THREE ALGEBRAIC CONJUGATES SUMMING TO ZERO:
DEGREES 28 AND 35 ARE IMPOSSIBLE,
DEGREE 55 IS NOT

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Let a be an algebraic number of degree d over Q. Dubickas asked, as Problem 11123 of
the American Mathematical Monthly, whether three distinct conjugates of a can sum to zero when
3t d, and Stong’s polynomial t20 + 4 - 59¢10 4- 16 - 515 shows that they can. Baronénas, Drungilas
and Jankauskas [1] proved that no such relation exists in degree 16, that 20 is the least degree not
divisible by 3 that admits one, and listed the sixteen degrees d < 100 at which the question is open:
28, 35,44, 52,55, 56, 65,68, 70,76, 77,85,88,91,92,95. We settle three of them. Degrees 28 and 35
admit no such relation; the proof is an exhaustive test over all 1854 transitive groups of degree 28
and all 407 of degree 35, and over every orbit of 3-subsets of the underlying set. Degree 55 does
admit one: the group C11 x Cs acting on Q(({11), together with kK = —(1 4 ¢11), produces through
Hilbert’s Theorem 90 an element w with w + (11w + o(w) = 0 whose orbit has exactly 55 elements.
The two arithmetic facts that carry that construction are machine-checked: the norm condition
No(¢11)/a(v=11)(K) = 1, which reduces to the cyclotomic identity [[,cqr11)(1 +¢f1) = —1, and
the freeness certificate (1 + ¢11)'' # —1. The same construction yields an algebraic number of
degree p(p — 1)/2 with three conjugates summing to zero for every prime p = 11 (mod 24) with
(p — 1)/2 prime, a degree divisible by neither 3 nor 20; 55 is its only member below 100. We also
record a machine-checked form of the prime-power divisibility theorem of [1] and of its Sylow lemma.
No explicit polynomial of degree 55 is exhibited: the last step of the construction is a realizability
theorem and is not constructive.

1. INTRODUCTION

1.1. The question. Let a be an algebraic number of degree d > 1 over Q and let ag,...,aq be its
conjugates. Dubickas asked, as Problem 11123 of the American Mathematical Monthly [5], proposed
in the issue of December 2004, whether a relation

(1) a1 +as + a3z =0, a1, a, ag pairwise distinct conjugates,

forces 3 | d. It does not. In the solution printed in December 2006 under the names of Dubickas,
Smyth and Stong [5], Stong exhibited the irreducible polynomial

t20+4'59t10+ 16‘5157

three of whose roots sum to zero, so that d = 20 occurs. (The printed proposal carries Dubickas’s
name alone; [1] attributes the question to Dubickas and Smyth, and cites the 2006 solution for it.)
Both the cubic t> —t — 1 and Stong’s example propagate upwards: if (1) holds in degree d and ~ has
degree s over Q and over Q(a1), then 5; = aj(a + ) has degree ds for all large rational integers a
and satisfies 81 + B2 + 83 = 0. So every multiple of 3 and every multiple of 20 is attainable [1, §5].
The natural question is then

for which degrees d does there exist an algebraic number of degree d three of whose
conjugates sum to zero?
Note that impossibility does not propagate: 56 is a multiple of 28 and 70 of 35, and knowing that 28
is impossible says nothing about 56. Only attainability propagates upwards.
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1.2. The sixteen open degrees. Baronénas, Drungilas and Jankauskas [1] settle the impossibility
half in a large range of degrees. We name the results of [1] by the labels its source file gives them,
because the paper shares one counter between theorem and lemma and the labels are stable while the
numbers need not be; in v1, the version cited throughout, pl, p2, tl, t2 print as Theorems 1-4 and
I1, lefpte as Lemmas 5 and 6.

Their Theorem p2 states that if d = p”™ with p a prime # 3, or d = 2p™ with p > 5 prime and
m > 1, then a1 + as + a3 # 0 for any three roots of an irreducible polynomial of degree d; and their
Theorem pl states that the least degree d > 1 not a multiple of 3 at which (1) occurs is d = 20.
Every degree below 20 that is not a multiple of 3 is a prime power or twice an odd prime power, so
Theorem p2 covers them all, the title case d = 16 included. Crossing out from [2,100] the multiples
of 3, the multiples of 20 and the degrees forbidden by Theorem p2 leaves sixteen values, and [1, §5]
records, verbatim, that these are

28, 35, 44, 52, 55, 56, 65, 68, 70, 76, 77, 85, 88, 91, 92, 95

for which neither solutions to the equation o + ag + ag = 0 in conjugate algebraic
numbers a1, as, a3 of degree d are currently known, nor the mon-existence of such
solutions have been established.

Those sixteen degrees are the subject of this paper.

1.3. Results. We settle three of the sixteen.

(1) Degrees 28 and 35 are impossible (Theorem 3.1): no algebraic number of degree 28, and none
of degree 35, has three conjugates summing to zero. The proof is exhaustive over the classified
transitive permutation groups of those two degrees — 1854 of degree 28 and 407 of degree 35
— and over every orbit of 3-subsets of the permuted set. What is tested is a module condition
equivalent to (1), described in §2; the direction of that equivalence used here is unconditional.

