

Theorem 6.2 (The source’s §3 frequency table). For { =2 and 1 < n <7, the number of binary
words of length n with S = t, computed from Definition 2.1, agrees with the source’s §3 display in
all seven rows. For n =T the counts for t = —13,—12,...,13 are

0,2,0,4,0,6,0,12,0,14,0, 16,0, 20,0, 16,0, 14,0, 12,0, 6, 0,4, 0, 2, 0.

Proposition 6.3 (The score, and a correction to the source’s worked example). (1) For every
n, every £ and every word x, S(x) = S*(x) — S~ (x) with ST as in §1; so Definition 2.1 is
the source’s definition.

(2) The vl e-print, in the sentence of its §1 that follows [1, (2)], reads “For example, S =
5 — 11 = —6 for the sequence 0112021.” Counted from that same definition, the word
0112021 has ST =11 and S~ =5, hence S = +6: the two labels are exchanged.

The exchange is not confined to the example. The source’s §3 table for n = 3 assigns the value 2
to the word 100, where the definition gives —2, and the generating function [ _, (1 +z"+172k) it
derives there is the one for S~ — S*. So everything the paper computes — the §1 example, the §3
table, the generating function — follows the convention S~ — ST consistently, and the outlier is the
sign in its definition line [1, (2)]. We record this courteously and for completeness only, and against
the v1 e-print, still the only version on 2026-09-03: by Proposition 2.2 the law of S is symmetric,
the source states only even moments, and every one of them — and every formula in the present
paper — is unchanged by the global sign. Nothing in [1] is affected.

7. FURTHER QUESTIONS

(1) The tenth moment. Degree 15 in n, so the table needs p19(m, £) for m < 15, and the count-
vector program at £ = n = 15 has (?g) = 1.55 - 10® states against the Gg) = 2.7-10° that
ug needed. Scaling by states, transitions and moment order prices the sweep at roughly 60
CPU-hours and 70 gigabytes in our exact-arithmetic implementation, which is why it is not
attempted here. A compiled implementation would be working close to the edge of machine
arithmetic, but not past it: at n = 15 one has |S] < (125) = 105, so the unnormalised tenth
power sum over all 15'% words is at most 105'° - 15'® = 7.13 - 1037, a 126-bit number, which

fits a signed 128-bit accumulator with a factor of about 2.4 to spare. The margin is thin,
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and it does not by itself cover the quantities formed on the way: the recursion expands
XS+ =3, (11‘0) d*=3 %" 87 with |d| < n— 1, and the crude bound on that expansion,
(1054 14)19. 15 = 2.49.10%, is already past 2!27. An implementation at this width would
have to bound the intermediates term by term, or work modularly.

(2) The degree in £ — Remark 5.6: prove £, polynomial in ¢, rather than the £37/2 the present
argument gives.

(3) The biased binary case. The source also gives a variance and a fourth moment for P(0) = p,
P(1) = ¢, and nothing higher. There S =", (2k —n — 1)z}, with x;, independent Bernoulli,
SO fom, is an explicit polynomial in the power sums of (2k —n — 1) and in the Bernoulli
central moments; this is elementary and, as far as we know, unwritten.

(4) Edgeworth. The source’s Edgeworth correction uses p4/0% only, and it reports the depen-
dence on ¢ as puzzling and in need of further numerical investigation. With pg in hand the
next term is available.

8. VERIFICATION

Every statement above that carries a theorem, proposition, corollary or remark number, with
the exceptions named next, has been formalised and machine-checked in Lean 4 [7] (toolchain
leanprover/leand:v4.32.0) against Mathlib [8] at its tag v4.32.0, commit 81a5d257, in a de-
velopment of eight files and 742 lines in which S, the moments and the closed forms are defined
exactly as in Definition 2.1 and (5)—(7), and the moments are always evaluated by summing over
the full word space {0,...,¢ — 1} — never from a recursion, a generating function or a previously
verified formula. The exceptions are of two kinds. First, Theorem 3.3 (equivalently Theorem 1.3)
and its Corollary 3.4: of these, Step 3 — Lemma 3.1, the only step with content beyond bookkeep-
ing — is formalised, while Steps 0, 1, 2 and 4 and the corollary are written out above as ordinary
mathematics. Second, Observations 5.4 and 5.5 and Remark 5.6, which are consistency checks on
the computed coefficients and are labelled as such where they occur; nothing depends on those
three. Accordingly the “for every n and every ¢” halves of Theorems 4.1 and 5.1 are conditional on
Theorem 3.3 and Corollary 3.4 and on the off-kernel evaluations reported in their proofs, and it is
the grid statements that are machine-checked outright.

Two levels of trust are involved and it is worth separating them. Checked by the Lean kernel alone,
depending on no axioms beyond propext, Classical.choice and Quot.sound, are Proposition 2.2
in both its forms (the reversal identity and the vanishing of every odd moment, for all n and all
¢), Lemma 3.1 in both its forms, and Proposition 6.3(1). Everything else is a finite evaluation
carried out by Lean’s compiled evaluator (native_decide) and therefore depends, in addition,
on one evaluation axiom of its own: the grid evaluations behind Theorems 6.1, 4.1 and 5.1 (49
parameter pairs for each of pa, 4, pe, s, and 13 values of n for each binary formula), the arithmetic
identities of Proposition 4.2 and Corollary 5.2, the forward differences of Propositions 3.5 and 5.3, the
controls of Proposition 4.4 and Remarks 3.2 and 4.3, and the two computations of Proposition 6.3(2)
and Theorem 6.2. That evaluator is the only trusted step. There is no sorry anywhere in the
development and it declares no axiom of its own.

The grid (1) is bounded by evaluation cost — ¢™ words per point, each scored over (Z) position
pairs — and not by the mathematics. Independently of Lean, two exact rational evaluators written
separately (direct enumeration, and a dynamic program over count vectors) agree with each other
and with all the formulas above at every point where they overlap, which is 402 values of us, 4, pg
at £ < 10 and 176 values of ug at £ < 12, together with spot checks at £ = 13,17,25. The repository
is private; repository reference to be added at submission.
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