A CLOSED FORM FOR THE REDUCED ABELIAN COMPLEXITY OF THE
THUE-MORSE WORD, AND THE FIVE OPEN PROBLEMS OF CAMPBELL,
CURRIE AND RAMPERSAD

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Campbell, Currie and Rampersad recently introduced the reduced factor and abelian
complexity functions of an infinite word: length-n factors are counted after every maximal block of
equal letters has been collapsed to a single letter, up to equality (respectively, up to permutation)
of the collapsed words. They evaluate both functions for the paperfolding word and the reduced

factor complexity pied of the Thue-Morse word t, and close with five printed questions about

the reduced abelian complexity pib‘red: an apparent halving identity, an apparent dichotomy

|p:b’red(4n +2) — p:b‘red(4n)| € {0,1} governed by t,4+1 = t3ny1, the sign of that difference, a
. ab,red .
recursion for py"°" (4n), and non-k-automaticity.
We give a closed form. Writing m,, and M, for the least and greatest number of alternations

in a length-n factor of t and A, = My, — mp + 1 = pid(n)/2,

0 Ay, even,
(=1)™n A, odd.

From it we prove the halving identity and the dichotomy; we evaluate the sign of the difference
as (—1)™n+1, with m mod 2 given by an explicit O(logn) rule, equivalently by a four-state base-4

automaton, and we report two exhaustive searches that find no closed form of simpler shape; we give

the recursion for pib’md(4n) and hence a full recursion for p:b’red on the state (A, m, mod 2),

which the value p‘zb’md(n) alone does not carry. The fifth question is settled as printed: the

sequence is unbounded, hence has infinite range, hence is not k-automatic for any k. Outside
the formal development we record that the strengthening a reader reaches for is false: pib’YCd is
2-regular, its 2-kernel spanning an 11-dimensional space over Q.

One caveat is uniform and is stated with every result below. All theorems are about the closed
form p(n) = (3An + €n)/2 built from the (mn, My ) recursion of Campbell-Currie-Rampersad,
and all are machine-checked in Lean 4 for that function. The identification p(n) = p?b’red (n) is
checked by direct computation for 1 < n < 64 and, in general, rests on that recursion together with
the two structural facts established inside their proof of the recursion for pied — the run counts
of the length-n factors fill the whole interval [m, + 1, M,, + 1], and t is closed under complement

— which we cite and do not reprove.

20227 n) = 3An +en,  En = {

1. INTRODUCTION

The complexity functions. Let x be an infinite word over a finite alphabet. Its factor complezity
px(n) counts the distinct factors of length n, and its abelian complexity p2(n) counts them up to
rearrangement of letters. Campbell, Currie and Rampersad [3] introduce a reduction operation on
finite words and, with it, reduced versions of both functions. We quote their definitions verbatim
([3]5 §1):

For a nonempty and finite word w, let w be writtenasw = ¢y ---cijca---co-+-Cp - Cp

for some positive integer n, where ¢y, cs,...,c, are characters such that ¢; # c¢;11

for all possible indices i. A maximal block of identical characters, ¢;---¢; is called

a run. We then define the reduction red(w) of w so that red(w) = cica - - cp.

Two finite words are reduced-equivalent, w ~yq v, when red(w) = red(v); the reduced factor
complezity p=d(n) counts the length-n factors up to ~yeq, and the reduced abelian complexity piPred

is defined so that it
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maps n > 0 to the number of distinct factors of x of length n, where two factors
v and w are considered to be equivalent if red(v) is of the same length as red(w)
and red(v) can be obtained by rearranging the characters of red(w) (possibly by an
identity permutation).

Following [3] we disregard throughout the trivial case n = 0. Over the binary alphabet red(w)
alternates, so, as [3] observes, the ~y.q class of a binary word w is determined by the pair

(1) (first letter of w, number of runs of w).

The indexing convention of [3] is fixed explicitly in its introduction and is load-bearing for one
of the questions below. Verbatim: “For an infinite sequence denoted as an infinite word, let the
index of the initial term be 1. For n € N, set t, to be equal to the number of 1’s, modulo 2,
in the base-2 expansion of n — 1.” So the Thue-Morse word of [3] is 1-indexed, t = titots - =
0110100110010110- - -. We keep that convention when quoting [3] and, when it is more convenient,
also use the 0-indexed word

(2) t(k) = s2(k) mod 2, so that ty =tk —1),
where s5 is the binary digit sum.