(2) Degree 55 is attainable (Theorem 5.1): there is an irreducible f € Q[t] of degree 55 with three
distinct roots summing to zero, and hence one of degree 55s for every s > 1, in particular of
degree 110. The construction takes E = Q(C11), 0: (11 + (§; of order 5, F = B9 = Q(y/—11)
and kK = —(1 + (11), and applies Hilbert’s Theorem 90 to the cyclic extension E/F'.

(3) The arithmetic core of that construction is machine-checked. Two facts carry it, and both
are verified by a proof assistant: the norm condition Ng,p(x) = 1 (Theorem 4.3), which
rests on the cyclotomic identity [[,cqr(11)(1 + ¢f1) = —1 (Proposition 4.2); and the freeness
certificate (14+(;1)*! # —1 (Theorem 4.4), which is what makes the relevant orbit have exactly
55 elements rather than fewer.

(4) An infinite family (Theorem 5.5): for every prime p = 11 (mod 24) with (p—1)/2 prime there
is an algebraic number of degree d = p(p — 1)/2 with three conjugates summing to zero, and
that d is divisible by neither 3 nor 20. The first cases are d = 55,1711, 3403, 5671, 15931; only
55 lies below 100, which is why exactly one of the sixteen degrees falls to this construction.
The family rests on a sign law for [],cqr(,) (1 + ¢5) (Proposition 5.4) whose instances at
p =11 and p = 7 are machine-checked.

(5) The prime-power theorems of [1], in machine-checked form (§6). We state and verify the
group-theoretic engine of that paper’s Theorem t1, its Lemma |1, and the prime-power half
of its Theorem p2, for an abstract transitive action in place of a Galois group. These are the
results of [1]; only their verified form is ours.

1.4. What is verified by machine, and what is not. This distinction runs through the paper and
we state it once, plainly. The statements of §4 and §6 — the cyclotomic identity, the norm condition,
the freeness certificate, their controls, and the prime-power theorems — have been checked in Lean 4
[16] against Mathlib [17]; §8 says exactly what the machine checks. Everything else is ordinary
mathematics, and in two places it rests on computation that is exhaustive but not machine-checked:
e the reduction of §2 and the sweep behind Theorem 3.1 (the classification of transitive groups
of degrees 28 and 35 is not available to the proof assistant, and there is no route to making it
available);
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e the classical ingredients of Theorem 5.1 — Hilbert’s Theorem 90, the normal basis theorem,
and the realizability of a solvable group as a Galois group over Q — which we take from the
literature.

§7 states precisely which claims rest on exhaustive computation and how large each search was.

1.5. Relation to other work. Three points of provenance should be made explicit.

The graph-theoretic predecessor. The paper [1] has an earlier version [2], by the same three authors
and under the same title, with a different proof: “employing the classification of vertex-transitive
graphs on 16 vertices of degree 6, we prove that d # 16”. That version supplies the graph-theoretic
layer of the reduction — the graph on the conjugates joining o/ ~ «” when some third conjugate
completes a zero-sum triple, its vertex-transitivity and 6-regularity, the fact that two distinct relations
meet in at most one conjugate, and the trace-zero condition, which is its Lemma intro3 and which
it credits to Dubickas and Jankauskas [8] — and eliminates the 40 vertex-transitive graphs on 16
vertices of valency 6 one by one, taking the explicit list from the graph data set of [12]. It treats no
degree other than 16 and contains no sweep over transitive groups. Everything in that layer is theirs,
and we use it as background only.

The method behind the norm condition is published, and the source does not cite it. Dubickas and
Smyth [4] prove (their Theorem 1.1) that a non-zero algebraic number § can be written as a quotient
a/a’ of two conjugates over K if and only if there is a o in the relevant Galois group with P(o, )
a root of unity, where P(o, ) is the product of 8 over its (o)-orbit. That is exactly the test that
k= —(14 (11) passes in §5, with P(o,k) = 1. So the technique of §5 is in print, by the two authors
under whose names, with Stong’s, the solution of Problem 11123 appeared; that paper treats two
conjugates, states no three-term relation and names no degree, and it is not cited in [1]. What is
claimed here is the instance: that this test, at p = 11, settles one of the sixteen open degrees.

A race, not a gap in the literature. The strongest evidence that degrees 28, 35 and 55 were open
when this work was done is the sentence quoted above from [1, §5], dated 4 August 2026 and written
by the authors who had published the d # 16 graph argument two months earlier. But the graph
census on which [2] relies [12] covers vertex-transitive graphs on up to 47 vertices, so degree 28 is
within reach of that paper’s own method. A follow-up by the same group could settle 28 at any time.
We record this as a race rather than as a hidden prior result.

2. THE REDUCTION TO TRANSITIVE PERMUTATION MODULES

Nothing in this section is machine-checked.

Let © be a finite set with |Q| = d, let (e;)zeq be the standard basis of Q, and for a 3-subset
T = {i,j,k} C Q write e = e;+¢j+eg. A group G acting on Q2 acts on Q% by permuting coordinates,
and we write Q[G] ep for the Q[G]-submodule generated by er.

Proposition 2.1 (the criterion). The following are equivalent.

(1) There is an irreducible f € Q[t] of degree d with three distinct roots summing to zero.

