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Abstract. Komaba, Johno and Nakamoto attach to a pair of distribution functions F,G on R and
an integer q ≥ 1 the overlap discrepancy Dq(F,G) = 1 − infv1≤···≤vq

∑q
i=0 min

(
F |vi+1

vi , G|vi+1
vi

)
,

and build from it a one-sample and a two-sample goodness-of-fit test (the OVL-q tests; D1 is
the Kolmogorov–Smirnov metric). Both papers close by recording that they cannot evaluate the
statistic outside the case q = 2 with equal sample sizes: “we are currently unable to rapidly perform
the OVL-2 if m ̸= n or the OVL-q if q ≥ 3”, and “we have not presented a calculation method for
the one-sample OVL-q test when q > 2”. Their own algorithm is a minimisation over all

(N+q
q

)
chains of breakpoints. We give an O(qN) dynamic programme for Dq , obtained from those papers’
own description of Dq as half of a q-point zigzag total variation of F − G, and verify it against
their definition word by word on Γ3,4 and Γ4,5. With it we compute exact null distributions of
the two-sample OVL-q statistic for q ≥ 3, which we have not been able to find anywhere in print:
OVL-3 at sample sizes (4, 4), (5, 5), (6, 6), (4, 5), (5, 6) and OVL-4 at (6, 6). The OVL-3 test is not
a relabelling of OVL-2: on the 462 interleavings of a (5, 6) sample D3 > D2 on exactly 350. We
also record, as background rather than as a new result, that for q = 2 the statistic is Kuiper’s Vn,
so that the q = 2 half of both stated obstacles is already answered by a literature the two papers
do not cite. Every theorem and proposition below is checked by the Lean 4 kernel over Mathlib.

1. Introduction

The statistic. Write F for the set of distribution functions on R and F |ba = F (b)− F (a), with the
conventions F (−∞) = 0, F (+∞) = 1. For F,G ∈ F , an integer q ≥ 1 and a nondecreasing tuple
v = (v1 ≤ · · · ≤ vq) ∈ Rq, put v0 = −∞, vq+1 = +∞ and

(1) rF,G(v) =

q∑
i=0

min
(
F |vi+1

vi
, G|vi+1

vi

)
, Dq(F,G) = 1− inf

v1≤···≤vq

rF,G(v).

This is the definition of Komaba, Johno and Nakamoto [5, 4]. The quantity rF,G(v) is the mass
the two distributions share when R is cut into the q + 1 intervals determined by v, so 1 − Dq is
an overlap coefficient computed at the best cut, and Dq is a discrepancy: D1 is the Kolmogorov–
Smirnov metric, and Dq is nondecreasing in q because a chain of q points extends to a chain of q+1
points, repetitions being allowed, without changing the value of rF,G.

From Dq the two papers build two tests. The two-sample OVL-q test of [4] uses ρq,m,n = 1 −
Dq(F0,m, F1,n), where F0,m and F1,n are the empirical distribution functions of independent samples
of sizes m and n; large Dq is evidence against the hypothesis that the two samples come from the
same continuous law. The one-sample OVL-q test of [5] uses Dq(Fn, F ) for an empirical distribution
function Fn of size n and a continuous reference F , with p-value pq,n(x) = P

(
x ≤ Dq(Fn, F )

)
and

upper confidence limit uq,n(α) = inf{x : pq,n(x) < α}.

What those papers could not compute. Both papers end on the same obstacle. The two-sample
paper [4, Conclusion] writes, verbatim:

“One limitation is that we are currently unable to rapidly perform the OVL-2 if
m ̸= n or the OVL-q if q ≥ 3. To overcome this, we should explore the possibility
of expanding fast and exact algorithms for the OVL-q, or should investigate the
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asymptotic distribution of ρq,m,n (as m,n → ∞) to approximate the OVL-q in
future works.”