What is known, and the five printed questions. The results of [3] are numbered consecutively
across that paper. Its Theorem 1 evaluates the reduced factor complexity of t:

red P (2EL) n odd,
(3) Pt ( ) - red — —
pd(m+1)+2 n=4morn=4m+ 2,
for every positive integer n, whence (pi®d(n)),>1 is 2-regular ([3], immediately after its Theorem 1; for

k-regular sequences see [2], §16). Its Theorems 2 and 3 evaluate prEd and pfb *ed for the paperfolding

word f, both eventually periodic. For the Thue—Morse word the reduced abelian complexity is left
open; [3] prints, as its equation (10),

(4) (P2 (n) :n € N) = (2,3,3,4,3,5,4,5,3,4,5,6,4,6,5,4,3,5,4,...),

calls the problem of a recursion for it “much more challenging, relative to the above Theorems”, and
devotes its Conclusion to it. That Conclusion is one paragraph, which we quote in full ([3], §3; the
display is its equation (11)):

Although it appears that pi*"*(2n+1) = pi***d(n + 1) for nonnegative integers n,

ab, red(

the problem of determining a full recursion for p; n) seems to be challenging.

It appears that

0 ift =t
ab,red ab red n+1 3n+1,
() pe " (4n+2) - dn)| = :

1 otherwise,

but it is unclear how the sign of p*™%(4n 4 2) — p2*™*%(4n) could be evaluated in
an explicit way for the nonzero case, and we leave thls as an open problem. Also,
it is unclear as to how a suitable recursion could be determined for pab rd(4n), and
we leave this as an open problem. We also leave it as an open problem to prove (5).
It also appears that the integer sequence in (4) is not k-automatic, and we leave it
as an open problem to prove this.

We label the five questions (C1)-(C5) in the order in which they are printed: (C1) the halv-
ing identity, together with the remark that a full recursion “seems to be challenging”; (C2) the
dichotomy (5); (C3) the sign in the nonzero case; (C4) a recursion for p>™%(4n); (C5) non-k-
automaticity. The attributions differ and we record them exactly: (C3) and (C4) each carry “we
leave this as an open problem” and (C2) and (C5) each carry “we leave it as an open problem”, while
(C1) is printed as an unproved observation — the sentence “We also leave it as an open problem to
prove (5)” refers to the display, that is to (C2), not to the halving identity.
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The display (5) is printed with no stated range for n, and we read it, and prove it, for n > 1:
at n = 0 it would involve the value at length 0, which [3] disregards — verbatim ([3], §2.1), “For
convenience, we typically disregard the trivial case whereby a complexity function may or may not
count the unique word of length 0, i.e., the empty or null word.”

Results. Let m,, and M,, denote the least and the greatest number of alternations (occurrences of
01 or 10) in a factor of t of length n, and set A,, = M,, — m,, + 1. The two structural facts that [3]
establishes about these quantities inside the proof of (3) give pi®d(n) = 2A,,. Our starting point is
that they also evaluate the reduced abelian complexity, once one adds the parity observation that
[3] makes for the paperfolding word but not for t: two ~eq classes with the same run count merge

under abelian equivalence exactly when that run count is even. The result is Theorem 3.2:
6) prn) = Ap+#{rema+1,My+1]:rodd}, ie  2p2"Y(n) = 3A, +en

with &, = 0 when A,, is even and &, = (—1)"™* when A, is odd. Since A,, = pi*d(n)/2 obeys the
recursion (3) of [3], everything then reduces to arithmetic on A,, and on the parity of m,. Section
by section:

e Theorem 4.1 is the arithmetic fact that drives the rest: A,y is odd if and only if t(n) =
t(3n), i.e. if and only if t,, 11 = t3,+1 in the notation of [3]. Equivalently, pi*d(n + 1) = 2
(mod 4) exactly on the criterion of (5) — so that criterion is a statement about the 2-regular
sequence pi*d that [3] had already evaluated. Its proof reduces to the Thue-Morse identity
t(j)et(j+1) =35 +2) (35 + 3), which says that j and 3j + 2 have the same number
of trailing 1s in binary.