(2) There are a finite group G occurring as a Galois group over Q, a transitive action of G on a
d-set Q, and a 3-subset T C Q such that the Q[G]-submodule N = Q[G]er C Q% contains no
vector eq — e, with a # b.

The implication (1)=(2) requires no hypothesis.

Proof sketch. For (1)=(2), let L be the splitting field of f, G = Gal(L/Q) and 2 the set of roots,
on which G acts transitively because f is irreducible. The space Ag = {a € Q¥ : " a,z =0} is a
Q[G]-submodule and contains ey for the triple 7" of the relation, hence contains N; and e, —e;, € Ag
with a # b would say that two distinct roots of a separable polynomial are equal.

For (2)=(1), let H = Stabg(ip), so that Q% = Q[G//H] =: M is a direct summand of the regular
module; Q[G] is semisimple, so M/N embeds in Q[G]. Choose L/Q Galois with group G. By the
normal basis theorem L = Q[G] as Q[G]-modules, so there is a G-map 1: M — L with kernel exactly
N. Put a = 9¥(es,) and ap = Y(e,). For g € G, g = a if and only if ey, — €s, € N, ie. if and
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only if g(ig) = ip; so Stabg(a) = H, [Q(a) : Q] = [G : H] = d, the a, are pairwise distinct, and
w(eT):ai-i-aj + ap =0. 0

Proposition 2.1 is not new; it is Girstmair’s, and we claim nothing in it. Girstmair [3] fixes a
Galois extension L/K with group G and a subgroup H, lets > _as5 € K[G/H] act on an z € L
with G, = H by > _ass(x), and calls a subset M C K[G/H]| admissible when some such z is killed
by every element of M (his Definition 1). He proves — by the normal basis theorem, exactly as in
the proof above — that admissibility is equivalent to the purely group-theoretic condition that some
w € K[G] with G, = H be killed in the same sense by M (his Proposition 1 and Definition 3).
His Theorem 1 then characterises the admissible submodules V' C K[G/H] as those containing no
UH') = K|G]{(s —1:s € H') with H > H, and the remark following it restates that condition
as: 5—1¢ V for every s € G\ H. With Q = G/H and V = N = Q[Gler that is precisely the
difference-freeness test used here, and that remark is precisely why it suffices to test the differences
with @ = 1. Of that theorem Girstmair writes “In the main it is identical with Proposition 1” of his
earlier paper (Manuscripta Math. 39 (1982), 81-97). What Proposition 2.1 adds to [3] is only the
quantifier: Girstmair works inside a fixed L/K, whereas a statement about degrees over Q must also
ask that G occur as a Galois group over Q. [1] cites [3] for this framework.

Operationally, for a transitive G < Sym(Q): compute the G-orbits on 3-subsets of €; for one
representative 1" of each orbit, spin e under the generators of G, maintaining a reduced row-echelon
basis, which produces N = Q[G]er with dim N < d; and declare that G passes with T when dim N < d
and no e; — ¢, reduces to zero against that basis. Testing only the differences with a = 1 suffices,
because N is G-invariant and G is transitive.

3. DEGREES 28 AND 35
Nothing in this section is machine-checked.

Theorem 3.1. There is no algebraic number of degree 28, and none of degree 35, three of whose
conjugates sum to zero.

Proof. By the unconditional direction (1)=(2) of Proposition 2.1, such a number would produce a
transitive group G of that degree and a 3-subset T' with Q[G]er containing no difference e, — ep. All
transitive permutation groups of degree 28 (1854 of them) and of degree 35 (407) are classified — the
degrees up to 30 by Hulpke [13], the remaining degrees below 48 in the census of Holt and Royle [12]
— and are available in the transitive groups library of GAP [14, 15]. The test described at the end
of §2 was run, in exact rational arithmetic, on every one of them and on every orbit of 3-subsets. No
pair (G, T) passes. O

The two counts 1854 and 407 are what the library reports and what those censuses record.
The proof is an exhaustive computation, and the two things that make such a proof believable are
validation against known values and independent reimplementation. Both were done.

Validation. The same test was run at every degree below 23 for which the transitive groups are
available, plus the two degrees at issue. Writing h(d) for the number of transitive groups of degree d
that pass with at least one 3-subset:
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d transitive groups h(d) expected
3 2 2 P—t—-1
5 5 0 prime power, forbidden by p2
6 16 7 multiple of 3
9 34 25 multiple of 3
10 45 0 2-5, forbidden by p2
12 301 108 multiple of 3
14 63 0 2.7, forbidden by p2
15 104 58 multiple of 3
16 1954 0 the title result of [1]
20 1117 7 Stong’s degree
21 164 84 multiple of 3
22 59 0 2-11, forbidden by p2
28 1854 0 open in [1]
35 407 0 open in [1]

The two rows that matter are d = 16, where the test independently reproves the main theorem of [1]
from nothing but the group library, and d = 20, where it independently rediscovers that Stong’s degree
is attainable. An earlier run of the same test covered thirty degrees d < 38 with no disagreement
with any published value. At d = 20 the seven groups that pass are, in the numbering of the library,
T20#5,9, 15, 30, 35, 36, 65, with first passing triples {1,3,6}, {1,3,6}, {1,4,19}, {1,4,19}, {1, 3,19},
{1,3,19}, {1,4,20} and dim N = 16 in every case; the first of them has order 20, is therefore regular,
and is structurally Stong’s example. Independently, Stong’s polynomial was recomputed to 90 digits:
it is irreducible and has exactly 20 zero-sum triples of roots.