The one-sample paper [5] reports the same gap on the other side. Its experiments say
“Beforehand, we computed p2,n, as defined in (4), using the Monte Carlo method
for n = 23, 24, . . . , 212, because exact p-values for the one-sample OVL-2 test could
not be computed”,

where the cross-reference is to that paper’s display (4) defining pq,n, quoted above, and its Conclusion
lists as limitations “We have not presented a calculation method for the one-sample OVL-q test when
q > 2” and “We have not proposed a method for calculating p-values when the sample size is small,
particularly exact methods”.

The reason is visible in (1): as written, Dq is an infimum over a q-dimensional region. Reduced
to the finitely many breakpoints of F and G it becomes a minimisation over all

(
N+q
q

)
nondecreasing

index chains, where N is the number of breakpoints, and this — together with a generating function
that handles q = 2 with equal sample sizes [4, Thm. 3.9] — is the whole computational apparatus
of the two papers.

What is settled here. Both papers also record, and prove, a structural fact about Dq which we
restate as Theorem 3.1 below: writing H = F − G, the quantity Dq(F,G) is half the largest total
variation of H along a chain of q interior points, pinned at 0 at both ends — a zigzag. This paper
begins there and supplies what those papers do not have, namely an algorithm and values.

(A) A linear-time algorithm (§4). The largest zigzag of a fixed length along a sequence is
computed by a dynamic programme with running maxima, at cost O(qN) rather than

(
N+q
q

)
.

We check the implementation against the two papers’ own definition (1), transcribed literally,
on every interleaving word of a (3, 4) sample for q = 1, 2, 3 and of a (4, 5) sample for q = 2, 3
(Theorem 4.1).

(B) Exact null distributions with q ≥ 3 (§5). Under the null hypothesis the two-sample statistic
is a function of the interleaving pattern alone, which is uniform on a finite set, so its null law
is a finite count. We give it exactly for OVL-3 at sample sizes (4, 4), (5, 5), (6, 6), (4, 5), (5, 6)
and for OVL-4 at (6, 6) (Theorem 5.1), together with the comparison D3 ≥ D2, strict on
exactly 350 of the 462 words at (5, 6), which shows that OVL-3 is a genuinely different test.

Two further things are settled, and both are background rather than new mathematics; we state
them plainly because a reader of [4, 5] will want to know. First, for q = 2 the zigzag collapses to a
range,
(2) D2(F,G) = sup(F −G)− inf(F −G),

so that for an empirical Fn against a continuous F one has D2(Fn, F ) = D+
n +D−

n , which is Kuiper’s
statistic Vn [7]. Identity (2) is [5]’s own lemma, in exactly this generality (§3); what is missing
there is only the name, and with the name comes sixty years of finite-sample theory [11, 1, 3]. In
particular the m ̸= n two-sample problem [4] calls open is solved and packaged: Kuiper2sample in
the R package KSgeneral computes that exact p-value for arbitrary sample sizes [6, 3]. We therefore
present our q = 2 tables (§6) as reproductions, not discoveries, and our exact one-sample p-values
(§8) as a labelled computation outside the formal development. Second, the asymptotic substitute
used in [5] is quantitatively poor at the smallest sample size that paper works with: at n = 8 it
reports p = 0.106 at the exact 5% point (Remark 8.2).

Everything stated below as a numbered theorem or proposition is checked by the Lean 4 kernel
over Mathlib; §11 says exactly which parts rest on exhaustive machine computation and which are
proved in the ordinary sense.
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2. The statistic and its null model

Reading Dq along a chain. Let F,G ∈ F be step functions whose jumps lie in a finite set
x1 < · · · < xN — the case of two empirical distribution functions. Enumerate the breakpoint values
as A0, . . . , AN and B0, . . . , BN with A0 = B0 = 0 and AN = BN = 1; then each admissible v in (1)
may be replaced by a nondecreasing chain of indices 0 ≤ a1 ≤ · · · ≤ aq ≤ N without changing the
infimum, and, writing a0 = 0, aq+1 = N ,

(3) r(a) =

q∑
i=0

min
(
Aai+1 −Aai , Bai+1 −Bai

)
, Dq = 1−min

a
r(a).