e Theorem 5.1 is (C1).

e Theorem 6.1 evaluates the difference of (C2)—(C3) with its sign: it is 0 when t,,41 = t3,11
and (—1)™»+1 otherwise. Theorem 6.2 is (C2) as printed, and Theorem 6.3 makes the
sign explicit: mupt; = mpi1 + [J € {0,3}] (mod 2), an O(logn) rule, equivalently a four-
state automaton reading the base-4 expansion of n (Remark 6.4). Remark 6.5 reports two
exhaustive searches which find no closed form of simpler shape.

e Theorem 7.1 is (C4), and with Theorem 5.1 it is a full recursion for p2*™? — carried
on the pair (A,,m, mod 2), which is necessary: the value p2*™%(n) alone is not a state

(Remark 7.2).

e Proposition 8.1 settles (C5) as literally printed. It is a one-line consequence of (6) and (3)
and we claim no more for it. Remark 8.2, outside the formal development, records that the
natural strengthening is false: pi>® is 2-regular.

The standing caveat. Everything below is proved unconditionally about an explicitly defined
function p (Definition 2.1) built from the recursion that [3] proves for (m,,, M,,). Reading the results

as statements about p2*"? uses two results of [3] that we cite and do not reprove; we call them (B1)

and (B2) and collect them in Section 2. The identification p(n) = p***4(n) is in addition verified
by direct computation from the definition for every 1 < n < 64 (Proposition 9.3). Every theorem
head below says which of the two readings is meant. This is the only gap in the formal development,
and closing it means formalising the Thue—Morse morphism and the parsing of a long factor, which

we have not done.

2. PRELIMINARIES

Throughout, t is the Thue-Morse word with the 1-indexing of [3] and t is its 0-indexed form (2),
so t(2k) = t(k) and t(2k + 1) = 1 — t(k). We write & for addition modulo 2. A factor of t of length
n with « alternations has o 4+ 1 runs; m,, and M, are the least and greatest values of a over the
length-n factors, and

A, = M, —m, +1.
The first values are m; = M; =0, mo =0, My =1, mg =1, M3 = 2.
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The two results of [3] that we use without reproving them are the following.
(B1) (]3], Lemma 2.) For n > 2,
m n:2n—1—Mn+1, Mgn:2n—1—mn, man+1 :2n—Mn+1, M2n+1 :2n—mn+1.

(B2) ([3], inside the proof of its Theorem 1, verbatim.) “Now let w be a factor of length n of t with
i runs. Then i € [my, + 1, M,, + 1]. Furthermore, for every i in this interval, there is such a w in t
(sliding w to the left or right in t can only increase or decrease the number of runs by at most 1).
Since t is closed under complement, we see that pi*®(n) = 2(M,, +1—m,, —1+1) = 2(M,, —m,, +1).”

So (B2) says that the set of pairs (1) realised by the length-n factors of t is exactly {0,1} x [m,, +
1, M,, + 1], and in particular A,, = pi*d(n)/2. Iterating (B1) gives the mod-4 form ([3], Lemma 3):
forn >1,

(7) Man = 2n — 1+mn+17 My, = 2n+Mn+17 Myn42 = 2n+mn+17 M4n+2 =2n+ 1+Mn+17

and, in the same way, man+1 = 2n + Mmpy1 and Mmapy3 = 2n + 1 4+ my41. Two consequences used
repeatedly: by (7),

(8) Mgy = Agryo = A1 + 1 (n>1),

so the two indices 4n and 4n+2 carry the same A, while my,, = 2n—14my, 11 and my,12 = 2n+my 11
have opposite parities. That single asymmetry is the whole content of (C2) and (C3). By (B1) —
at n = 1, where (B1) does not apply, directly from the initial values —

(9) Aopi1 =Apy1 and mopi1 = Mpyq  (mod 2) (n>1).
Definition 2.1. Let i, M, be defined for n > 1 by the recursion of (Bl) together with the initial
values m, = M1—0 me = 0, M2—1m3—1 M3—2 andsetA —my, + 1,
0 Kn even, A(n) 3/A\n + e
En = L n) = ————-.
(—1)™ R, odd, P 2

By (B1), together with the five initial values, which are read off t, m,, = m,, and ]\/Zn = M, for every
n > 1, and we drop the hats whenever the reading through (B1) is meant. All formal statements are
about m, M , /A\, P, which are defined by the recursion and are therefore unconditional; the agreement
of m, M with the true extremal alternation counts of t was also verified directly for 1 < n < 64
(Proposition 9.2).