Independent reimplementation. The results at d = 16,20, 28, 35 were reproduced by a second,
disjoint implementation which enumerates all (g) subsets by mark-and-sweep rather than taking orbit
representatives, builds the full point-block incidence matrix rather than spinning a module, uses the
host system’s own linear algebra rather than the reduction described above, asserts that the orbit
sizes sum to (9), and at d = 20 tests all (%) = 190 pairs (a,b) rather than only a = 1. The two
implementations agree everywhere.

Remark 3.2 (where the obstruction sits). The computation also says how degrees 28 and 35 fail,
and the answer is not that candidates are scarce. Call a G-orbit T of 3-subsets linear if any two of
its members meet in at most one point; this is necessary for the criterion of Proposition 2.1, since
[T"NT"| = 2 gives 1pv — 1pv = e, — e, € N. For a linear orbit, with A = 3|7|/d the number of
members through a point and I' the graph joining two points when some member contains both, the
point-block incidence matrix B (rows indexed by points) satisfies BBT = M\ + Ar, and the criterion
becomes the requirement that —\ be an eigenvalue of I' whose eigenspace separates the points. At
d = 28 there are 722 linear orbits and at d = 35 there are 390, with A € {3,6,9,12}; in every one of
them Al + Ar is non-singular. At d = 20, by contrast, some of the 204 linear orbits have —\ = —3 as
an eigenvalue with multiplicity 4. So the obstruction at 28 and 35 is an eigenvalue statement about
vertex-transitive graphs, which is why §9 names it as the route that could settle several degrees at
once.

4. THE ARITHMETIC CORE OF THE DEGREE-55 CONSTRUCTION

Every statement of this section is machine-checked (§8). Throughout, QR(p) denotes the set of
nonzero quadratic residues modulo p, and ®,, the p-th cyclotomic polynomial. We state the identities
for an arbitrary commutative ring R and an arbitrary ¢ € R with ®11(¢) = 0, both because that is
the natural generality and because it lets finite rings serve as witnesses and controls.

Lemma 4.1. QR(11) = {1,3,4,5,9}; this set is the cyclic group (3) = {3! : I < 5} generated
by 3 in (Z/11)*; and 3 has order exactly 5 modulo 11. Consequently o: (11 +— (3, generates
Gal(Q(¢11)/Q(v/—11)), which is cyclic of degree 5.
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Proof. A finite computation in Z/11: the image of squaring on (Z/11)* is {1,3,4,5,9}, the orbit
{31 :1 < 5} is the same set, 3° = 1, and 3% # 1 for 0 < k < 5. The last sentence is then the standard
description of the quadratic subfield of Q(¢11), which is Q(v/—11) because 11 =3 (mod 4). O

Proposition 4.2. Let R be a commutative ring and ( € R with 1+ + (%2 +--- + 1% =0. Then
[T a+¢=0+00+F0+Ma+¢)(1+¢h) =1
a€QR(11)
In particular the identity holds for a primitive 11-th root of unity in a domain, and so in Q(11).
Proof. The explicit factorisation in Z[X]
(1+X) 1+ X)L+ X)L+ XP)(1+ X" +1 =20 (X) - Q(X),
Q=X"-X"4+ X"+ X° - X+ X'+ X* - X* - X +2,

evaluated at (. Over a domain, a primitive 11-th root of unity satisfies the hypothesis because
O (X)=1+X+---+ X1 O

Proposition 4.2 is elementary, and we do not claim it as new; it also follows in a paragraph from
1+¢*=(1-¢%)/(1 —(* and the unit structure of the quadratic subfield, which is the argument
of Proposition 5.4 below. A search of the cyclotomic-unit literature for the identity and for the sign
law returned no statement of either, but the argument is of a kind that literature contains, and we
assume both are classical.

The first of the two facts that carry the degree-55 construction is the following. Its content is not
the identity of Proposition 4.2 but the use of that identity as a norm certificate at a degree listed as
open in [1, §5].

Theorem 4.3 (the norm condition). Let E = Q(¢11), F = Q(v=11), 0: (11 = (fy and k = —(14¢11).

Then
4

4
L
Ng/p(k) = Hal(’f) = H(_(l +¢)) =1
1=0 1=0
More generally, (—(1+¢))(—=(1+¢))(=(1+¢")(=(1+)(—(1+¢*)) = 1 in every commutative ring
in which 14+ +---+¢'0 = 0. This is exactly the hypothesis under which Hilbert’s Theorem 90 for the
cyclic degree-5 extension E/F produces w € E* with o(w)/w = k, that is, with w + (13w + o(w) = 0.
Proof. By Lemma 4.1 the exponents 3!, [ < 5, run over QR(11), so the product is (—1)® HGEQR(H) (1+
¢*) = (—1)(—1) = 1 by Proposition 4.2. The identification of [],_; o' with Ng/p is Lemma 4.1: (o)
is the full Galois group of E/F. a

The sign is doing real work, and it is not an accident of the number 11; see Proposition 4.6(i) and
Proposition 5.4.
The second fact is what forces the orbit in §5 to have 55 elements and not fewer.