Formula (3) is the definition we compute against; it is transcribed literally into the formal develop-
ment, where it is the function dqNaive. In the one-sample case, where G is continuous, the extrema
of Fn −G occur at the sample points and at their left limits, so the same finite reading applies once
the chain is taken through both; that is the chain used in Proposition 7.2.

The two-sample null model. Let Γm,n be the set of binary words with m zeros and n ones; a
word γ ∈ Γm,n records the interleaving pattern of two samples of sizes m and n, a 0 marking an
observation from the first sample. Under the null hypothesis that both samples come from the same
continuous law, γ is uniform on Γm,n and #Γm,n =

(
m+n
m

)
; this is the null model of [4, Rem. 3.3].

Both F0,m and F1,n are determined by γ, so Dq(F0,m, F1,n) is a function Dq(γ) of the word alone
and its null distribution is a finite count.

Set L = lcm(m,n) and define the scaled path of γ = γ1 · · · γm+n by

(4) S0 = 0, Sj = Sj−1 +

{
L/m, γj = 0,

−L/n, γj = 1,

so that Sj = L ·
(
F0,m − F1,n

)
read after the j-th pooled observation, all Sj are integers, and

S0 = Sm+n = 0. Every quantity below is stated in this integer scale, and a stated value k of LD2

means D2 = k/L.

3. The zigzag form

The three statements of this section are due to Komaba, Johno and Nakamoto and are proved
in [5]; we state them because everything later rests on them, and because our formal development
contains them in a slightly more general setting (an arbitrary linearly ordered field in place of R),
which is a formalisation contribution and nothing more. Precise attribution, by the numbering of
[5] at version 1: Theorem 3.1 is [5, Rem. 5.10], proved there by the same min identity; Lemma 3.2
is the sign analysis proving [5, Lem. 5.22] (referred there to [4, Lem. 7.4]); and Theorem 3.3 is [5,
Lem. 5.23], “For any F,G ∈ F , D2(F,G) = δF,G − δF,G”, i.e. stated there for arbitrary F,G ∈ F .

Theorem 3.1 (Komaba–Johno–Nakamoto; the OVL objective is a total variation). Let A,B : N →
α take values in a linearly ordered field and let n ∈ N. Then, with H = A−B,∑

i<n

min
(
Ai+1 −Ai, Bi+1 −Bi

)
=

(An −A0) + (Bn −B0)

2
− 1

2

∑
i<n

∣∣Hi+1 −Hi

∣∣.
In particular, for A0 = B0 = 0 and An = Bn = 1 the left-hand side is r of (3) and the identity reads
r = 1 − 1

2

∑
i |Hi+1 − Hi|; consequently Dq(F,G) is half the largest total variation of H = F − G

along a chain of q interior points pinned at 0 at both ends.

Proof. Pointwise min(x, y) = 1
2

(
x + y − |x − y|

)
, and (Ai+1 − Ai) − (Bi+1 − Bi) = Hi+1 − Hi;

summing and telescoping the two increment sums gives the display. The consequence is (1) read
through (3). □
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Lemma 3.2 (the pointwise q = 2 collapse). For all x, y in a linearly ordered field,

|x|+ |y − x|+ |y| = 2
(
max{0, x, y} −min{0, x, y}

)
.

Proof. Eight cases on the signs of x, y and y − x; each is an identity between linear expressions.
Both sides are twice the range of the three-element set {0, x, y}. □
Theorem 3.3 (Komaba–Johno–Nakamoto; D2 is a range). Let s0, . . . , sN satisfy s0 = 0, and let
M and m be an attained upper and an attained lower bound of {s0, . . . , sN}. Then

max
{
|si|+ |sj − si|+ |sj | : 0 ≤ i ≤ j ≤ N

}
= 2(M −m).