Note that p is an integer: 3A,, + £, is even in both branches. Note also that p(0) = 2 whereas
pib’red(()) = 1, the empty word being the unique factor of length 0; the identification below is asserted
for n > 1 only, consistently with the convention of [3] that the trivial case is disregarded.

3. THE EVALUATION

The counting step is elementary and is stated here in the form in which it is used. It combines
(1) with the merge rule that [3] states in the first paragraph of the proof of its Theorem 3, verbatim:
“Suppose two binary words w and w' begin with different letters but have the same number of runs.
If w and w' have an even number of runs then red(w) and red(w’) are abelian equivalent; whereas, if
w and w' have an odd number of runs then red(w) and red(w) are not abelian equivalent.” (Indeed
a reduced binary word with r runs carries [r/2] copies of its first letter and |r/2] of the other, and
these two multisets agree exactly when r is even.) In [3] the rule is applied only to the paperfolding
word, case by case through six lemmas.
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Lemma 3.1. Let a, L > 0 be integers and let W be a family of nonempty binary words whose set
of pairs (1) is exactly {0,1} X [a,a 4+ L). Then the number of classes of W under reduced abelian
equivalence 1is
L d2
L+#{rela,a+L):rodd} = L+ [%J
and twice that number equals 3L + §, where § =0 if L is even, § = 1 if L is odd and a is odd, and
0 =—11if L is odd and a is even.

Proof. By (1) the reduced abelian class of a word in W is determined by its run count r together
with, when r is odd, its first letter; for even r the two words with run count r and different first
letters are identified. So the classes are in bijection with [a,a 4+ L) together with one extra element
for each odd r in that interval, giving the first display. The count of odd integers in [a,a + L) is
|(L+(a mod 2))/2] by induction on L, and the four parity cases of (a, L) give the second display. O

Theorem 3.2. For everyn > 1,
pn) = Ap+#{rem,+1, My, +1]: 7 odd}, equivalently 2p(n) =3A, +ep.
Granting (B1) and (B2), p(n) = p>™%(n), so that

0 A, even,

An — 1 red )
(—1)™ A, odd, 3o ()

Qp:bmed(n) — 3An + en, Epn = {

Proof. The interval [m,, + 1, M,, + 1] has A,, elements, so Lemma 3.1 with a = m,, + 1 and L = A,,
gives both displays after checking that its § agrees with €,: § is nonzero exactly when A, is odd,
and then 6 = 1 exactly when a = m,, + 1 is odd, that is when m,, is even. For the second sentence,
(B2) says that the family of length-n factors of t satisfies the hypothesis of Lemma 3.1 with those
a and L, and (B1) identifies m, M with m, M. O

Both ingredients of Theorem 3.2 are in [3]: the merge rule quoted above, and the description
(B2) of the run counts of t. What is new is their combination, and what it yields: as the next four
sections show, (6) settles four of the five printed questions.

4. THE PARITY CRITERION

By (6), p2*™% is determined by A, together with the parity of m,, and the correction term &,
is switched on and off by the parity of A,. The following theorem identifies that parity with the
criterion printed in (5), and is the reason (C2) is true.

Theorem 4.1. For every n > 0: A,+1 is odd if and only if t(n) = t(3n); equivalently, in the
1-indezxed notation of [3], if and only if tp,41 = tsnt1. Granting (B1) and (B2), the same criterion
reads

pfd(n +1)=2 (mod 4) — tni1 = tanrl-
Proof. Write F'(j) = Aj41 mod 2. By (9) and (8),
F(2j)=F@G) (=1, F4j+)=1aF@F) (G=1), FE+3)=10F(G+1) (=0),
with F(0) =1 and F(1) =0. Put g(j) = t(§) ® t(37). From t(2k) = t(k) and t(2k + 1) = 1 @ t(k),
92i) =9(j), g4+ =1®g(), 94j+3) =1 (t(j) ®t3) +2)).
Strong induction on j now gives F'(j) = 1 @ g(j) for all j, the case 45 + 3 requiring
(10) teti+1) = tBi+2)atBi+3) (1 =0),

which converts t(j) ®t(37+2) into t(j + 1) ®t(3j+3) = g(j+1). For (10), note that t(j)®dt(j+1) =
14 v(j) (mod 2) where v(j) is the number of trailing 1s in the binary expansion of j, since passing
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from j to j + 1 clears those v(j) ones and sets one zero. It therefore suffices that v(3j + 2) = v(j),
and indeed if j = a - 2**1 + (2¥ — 1) with k = v(j) then