Theorem 4.4 (the freeness certificate). Let R be a commutative ring of characteristic zero and ( € R
with 14+ ¢+ -+ 1% =0. Then

14O # -1, equivalently k£ for k= —(1+C).
So k is not an 11-th root of unity.
Proof. A Bézout certificate in Z[X]: with
U = 6556X" 4+ 4554X° 4+ 3003X " + 5126 X° + 5126 X° + 3003X* + 4554X + 6556 X° + 9607

there is V € Z[X] with U(X)((1 4+ X)™ +1) + V(X)®11(X) = 15709. If (1 + ¢)'! = —1 then both
bracketed quantities vanish at ¢, so 15709 = 0 in R, contradicting characteristic zero. ]
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Remark 4.5 (the certificate is sharp about its hypothesis). Characteristic zero cannot be dropped,
and the Bézout constant says exactly where the argument breaks: 15709 = 23 - 683. Modulo 23 the
element ¢ = 4 satisfies ®1;(¢) = 0 and kK = —(1 + ¢) = 18 satisfies k! = 1, so there x genuinely is an
11-th root of unity. No reduction to Fa3 can certify the freeness of the orbit.

Proposition 4.6 (controls). (1) The value of [],cqrep (1 +¢p) is not always —1: for p =T one
has (1+¢)(1+¢?)(14¢*) = +1 whenever ®7(¢) = 0. Witnessed over Fag at = 16, a root of
®;, where the product is 1 and hence not —1. So the statement “the quadratic-residue product
is —1 for every prime p > 77 is false, and the sign of Proposition 4.2 depends on p.

(2) The hypothesis ®11(¢) = 0 is not vacuous over a finite ring: ¢ = 64 in Z/67 satisfies
®11(¢) =0, ¢ # 1 and ' =1, and there the product of Proposition 4.2 equals 66 = —1.

(3) Proposition 4.2 is a statement about the quadratic residues and not about any five exponents:
over Z/67 at ( = 64 the product over {1,2,3,4,5} is 58, neither —1 nor +1. And the sign
is load-bearing: the QR(11) product is not +1, which is what makes (—1)° - (=1) = 1 in
Theorem 4.3.

Proof. Each item is a finite evaluation in the named ring, together with, for the first item, the identity
1+X) 1+ X1+ XY —1=X-9;(X) in Z[X]. O

5. DEGREE 55
Theorem 5.1 is not machine-checked; its two arithmetic ingredients, Theorems 4.3 and 4.4, are.

Theorem 5.1. There is an irreducible f € Q[t] of degree 55 with three distinct roots summing to
zero. Consequently, by the scaling construction of [1, §5], degree 55s is attainable for every s > 1; in
particular degree 110 is attainable.

Proof. Write ¢ = (11, E=Q(C), 0: ¢+ (3, F=FE') and k = —(1 + ).

(i) The extension. By Lemma 4.1, ¢ has order 5 and (3) = QR(11), so F = Q(v/—11) and E/F is
cyclic of degree 5.

(ii) Hilbert 90. By Theorem 4.3, Ng/p(k) = 1. Since E/F is cyclic with group (o), Hilbert’s
Theorem 90 gives w € E* with o(w)/w =k = —(1 + (), that is,

w+ (w + o(w) = 0.

(#ii) The module. Let G = pq11 % (o) = C11 x C5, the non-abelian group of order 55, act Q-linearly
on V = E = Q' with p1; acting by multiplication and ¢ as the field automorphism; the relation
ogo(¢)oo™t = (-¢%) makes V a Q[G]-module. It is Q-irreducible of dimension 10, being already
simple over Q[u11] = Q(¢), a field.

(iv) The orbit is free. Put ¢; = o'(w)/w = [[,., 0'(x), so that Stabg(w) = {(a,i) : (*¢; = 1}.
Since w # 0, the projection of the stabiliser to Z/5 is injective, with image S = {i : ¢; € p11}; and
ci+j = c;o'(cj) together with o(u11) = p11 makes S a subgroup of Z/5. As 5 is prime, S is trivial as
soon as ¢; = Kk ¢ p111, and that is Theorem 4.4. Hence Stabg(w) = 1 and |G - w| = 55.

(v) Realisation. G is solvable — it is metacyclic of order 55 — so by Shafarevich’s theorem it occurs
as a Galois group over Q [7]; take L/Q Galois with group G. By the normal basis theorem L = Q[G]
as Q[G]-modules, so the simple module V' embeds G-equivariantly, ¢»: V < L. Put @ = ¢)(w). Then
Stabg (@) = Stabg(w) = 1 by (iv), so [Q(«) : Q] = 55, the 55 elements 1(g-w) are the conjugates of a,
and ¢¥(w) 4+ (Cw)+1(o(w)) = 0. The three are pairwise distinct because ¢ # 1 and, by Theorem 4.4,
K & u11, so K # 1 and k # ¢. The minimal polynomial of « is the required f. The final assertion is
the scaling construction quoted in §1. O

Remark 5.2 (no explicit polynomial). Step (v) is not constructive: it produces L from a realizability
theorem and % from the normal basis theorem. We therefore exhibit no explicit polynomial of degree
55, and we make no claim to have one. Producing one is a genuine problem — class field theory
over Q(v/—11), or a rigidity construction — and we note in §9 what would be needed to turn such a
polynomial into a fully verified proof of Theorem 5.1.
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Remark 5.3 (why 35 and 55 differ). 55 = 511 with 5 | 11 — 1, so the non-abelian group Ci; x Cs
exists and carries the construction. For 35 = 5 - 7 neither 5 | 6 nor 7 | 4, so C35 is the only group of
order 35. That is a heuristic and not a proof — transitive groups of degree 35 need not have order 35
— and the proof of Theorem 3.1 is the exhaustive run. But it is the right predictor to test, and §9
says how.