Consequently, if A,B are as in Theorem 3.1 with A0 = B0 = 0, AN = BN = 1, and M,m are the
attained maximum and minimum of H = A−B, then the minimum over 0 ≤ i ≤ j ≤ N of

min(Ai −A0, Bi −B0) + min(Aj −Ai, Bj −Bi) + min(AN −Aj , BN −Bj)

equals 1 − (M − m), so that D2 = M − m; that is, (2) holds. For A = Fn empirical and B = F
continuous this reads D2(Fn, F ) = D+

n +D−
n = Vn, Kuiper’s statistic.

Proof. The upper bound is Lemma 3.2 together with m ≤ min{0, si, sj} and max{0, si, sj} ≤ M ,
which use s0 = 0 and hence m ≤ 0 ≤ M ; the bound is attained at the pair of indices realising M
and m, in whichever order they occur. The second statement follows by Theorem 3.1 applied to the
three-term chain. In the formal development the two halves are recorded as an IsGreatest and an
IsLeast statement, so that attainment is part of the claim. □
Remark 3.4. Theorem 3.3 identifies the one-sample OVL-2 statistic with Kuiper’s Vn [7], and this
is why the limit law obtained in [5], namely limn P

(√
nD2(Fn, F ) ≥ a

)
= 2

∑
i≥1(4i

2a2 − 1)e−2i2a2 ,
is Kuiper’s 1960 limit law. Solving it numerically at α = 0.05 gives a = 1.747260 . . ., the classical
Kuiper 5% point 1.747. The identification is of the statistic, not of the identity: the identity is [5]’s
own.

4. A linear-time algorithm for Dq

The dynamic programme. Fix a sequence s0, . . . , sN with s0 = sN = 0 — in the two-sample
case the scaled path (4), so that sj = Sj and the answer will be 2LDq. For k ≥ 1 set

fk(j) = max
{∑

i<k

∣∣sai+1 − sai

∣∣ : 0 = a0 ≤ a1 ≤ · · · ≤ ak = j
}
,

the largest total variation of a k-step zigzag from index 0 to index j. Then f1(j) = |sj | and, since
|sj − si| = max(sj − si, si − sj),

(5) fk+1(j) = max
i≤j

(
fk(i) + |sj − si|

)
= max

(
sj +max

i≤j

(
fk(i)− si

)
, −sj +max

i≤j

(
fk(i) + si

))
.

The two inner maxima are running maxima, so one layer of (5) costs O(N) and
2Dq · L = fq+1(N)

is computed in q layers, i.e. in O(qN) arithmetic operations, against the
(
N+q
q

)
-term minimisation

(3) that [4, 5] use. The correctness of (5) is the elementary statement that an optimal (k + 1)-step
zigzag ending at j restricts to an optimal k-step zigzag ending at its last interior index; what converts
it into a statement about Dq is Theorem 3.1, and only that. Neither step is part of the machine-
checked development, whose content is the following exhaustive agreement of the implementation
with the definition (3).

Theorem 4.1 (the algorithm computes the sources’ Dq). Let dpq(γ) denote the output fq+1(N) of
the dynamic programme (5) on the scaled path of γ, and let defq(γ) denote L ·Dq(γ) computed from
the definition (3) by minimising r over every nondecreasing index chain. Then
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(1) dpq(γ) = 2 defq(γ) for every γ ∈ Γ3,4 and every q ∈ {1, 2, 3}, and for every γ ∈ Γ4,5 and
every q ∈ {2, 3};

(2) the range maxj Sj −minj Sj of the scaled path equals def2(γ) for every γ ∈ Γ4,5 and every
γ ∈ Γ4,6;

(3) #Γm,n =
(
m+n
m

)
for (m,n) ∈ {(3, 4), (4, 5), (4, 6), (5, 6), (5, 5), (6, 6)}, the six cells used in

this paper.