35 +2 = 3a- 21 p 2Rl 4 (2F 1),

whose bit k is 0 and whose bits 0,...,k — 1 are 1, so v(3j 4+ 2) = k as well. Finally F(n) = 1 says
Ap41 s 0odd, and g(n) = 0 says t(n) = t(3n), which by (2) is t,+1 = t3,41. Granting (B1) and (B2),
A1 = p,ﬁed(n +1)/2, 80 Apyq odd is pi¢d(n +1) =2 (mod 4). O

The criterion of (5) is thus a statement about pi*! alone — the sequence whose recursion (3) is the

main theorem of [3], and which [3] notes is 2-regular. The identity (10) was verified independently
for every j < 200,000 before it was proved.

5. (C1l): THE HALVING IDENTITY

Theorem 5.1. For every integer n > 0, p(2n+ 1) = p(n + 1). Granting (B1) and (B2), this is
(C1):

ab red(Z?’l + 1) ab,red(n + 1) (n > O)
Proof. The case n = 0 is trivial, so let n > 1. By (9), Asp+1 = Apy1, so by Theorem 3.2 it suffices
that €941 = epq1. If Apt1 is even both terms vanish. If A1 = My 41 — my41 + 1 is odd then

Mpy1 = mpq1 (mod 2), and (9) gives mopt1 = Myp1 = mp41, so the two correction terms are
equal. O

The proof shows why the identity is not a formal consequence of Ay, 11 = A, 41 alone: the first-
letter bookkeeping carried by e survives the halving precisely because an odd A forces M and m to
have the same parity.

6. (C2) AND (C3): THE DICHOTOMY AND ITS SIGN
Theorem 6.1. For everyn > 1,

if t(n) = t(3n),

otherwise.

~ ~ 0
Granting (B1) and (B2), this answers (C3): with the criterion of (5) written in the notation of [3],

0 ift =t

ab red ab red n+1 3n+1,

4dn 42 4n) = n>1),
( )= (4n) {(—1)"‘"+1 otherwise, (n21)

where my, 11 is the least number of alternations in a length-(n + 1) factor of t.

Proof. By (8) the two indices carry the same A, namely A, 41+ 1, so by Theorem 3.2 the difference is
(Ean+2—E€an)/2. If Ay1q is 0dd, both Ay, and Ay, are even and both correction terms vanish, giving
0; by Theorem 4.1 this is exactly the case t(n) = t(3n). If A,41 is even, both are odd, and by (7)
Myn = 2n — 1 +myq1 and Mman42 = 2n 4+ My, 1 have opposite parities, S0 e4p42 = —€4y, = (—1)™nH1
and the difference is (—1)™n+1. O

Theorem 6.2. For everyn > 1,

} Adn +2) — | _ {0 if tng1 = tant1,

1 otherwise.

Granting (B1) and (B2), this is (C2), the displayed conjecture (5) of [3], in its own l-indexed
notation.

Proof. Immediate from Theorem 6.1, since |(—1)"+1| = 1, and from t,,+; = t(n), tsn+1 = t(3n). O
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The 1-indexing is load-bearing: read 0-indexed, the criterion of (5) already fails at n = 1 (Propo-
sition 9.1(i)).
It remains to make (—1)"n+1 explicit, which is what (C3) asks for.

Theorem 6.3. For every p > 1 and every j € {0,1,2,3},
Maptj = mpr1+[J €{0,3}] (mod 2).

Granting (B1), this computes m,, mod 2, and hence the sign in Theorem 6.1, in O(logn) arithmetic
operations.