5.1. A sign law, and an infinite family. Neither statement of this subsection is machine-checked,
but the instances of Proposition 5.4 at p =11 and p =7 are (Proposition 4.2 and Proposition 4.6(i)).

Proposition 5.4 (sign law). Let p > 7 be prime and { a primitive p-th root of unity. Then

“ +1, p=1or7 (mod?S8),
1] (1+<):{—1 p=3 (mod(8) )
a€QR(p) ’ - ’

and for p =5 (mod 8) the product is not a rational integer.

Proof sketch. Write A = [ cqr(y)(1 —¢%) and B = [[igqrpuoy(1 — ¢?). From 1+¢* = (1 —
¢%4)/(1 — (%) the product equals A/A = 1 when 2 is a quadratic residue, i.e. when p = 1 (mod 8),
and B/A otherwise. For p =3 (mod 4) complex conjugation interchanges residues and non-residues,
so B = A, while AB = ®,(1) = p and A € Q(\/=p); writing A = (u + vy/=p)/2 with u* + pv® = 4p
forces w = 0 and v = +2, i.e. A = +/—p, whence B/A = A/A = —1. For p = 5 (mod 8) the
quadratic subfield is real and the same argument does not close, consistently with the value not being
rational. ]

The law was checked numerically for every prime 5 < p < 200; see §7.

Theorem 5.5. Let p =11 (mod 24) be a prime for which (p — 1)/2 is also prime. Then there is an
algebraic number of degree d = p(p — 1)/2 three of whose conjugates sum to zero, and d is divisible by
neither 3 nor 20. The first values are

p=11,59,83,107,179 — d = 55,1711,3403,5671, 15931,
and d = 55 is the only member of the family below 100.

Proof sketch. Run the proof of Theorem 5.1 with ¢, in place of (11, with o: ¢, = ¢ for g a generator
of QR(p), of order r = (p — 1)/2, and with x, = —(1 4+ (,). Since p = 11 (mod 24) we have p = 3
(mod 8), so Proposition 5.4 gives [[,cqr( (1 +¢5) = —1; as ris odd, ][, ol(kp) = (=1)"(=1) =1
and Hilbert 90 applies. The set S = {i : ¢; € p,} is again a subgroup of Z/r, so it is trivial once r
is prime and &, ¢ pp; and K, € p, would give a vanishing sum 1+ ¢, + (gj = 0 of three p-th roots of
unity, which needs 3 | p. The orbit therefore has pr = p(p — 1)/2 elements and the group p, % (o) is
metacyclic, hence solvable, hence realizable over Q [7]. Finally p = 11 (mod 24) gives p = 2 (mod 3),
so 3td; and d = pr is odd, so 201 d. O

Remark 5.6. Theorem 5.5 explains why only one of the sixteen open degrees falls to this construction.
A systematic search over the natural generalisation — conductor n, an automorphism ¢, — (" of
order 7, a divisor e | n with e > 3, and & = —(;°(1 + (%) subject to ],, 0'(x) = 1 — was run for
all conductors n < 40. Among the degrees it reaches that are divisible by neither 3 nor 20, the only
ones below 120 are 55 and 110. None of 44, 52, 56, 65, 68, 70, 76, 77, 85, 88,91, 92, 95 is reached. That
is evidence about where to spend effort, not a proof that those degrees are impossible.

6. THE PRIME-POWER THEOREMS OF BARONENAS, DRUNGILAS AND JANKAUSKAS, VERIFIED

Every statement of this section is machine-checked, and every one of them is a result of [1]; what
is ours is only the verified form. The Galois situation enters the argument of [1] through three facts
about the mod-p reduction A C IF? of the lattice of integer relations among the roots: that a p-group
acts transitively on €2, that A is invariant, and that A is proper. We therefore state the theorems
for an abstract transitive action. Throughout, a group H acts on Fg by permuting coordinates,

(h-u)(z) = u(h™! - z), which is the action of [1].
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Theorem 6.1 (the p-group step). Let p be prime, let a p-group H act transitively on a finite nonempty
set Q, and let W C Fg be a nonzero H-invariant subspace. Then the all-ones vector lies in W.

Proof. Every nonzero element of W has additive order p, so p divides |W|; a p-group acting on a set
of size divisible by p has a number of fixed points divisible by p (Lemma lefpte of [1], which cites
Lemma 6.3 of Chapter I of [9]); the zero vector is fixed, so there are at least p > 2 fixed vectors and
hence a nonzero one; a vector fixed by a transitive coordinate action is constant; scale. (]

Theorem 6.2 (Theorem tl of [1], mod-p form). Under the same hypotheses on H and Q, let A C ]F;2

be a proper H-invariant subspace. Then ) . a, =0 for every a € A.