Proof, and what was computed. Exhaustive enumeration. Part (1) evaluates both sides on all 35
words of Γ3,4 for three values of q and on all 126 words of Γ4,5 for two, i.e. 357 word-and-q compar-
isons, each of which minimises r over all

(
N+q
q

)
chains (120 chains per word at N = 7, q = 3; 220 at

N = 9, q = 3); part (2) adds 126 + 210 comparisons of the range form against the same definition.
The claim is stated in the formal development as the assertion that the list of disagreeing words is
empty, so that a single mismatch would be visible. Part (3) is the length of the enumerated list
of words. The same comparison was run beforehand in an independent implementation outside the
proof assistant, covering 1376 word-and-q checks for q ≤ 4 over eight sample-size pairs including
m ̸= n, again with no mismatch. □
Remark 4.2. Theorem 4.1 is a verification on cells, not a proof of correctness for all inputs. What it
excludes is a transcription error between (1) and the programme — the failure mode that matters
here, since the object being computed is somebody else’s definition. A machine-checked proof of (5)
for all sequences is a piece of work we have not done.

5. Exact null distributions for q ≥ 3

We can now answer, for small sample sizes, the question both papers leave open. Recall from
§2 that under the null hypothesis the two-sample statistic is a function of the interleaving word,
uniform on Γm,n.

Theorem 5.1 (exact null distributions of OVL-3 and OVL-4). Under the null hypothesis the two-
sample OVL-3 statistic D3 has the following exact distributions, an entry t :c meaning that D3 = t
on exactly c of the

(
m+n
m

)
interleaving words:

(m,n) exact null distribution of D3

(4, 4) 1
2 :8,

3
4 :36, 1:26

(5, 5) 2
5 :10,

3
5 :82,

4
5 :118, 1:42

(6, 6) 1
3 :12,

1
2 :162,

2
3 :412,

5
6 :276, 1:62

(4, 5) 2
5 :1,

11
20 :3,

3
5 :23,

3
4 :12,

4
5 :54, 1:33

(5, 6) 1
3 :1,

7
15 :6,

1
2 :34,

3
5 :8,

19
30 :50,

2
3 :130,

4
5 :50,

5
6 :132, 1:51

and the two-sample OVL-4 statistic at (6, 6) has the exact distribution
1
3 :2,

1
2 :60,

2
3 :304,

5
6 :396, 1:162.

Moreover D3 ≥ D2 on every one of the 462 words of Γ5,6, with strict inequality on exactly 350 of
them.

Proof, and what was computed. Exhaustive enumeration of Γm,n, evaluating Dq on each word by
the dynamic programme (5), whose agreement with the definition (3) is Theorem 4.1; the six cells
enumerate 70, 252, 924, 126, 462 and 924 words respectively. The distributions are stated in the
formal development as lists of (value, multiplicity) pairs in the integer scale 2LDq, and the mul-
tiplicities sum to

(
m+n
m

)
in each row. The final assertion is a pair of counts over Γ5,6, carried in

the formal development by a single declaration, which the ledger files with the controls of §7: the
number of words with D3 < D2 is 0, and the number with D2 < D3 is 350. □
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Remark 5.2. The inequality D2 ≤ D3 is elementary (§1); the content of the last clause of Theorem 5.1
is the strictness count. It says that OVL-3 is not a relabelling of OVL-2: on more than three quarters
of the sample space the two statistics disagree, so the two tests order the sample space differently and
have different null distributions — compare the (5, 6) rows of Theorem 5.1 and of Proposition 6.2
below. We are not aware of any previously published value of Dq for q ≥ 3; see §10.

6. The cells with q = 2

This section records the q = 2 half of the picture. None of it is new mathematics: by Theorem 3.3
the two-sample OVL-2 statistic is the two-sample Kuiper statistic ςm,n = supt[Fm(t) − Gn(t)] −
inft[Fm(t)−Gn(t)], whose exact distribution is computed for arbitrary sample sizes by the algorithm
of Dimitrova, Jia and Kaishev [3] as shipped in KSgeneral [6]. We give the values because they are
the ones [4] asks for, in that paper’s own vocabulary, and because the equal-sample case is our
control on everything else.