Proof. Immediate from (7) and the two companion identities mapi1 = 2p + Mpy1, Mapt3 = 2p +
14 myp4q recorded in Section 2: the four right-hand sides are 2p — 1+ mpy1, 2p +Mpt1, 2D+ Mpy1,
2p+1+mpp. (|

Remark 6.4. Theorem 6.3 is a four-state automaton reading base-4 digits. Put u(p) = mp,41 mod 2
and track the pair (u(p), u(p + 1)). The theorem gives, for p > 1 and (a,bd) = (u(p), u(p + 1)),

(//'(4]))7 M(4p + 1)) = (a’ CL), (u(4p + 1)’ ,u(4p + 2)) = (av d)a
(n(4p +2), u(4p + 3)) = (a,b), (n(4p +3), u(4p +4)) = (b,b),

where - is complementation. Reading the base-4 expansion of p most significant digit first from
the initial state (1(0), (1)) = (0,0) and outputting the first coordinate therefore computes p(p);
the four transitions out of the initial state hold as well, since m; = ms = 0, mg = m4 = 1 and
ms = 2. The automaton was checked against a direct computation of u for every p < 131,070.
Its transitions commute with complementing both coordinates, so the two-state quotient recording
whether p(p) = p(p + 1) is itself automatic: from the “equal” state the digits 0 and 2 stay and 1
and 3 leave, and from the “differ” state only the digit 0 returns.

Remark 6.5. Two exhaustive searches, run outside the formal development with an independent
program, say that no closed form of simpler shape is being missed within their ranges. First, no
function of the form o(n) = t(ain + b1) — t(agn + b)) with 1 < a; < 12 and 0 < b; < 12 agrees with
the sign sequence of Theorem 6.1: all 24,180 ordered pairs of parameters were tested against 30,000
terms and all were rejected. Second, no exclusive-or of one or two terms t(am + b) with 1 < a < 8,
0 < b < 8, with or without an added constant, equals m,,+; mod 2: 144 + 5,112 candidates, all
rejected against 20,000 terms. The sign sequence itself begins 1,—1,0,1,0,0,0,—1,0,0,1,0,—1,...
and was not found in the OEIS [7] (searched September 2026).

7. (C4): THE RECURSION
Theorem 7.1. For everyn > 1,

. 0 Ay odd,
2p(4n) = 3A 41+ 3+

P( ) +1 {_(_1)mn+1 An+1 even,
0 An+1 Odd,

25(4n +2) = 3A,1 +3 +
A ) i {(1)’“"+1 Apt1 even.

Granting (B1) and (B2), the first display answers (C4), and together with Theorem 5.1 the two
displays are a full recursion for pib’red, carried on the state (Ay,m, mod 2): A obeys (3), m mod 2

obeys Theorem 6.3, and p>™% is the function (3A, + e,)/2 of the pair.

Proof. By (8), Agn = Asni2 = Apy1 + 1, so 3Ay,, = 3A,41 + 3 and it remains to evaluate the
two correction terms. If A, 41 is odd then Ay, and Ay, 42 are even and both corrections vanish. If
Ay 41 is even then both are odd, and by (7) M4, = myt1 + 1 and mypio = myy1 (mod 2), giving
€4n = —(=1)""+1 and €4y 42 = (—1)™+1. Now apply Theorem 3.2. O
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Remark 7.2. The pair is needed; the value p:b’md(n) alone is not a state for this recursion. From
the printed values (4), p2*™%(2) = p2™4(3) = 3, while the recursion of Theorem 7.1 sends the
two indices to p*™(4) = 4 and p*™%(8) = 5. The two inputs differ only in the parity of m:
Ay = A3 = 2 but my = 0 and mz = 1. This is presumably why [3] finds a full recursion “challenging”:

it is challenging for p2*"*? alone.

8. (C5): UNBOUNDEDNESS, AND WHAT IT DOES NOT GIVE

Proposition 8.1. The sequence (p(n)),>1 is unbounded, hence has infinite range. Granting (B1)

and (B2), (p:b’md(n) :n € N) takes infinitely many values and is therefore not k-automatic for any
k, which is (C5) as literally printed.