Proof. Let AL be the orthogonal complement of A for the standard dot product. It is nonzero because
A is proper, and it is H-invariant because the dot product is invariant under simultaneous permutation
of both arguments. By Theorem 6.1 the all-ones vector lies in AL, and pairing it against a € A gives

> on 0z =0. O

Theorem 6.3 (Lemma I1 of [1], prime-power case). Let a finite group G act transitively on a set 2
with |Q| = p™. Then every Sylow p-subgroup of G acts transitively on Q.

Proof. Fix x €  and let K = Stabg(z), so [G : K| = p™. For a Sylow p-subgroup P of order p™, the
stabiliser Stabp(z) embeds in K and has order p’, so p™*J divides |G| and m + j < n. The P-orbit
of z therefore has size [P : Stabp(x)] =p"~7 > p™ = |Q]. O

[1] states Lemma |1 as an immediate consequence of Lemma 2.2 of [10], and refers also to Theorem 3.4’
of [11]. Both numbered attributions are as printed in [1], and we have checked neither against its
original.

Theorem 6.4 (Theorem t1 of [1], integer form). Let a p-group H act transitively on a finite nonempty
Q, let AC IE‘;,2 be a proper H-invariant subspace, and let ¢: Q0 — Z be an integer vector whose reduction
modulo p lies in A. Then p divides ), . Cs-

Proof. Theorem 6.2 applied to the reduction of c. O

With © the set of roots of an irreducible f of degree p™, H a Sylow p-subgroup of the Galois group
— transitive by Theorem 6.3 — and A the mod-p reduction of the relation lattice, Theorem 6.4 is
Theorem t1 of [1]: if >, cja; = 0 with ¢; € Z then p [ 37, ¢;. That last translation — the passage
from f to the triple (G, 2, A), including the properness of the reduced relation lattice — is not part
of the verified development; see §8.

Theorem 6.5 (Theorem p2 of [1], prime-power half). Under the hypotheses of Theorem 6.4, suppose
A contains the indicator vector of a triple (i, j, k) of points of Q. Then p = 3. If instead A contains
the signed vector e; +e; — ey, the hypotheses are contradictory: for no prime p does a proper invariant
subspace under a transitive p-group contain such a vector.

Proof. The coordinate sums are 3 and 1 respectively, and Theorem 6.2 makes both vanish in [F,,: from
3 =0 we get p| 3, and 1 =0 is impossible. O

At p =2, m = 4 the first assertion of Theorem 6.5 is the title result d # 16 of [1].

Remark 6.6 (why this section is here). Verifying someone else’s published theorem needs a reason.
The reason is that [1] states, in its acknowledgments, that the proofs of its Theorems tl and t2
were supplied by an anonymous referee who reported having produced them with the assistance of a
large language model, and that the authors independently verified and revised those proofs and take
responsibility for their correctness. The argument was re-derived from scratch here and then checked
by machine; nothing from the proofs printed in [1] was taken on authority. The verification confirms
them, in the abstract form stated above.

Proposition 6.7 (controls for §6). Each of the three hypotheses of Theorem 6.2 is necessary, and the
conclusion of Theorem 6.5 is sharp.
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(1) p-group: S5 acts transitively on a 3-set and preserves the proper line spanned by the all-ones
vector, whose coordinate sum is 1 # 0 in Fy.

(2) transitive: the trivial group on a 2-set is a p-group for every p and preserves the proper line
spanned by eq, whose coordinate sum is 1 # 0.

(3) proper: the full space A = IF‘;2 is invariant under every group and contains ey, whose coordinate
sum is 1 # 0, although the acting group can be a transitive 2-group.

(4) The hypotheses are jointly satisfiable with A # 0: the symmetric group on a 2-set is a transitive
2-group and the all-ones line is proper and invariant.

(56) The conclusion p =3 is sharp: 3 =0 in F, if and only if g = 3.

Proof. Five finite verifications. O

7. THE EXTENT OF THE COMPUTATION

We state which claims rest on exhaustive computation and how large each search was.

e Theorem 3.1 is the exhaustive claim. The search is: every transitive permutation group
of degree 28 (1854 groups) and of degree 35 (407), and for each of them every orbit on 3-
subsets — 722 linear orbits at degree 28 and 390 at degree 35 among many more in total
(Remark 3.2) — with exact rational linear algebra and no floating point. The complete sweep
reported in §3, that is all fourteen degrees of the validation table including 28 and 35, cost
80.0 CPU-seconds and under 1 GB of memory; degree 28 alone accounts for 40.5 seconds and
degree 35 for 17.9. The classification of the transitive groups of those degrees is taken from
the library [15] and is not reverified here.

e Validation and reimplementation. The fourteen-degree table of §3; an earlier run of the
same test over thirty degrees d < 38; and a second, structurally disjoint implementation at
d = 16,20, 28,35 (§3). No disagreement anywhere.

e Stong’s polynomial was recomputed independently to 90 digits: irreducible, with exactly
20 zero-sum triples of roots. So was the list of sixteen open degrees, as [2,100] minus the
multiples of 3, the multiples of 20, the prime powers and the numbers 2p™ with p > 5; it
agrees with [1, §5] exactly.