Proposition 6.1 (reproduction of the sources’ equal-sample law). For m = n the exact null distri-
bution of D2 is

n = 4 : 1
4 :2,

1
2 :28,

3
4 :32, 1:8; n = 6 : 1

6 :2,
1
3 :124,

1
2 :390,

2
3 :300,

5
6 :96, 1:12.

Proof, and what was checked. Exhaustive enumeration of Γn,n (70 and 924 words) with D2 evaluated
as the range of the scaled path, which is Theorem 3.3. These are exactly the counts predicted by
[4]: that paper proves #{γ ∈ Γn,n : ρ2(γ) ≥ 1 − k/n} = [xn]

(
Q′

k+1/Qk − Q′
k+2/Qk+1

)
with

Q0 = Q1 = 1 and Qi+2 = Qi+1 − xQi, giving the cumulative counts 0, 2, 30, 62, 70 at n = 4 and
0, 2, 126, 516, 816, 912, 924 at n = 6, which are the partial sums above. Before any of the values of §5
were computed we implemented that generating function independently in exact rational power series
and compared it with the enumeration for n = 1, . . . , 10 and every k: 65 cells, 65 agreements. The
same numbers appear in the On-Line Encyclopedia of Integer Sequences [10] as sequence A274878 (a
statistic on orbital systems, contributed by P. Luschny), whose rows 8 and 12 are [0, 2, 28, 32, 8] and
[0, 2, 124, 390, 300, 96, 12] — that triangle is indexed by the number of sectors, here m+ n; and the
cumulative counts #{γ ∈ Γn,n : D2 ≤ 2/n} = 1, 2, 6, 14, 30, 62, 126, 254, 510, 1022 for n = 0, . . . , 9
are A095121. □
Proposition 6.2 (exact null distributions and p-values at m ̸= n). The exact null distribution of
the two-sample OVL-2 statistic D2 at unequal sample sizes is

(m,n) exact null distribution of D2

(3, 4) 1
2 :7,

2
3 :7,

3
4 :14, 1:7

(3, 5) 7
15 :8,

3
5 :8,

2
3 :16,

4
5 :16, 1:8

(4, 5) 2
5 :9,

1
2 :9,

11
20 :18,

3
5 :36,

3
4 :18,

4
5 :27, 1:9

(4, 6) 1
3 :5,

5
12 :10,

1
2 :45,

7
12 :40,

2
3 :40,

3
4 :30,

5
6 :30, 1:10

(5, 6) 1
3 :11,

2
5 :11,

13
30 :22,

7
15 :44,

1
2 :88,

3
5 :44,

19
30 :66,

2
3 :88,

4
5 :33,

5
6 :44, 1:11

In particular the exact upper-tail p-values are P(D2 ≥ 1) = 1
21 , P(D2 ≥ 5

6 ) =
4
21 , P(D2 ≥ 3

4 ) =
1
3 at

(4, 6), and P(D2 ≥ 1) = 1
42 , P(D2 ≥ 5

6 ) =
5
42 , P(D2 ≥ 4

5 ) =
4
21 at (5, 6).

Proof, and what was computed. Exhaustive enumeration of Γm,n (35, 56, 126, 210 and 462 words),
with D2 evaluated as the range of the scaled path (4); the p-values are the corresponding counts
divided by

(
m+n
m

)
, as exact rationals. □

Remark 6.3. 1/21 and 1/42 are the smallest attainable significance levels of the two-sample OVL-2
test at (4, 6) and (5, 6), which is the number a practitioner needs before running the test at all.
Note also that the support of D2 is not an interval in the natural scale: at (4, 6) the value 11/12 is
attained by none of the 210 words (Proposition 7.1).
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Remark 6.4. We have not found these particular tables printed anywhere, and searches of the On-
Line Encyclopedia [10] for the multiplicity sequences