Proof. By (8), Aum = Apmi1 + 1 for m > 1, so the indices ng = 2 and n;11 = 4(n; — 1), that is
2,4,12,44,172, ..., satisfy A,,, = i + 2. Since |e,| < 1, Theorem 3.2 gives 2p(n;) > 3(i + 2) — 1,
which is unbounded. A sequence with unbounded values has infinite range, whereas a k-automatic
sequence is by definition the output of a deterministic finite automaton with output, whose output
alphabet is finite, and so has finite range ([2], Ch. 5, where k-automatic sequences are defined). [

We claim no more for Proposition 8.1 than that it settles the printed question: once (6) is available
it is one line from the recursion (3) of [3]. The interest of (C5) lies rather in what it suggests and
what is in fact true.

Remark 8.2. The natural strengthening of (C5) — that p™? is not k-regular, which is the form in

which the two positive results of [3] are stated — is false. The following argument is complete but
is not part of the formal development below: it grants (B1) and (B2), as does every reading of p as
pib’red above, and k-regular sequences [2] are in any case not available in the library we use. The
numerical rank reported at the end is exact arithmetic, not a proof.

(A,,) is 2-regular, being pi°d/2 ([3], after its Theorem 1). Next, n + A, mod 2 is 2-automatic:
by Theorem 4.1 it is 1 & g(n) with g(m) = t(m) & t(3m), and writing h(m) = t(m) & t(3m + 1) and
g(m) = t(m) ® t(3m + 2), the relations t(2k) = t(k), t(2k + 1) = 1 @ t(k) give

9(2m) = g(m), h(2m) = 1@ g(m), q(2m) = h(m),
g(2m+ 1) = h(m), h(2m+1) =1 q(m), q(2m + 1) = q(m),

a six-state system read least significant digit first, with ¢g(0) = 0 and h(0) = ¢(0) = 1. Third,
n +— m, mod 2 is 2-automatic by Remark 6.4, base-4 digits being pairs of base-2 digits. Hence ¢,
a function of those two parities, is 2-automatic, so its 2-kernel is a finite set; and every member of
the 2-kernel of 2pib’red = 3A + ¢ lies in the span of the 2-kernel of A plus the span of the 2-kernel of
€, which is finite-dimensional. So pi‘b’red is 2-regular. The dimension of the Q-span of its 2-kernel
was measured to be 11 (and 7 for A): by exact Gaussian elimination over Q on vectors of length
400 with 127 kernel rows, and over F, for p = 231 — 1 and p = 10° + 7 on vectors of length 1500
with 511 kernel rows, stable from the fourth level on. So the printed cell (C5) has no hard reading:
literally it is true and immediate, and strengthened to k-regularity it is false.

9. CONTROLS7 AND THE COMPUTATION FROM THE DEFINITION

A closed form checked only where it was designed to fit is worth little, and an off-by-one in an
indexing convention would be invisible in most of the statements above. The following were checked;
each refutes one specific way in which the development could have been satisfied vacuously or by a
misreading.

Proposition 9.1. (i) The convention is load-bearing. Reading the criterion of (5) with the
0-indezed word makes it false at n = 1: +(2) = t(4), which would predict a difference of 0,
whereas |p(6) — p(4)] = 1. The same computation performed directly from the definition of

o ,r0d7 rather than from p, gives the same refutation.
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(ii) The hypothesis is not vacuous. With the 1-indexing of [3] the criterion at the same place
reads to # ty, predicting 1, which is correct.

(iii) Not an identity. It is false that p(4n + 2) = p(4n) for all n > 1; the case n =1 fails.

(iv) Not always nonzero. p(14) = p(12), so the dichotomy of Theorem 6.2 genuinely has two
cases.

(v) The windows used below are not decoration. Counting the reduced abelian classes of the
length-23 factors over only the first 40 starting positions of t gives a strictly smaller number
than counting over the first 900.

The last item is about the following computation, which is how the closed form was tested against
the actual word. For a window bound P, let pib’red (n | P) be the number of reduced abelian classes
among the length-n factors occurring at the positions ¢ < P of t. This is unconditionally a lower
bound for 2”4 (n), and equals it as soon as the positions i < P carry every length-n factor of t.
Rather than appeal to a bound on the recurrence function of t we checked that directly: for every
n < 64 the positions i < 200 already realise pi(n) distinct factors of length n, the whole ordinary
factor complexity of t — classical, and the sequence [3] prints in its §2.1 and identifies with OEIS
4005942 [7]. So nothing is missed at P = 200, nor at the larger windows P = 400, 480, 900, 1400
used below. That count was made outside the formal development; inside it, Proposition 9.2(ii)

exhibits the saturation of the reduced abelian count itself.