e Proposition 5.4 is proved, not computed; but its statement was also verified numerically for
every prime 5 < p < 200, in well under one CPU minute.

e The verified statements rest on no search. Lemma 4.1, Propositions 4.2, 4.6 and 6.7,
Theorems 4.3, 4.4 and 6.1-6.5 are polynomial identities in Z[X], finite evaluations in Z/23,
Z/29 and Z /67, and group-theoretic arguments uniform in p. The largest objects among them
are the degree-12 cofactor @) of Proposition 4.2 and the Bézout pair of Theorem 4.4.

e The search of the literature that frames the novelty claims was: the forward citations of
[3] (twenty-five citing works, retrieved from two independent bibliographic databases which
returned the same list, and read by title — the only algorithmic one, [6], computes the
relation lattice of a given polynomial and does not decide existence at a fixed degree); the
forward citations of [1] and of two neighbouring papers, all empty at the time of writing; the
bibliography of [1] read in full, which is how [2] was found; [3] itself, read in full, which is what
§2 reports; the cyclotomic-unit literature, searched for the identity of Proposition 4.2 and the
law of Proposition 5.4, with no statement of either found; a repository search for existing
formal developments, which returned none; and a search of the online encyclopedia of integer
sequences for the list of sixteen open degrees and for the attainable degrees, which returned
nothing. Read those as “not found”, not as “new”; the positive evidence is the sentence quoted
from [1, §5], and the qualification is the race described in §1.5.

8. VERIFICATION

Lemma 4.1, Propositions 4.2, 4.6 and 6.7, Theorems 4.3, 4.4, 6.1, 6.2, 6.3, 6.4 and 6.5, and Re-
mark 4.5, have been machine-checked in Lean 4 [16] against Mathlib [17]: thirty-three theorems, and
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one definition, in three files. The cyclotomic identities are stated for an arbitrary commutative ring
and an arbitrary element killed by 1+ X + --- + X9 so that they specialise both to Q({1;) and to
the finite rings used as witnesses and controls, and they are discharged by the polynomial identities
displayed in their proofs; the prime-power theorems are stated for an abstract transitive action of an
abstract p-group, and their proofs use Mathlib’s fixed-point congruence for p-groups and its duality
for finite-dimensional spaces. There is no sorry and no added axiom anywhere in the development,
and no step uses compiled evaluation: every finite check — the arithmetic in Z/23, Z/29 and Z/67,
and the exponent bookkeeping in Z/11 — is performed by the kernel itself, so that the axiom closure
of each statement is the standard propositional extensionality, quotient soundness and choice, and of
several statements only the first two. Two things are deliberately outside the development and are
marked as such above: the dictionary from an irreducible f € Q[t] to the triple (G, 2, A) used in §6,
and everything in §2, §3 and §5 that depends on the classification of transitive groups or on Hilbert 90,
the normal basis theorem and realizability. Repository reference to be added at submission.

9. WHAT REMAINS

Thirteen of the sixteen degrees are still open: 44, 52, 56, 65,68, 70, 76, 77, 85, 88,91, 92, 95. We record
what each natural route costs.

Degree 44 is within reach of the same method. The obstruction is a library boundary and nothing
else: the transitive groups library used here covers degrees up to 38, while later versions cover degrees
up to 47 and therefore include the 2113 transitive groups of degree 44 [12]. Extrapolating from the
measured 40.5 seconds for the 1854 groups of degree 28, and allowing for the four times larger number
of 3-subsets, the sweep at degree 44 should cost minutes rather than hours. Degrees 52 and above are
out of reach of the library at any version, which stops at 47.

Five degrees might fall to one argument. Fach of 65,77,85,91,95 is a product qr of odd primes
with ¢ <7, ¢gfr—1and rtg¢g—1, so Cy is the only group of that order. If every transitive group of
degree ¢qr under those hypotheses contains a transitive abelian subgroup, all five fall at once, because a
zero-sum triple of conjugates whose Galois group is abelian forces 3 | d: the relation w4+ g1w—+gow =0
gives 1+ x(g1) + x(g2) = 0 for the relevant characters, and a vanishing sum of three roots of unity has
ratios the primitive cube roots of 1. There is a free and decisive test of any such argument: it must
also prove d = 35 impossible, which it is, and it must fail at d = 55, where 5 | 11 — 1 and Cy; x C5
exists. An argument that does not separate 35 from 55 is wrong.

One theorem could settle all thirteen. By Remark 3.2 the question at a fixed degree is when a
vertex-transitive graph whose edge set is partitioned into triangles, A through each vertex, attains
smallest eigenvalue exactly —\; the census says this never happens at d = 16, 28,35 and does happen
at d = 20 with A = 3. This is the theory of graphs with prescribed smallest eigenvalue. It is the only
route that could close every remaining degree at once, and the only one that might fail entirely.

An explicit polynomial of degree 55. Remark 5.2 explains why we have none. If one is produced,
the natural next step is to make the whole of Theorem 5.1 machine-checkable, for which the missing
input is irreducibility: the Galois group C71 x C5 has no element of order 55, so no prime makes f
irreducible modulo p, and an Eisenstein presentation — obtainable by tuning the Hilbert 90 solution
w, which is unique up to F'* — is the practical route.
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