5, 10, 45, 40, 40, 30, 30, 10 and 11, 11, 22, 44, 88, 44, 66, 88, 33, 44, 11

return nothing. That is a statement about the printed record only: the algorithm of [3], described
in the documentation of [6] as “accurate and valid for arbitrary (possibly large) sample sizes” with
worst-case running time O((mn)2), computes exactly this distribution. That documentation also
places the algorithm in its lineage; we quote it rather than paraphrase, since we did not read [3]
itself (the publisher’s full text was not accessible to us): Kuiper2sample “calculates the exact p-
value of the Kuiper test using an algorithm from Dimitrova, Jia, Kaishev (2024), which is based on
extending the algorithm provided by Nikiforov (1994) and generalizing the method due to Maag and
Stephens (1968) and Hirakawa (1973)” [6, Kuiper2sample]. The three works named there are U. R.
Maag and M. A. Stephens, The VNM two-sample test, Ann. Math. Statist. 39 (1968), no. 3, 923–935
(doi:10.1214/aoms/1177698324); K. Hirakawa, The two-sample Kuiper test, TRU Mathematics 9
(1973), 99–118 (Zbl 0295.62047); and A. M. Nikiforov, Algorithm AS 288: exact Smirnov two-sample
tests for arbitrary distributions, Appl. Statist. 43 (1994), no. 1, 265–270 (doi:10.2307/2986126).
Those bibliographic data are from Crossref and zbMATH, consulted 3 September 2026; none of the
three papers was read here.

7. Controls

Exhaustive counts prove nothing if the enumeration is silently empty or the scaling is off by one.
The following two propositions are the controls; they are not results.
Proposition 7.1 (negative controls on the two-sample tables). On Γ4,5, where L = 20: the claim
that every word has LD2 ≤ 16 is false, exactly 9 words having LD2 > 16; and the claim that every
word has LD2 ≥ 11 is false, exactly 18 words having LD2 < 11. On Γ4,6, where L = 12: the
value LD2 = 11 is attained by 0 words, while LD2 = 4 is attained by 5 and LD2 = 12 by 10.
Finally, on Γ5,6 the number of words with D3 < D2 is 0 — the first half of the comparison quoted
in Theorem 5.1, which the formal development carries as one declaration and the ledger files here.
Proof, and what was computed. Filter lengths over the full enumerations of Γ4,5 (126 words), Γ4,6

(210) and Γ5,6 (462). The first two counts refute a too-small and a too-large claim about the same
table, so neither an empty enumeration nor a misplaced quantifier could pass; the third shows both
that the extreme values of Proposition 6.2 are attained and that the support has a hole. □
Proposition 7.2 (the one-sample statistic, at instances). Let x1 ≤ x2 ≤ x3 run over all 455
nondecreasing triples with entries in {0, 1

12 , . . . , 1}, let F3 be the corresponding empirical distribution
function and U the uniform distribution function on [0, 1]; write ∆+ = maxi

(
i
3 − xi

)+ and ∆− =

maxi
(
xi− i−1

3

)+ for the two one-sided Kolmogorov–Smirnov statistics of the sample. Then D2(F3, U),
computed as sup(F3−U)− inf(F3−U) over the chain of breakpoints and their left limits, equals ∆++
∆− on every one of the 455 samples; it differs from the Kolmogorov–Smirnov statistic max(∆+,∆−)
on 385 of them; and D2(F3, U) ≥ 1

3 on all of them.
Proof, and what was computed. Exhaustive evaluation on the 455 samples, with all values carried as
exact rationals. The chain includes the left limit of F3 at each order statistic, so that the infimum in
(1) over half-open intervals is computed exactly; this is the point of the proposition, together with
the second clause, which shows that the identity of Theorem 3.3 is not the trivial statement that
D2 is the Kolmogorov–Smirnov statistic. □

8. Computations outside the formal development

The two computations of this section are reported as measurements. Neither is a theorem here:
the first is a volume computation that the formal development does not carry, the second is an
observation about a bibliography.
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Remark 8.1 (exact one-sample p-values). By Theorem 3.3 the one-sample OVL-2 statistic is Kuiper’s
Vn, whose null law does not depend on the continuous reference F (as [5] itself proves for Dq(Fn, F )).
We computed p2,n(v) = P