Proposition 9.2. (i) For 1 < n <19, p*™(n | 400) equals the n-th term printed in (4);
for 1 < n < 23, the corresponding count pid(n | 480) for ~ieq equals the n-th term of the
sequence (2,4,4,6,4,6,6,6,4,6,6,8,6,8,6,6,4,6,6,8,6,8,8,...) printed for pi°d in [3], §2.1.

(i) For 1 <n <40, p2™Y(n | 200) = p2*™*(n | 900): the count has saturated well before the
windows used. .

(iii) For 1 < n < 64, the recursively defined m,, and M, of Definition 2.1 are the true minimum
and mazimum numbers of alternations over the length-n factors occurring at the positions
7 < 1400.

Proposition 9.3. For every 1 <n < 64, p2>™%(n | 1400) = p(n). Since every factor of t of length
n < 64 occurs at a position i < 200, hence at one i < 1400, the identification p(n) = po>™%(n) used
in the theorem heads above therefore holds for 1 < n < 64 without appeal to (B1) or (B2).

Beyond n = 64 the identification is the one described in Section 1: it rests on (B1) and (B2), which
are results of [3]. Making it unconditional means formalising the Thue-Morse morphism g : 0 — 01,
1 — 10, the four-way parsing of a long factor as p(u), ~p(u)~, p(u)™ or ~u(u) used in the proof of
(B1), and the alternation count of u(w); we have not done this. In addition to the checks above, the
statements of Theorems 4.1, 5.1, 6.1 and 6.2 were tested numerically against a direct computation
of p2*r*d from the definition — for every n < 150,000 (halving), n < 200,000 (parity criterion) and
n < 100,000 (dichotomy and sign) — with no violation, before any of them was proved.

10. FORMAL VERIFICATION

Every lemma, theorem and proposition stated above is formalised and machine-checked in Lean 4
[6] against the Mathlib library; the exceptions, each labelled as such in the text, are Remark 8.2 (the
2-regularity of pib’red and the measured rank 11), the two exhaustive searches of Remark 6.5, the
parts of Remark 6.4 that go beyond the recursion it restates (the transitions out of the initial state
and the check for p < 131,070), the values quoted in Remark 7.2, which are terms printed in [3] and
are reproduced by Proposition 9.2(i), the numerical tests recorded at the end of Section 9, and the
two results (B1), (B2) of [3], which are cited and not reproved. The development is three files — the
definitions; the theory, which is Sections 3-8 together with the controls of Proposition 9.1(i)—(iv);
and the computations from the definition, which are Propositions 9.2, 9.3 and 9.1(v). There is no
incomplete proof and no added axiom. The axiom set of every headline statement was printed.
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The fifty theorems of the theory file, which include all of Theorems 3.2, 4.1, 5.1, 6.1, 6.2, 6.3, 7.1
and Proposition 8.1, depend only on propositional extensionality, quotient soundness and choice —
no compiled evaluation — which is the formal counterpart of their being proofs for all n rather
than checks over a range. The eight statements of the computational file, namely Propositions 9.2
and 9.3, the item (v) and the from-the-definition half of item (i) of Proposition 9.1, and a check of
Theorems 6.1 and 6.2 straight from the definition of pi>*® for 1 < n < 15, each additionally depend
on exactly one compiled-evaluation axiom, one per named computation. In those computations the
Thue-Morse word, the run counts and the two class maps are built from the definitions quoted
in Section 1, independently of the closed form, so that Proposition 9.3 compares two separately
implemented objects. A full check of the development takes well under one CPU-hour, with a
peak memory use of about seven gigabytes in the compiled evaluations. The repository is private;
repository reference to be added at submission.

ACKNOWLEDGEMENT OF THE SOURCE

Every question answered here is printed in [3], and both ingredients of the evaluation (6) — the
merge rule for reduced binary words of equal run count, and the description (B2) of the run counts of
t — are that paper’s. What is added is their combination, the arithmetic criterion of Theorem 4.1,
the parity recursion of Theorem 6.3, and the consequences drawn in Sections 5-8.
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