(
v ≤ D2(Fn, F )

)
as an exact rational for n = 6, 8, 10, 12, 14, 16. At n = 8

and n = 16, the two smallest sample sizes in the experiments of [5]:

v p2,8(v) decimal
2/8 16069/16384 0.98077393

3/8 77837/131072 0.59384918

4/8 2489/16384 0.15191650

5/8 4299/262144 0.01639938

6/8 81/131072 0.00061798

7/8 1/262144 0.00000381

v p2,16(v) decimal
2/16 35183733575957/35184372088832 0.9999818524

3/16 4379073653923621/4503599627370496 0.9723496794

4/16 408710943621437/562949953421312 0.7260164800

5/16 12825043049693093/36028797018963968 0.3559664521

6/16 266003045907425/2251799813685248 0.1181290825

7/16 977296666358231/36028797018963968 0.0271254315

8/16 4830793155673/1125899906842624 0.0042906062

A 14-step bisection on the exact distribution function encloses the exact 5% upper confidence limits:

u2,8(0.05) ∈
[

74519
131072 ,

37263
65536

]
= [0.568535, 0.568588],

u2,16(0.05) ∈
[
108349
262144 ,

27091
65536

]
= [0.413319, 0.413376].

The method. Take F uniform on [0, 1] and let U(1) ≤ · · · ≤ U(n) be the order statistics, of joint
density n! on the ordered simplex, so that D+

n = maxi
(
i
n − U(i)

)+ and D−
n = maxi

(
U(i) − i−1

n

)+.
The event {Vn ≤ v} is not a union of polytopes indexed by a combinatorial pattern but a projection:
it is the set of samples for which there exists t ∈ [0, v] with D−

n = t and D+
n ≤ v − t. We slice at

t = D−
n . Note first that D−

n > 0 almost surely, since D−
n = 0 forces U(1) ≤ 0; likewise D+

n > 0

almost surely, since D+
n = 0 forces U(n) ≥ 1. So the slice at t = 0 contributes nothing and may be

dropped. For t ∈ (0, v] the index k at which D−
n is attained is almost surely unique, and fixing it

fixes U(k) = c := k−1
n + t. Given k and t, the constraints D−

n ≤ t and D+
n ≤ v − t, together with

U(i) ∈ [0, 1], read

αi(t) ≤ U(i) ≤ βi(t), αi(t) =
(

i
n + t− v

)+

, βi(t) = min
(
1, i−1

n + t
)
,

and they cut the remaining coordinates into two blocks that interact only through U(k) = c. For
i < k the ordering constraint U(i) ≤ c is automatic, because βk−1 ≤ k−2

n + t < c; for i > k
it must be imposed, by replacing αi with max(αi, c). Writing Ak(t) for the volume of the first
band {x1 ≤ · · · ≤ xk−1, αi ≤ xi ≤ βi} and Bk(t) for the volume of the second, {xk+1 ≤ · · · ≤
xn, max(αi, c) ≤ xi ≤ βi}, and integrating the coordinate U(k) = c out as t (unit Jacobian) gives

P(Vn ≤ v) =

n∑
k=1

∫ v

0

n!Ak(t)Bk(t) dt
(

1
n ≤ v ≤ 1

)
:

n one-dimensional integrals in place of an n-dimensional volume. (Our implementation carries a
boundary term for the slice t = 0; by the paragraph above it is identically zero, and it evaluates to
zero because its first band requires 0 ≤ x1 ≤ 0.) Each integrand is piecewise polynomial in t; on each
piece the implementation fits a polynomial of degree at most n− 1 through n exact rational values,
verifies the fit at two further points and bisects the piece if the verification fails, then integrates the
fitted polynomial exactly. All arithmetic is over Q.

Status of these numbers. They are correct but not new: exact closed forms for the finite-sample
distribution of Vn are classical, [11] being the standard reference and [1] a later treatment of the
same p-value. Neither of those two was read here (both are paywalled or offline for us), so what
follows is a check against the formula as it is transmitted, not against a primary text. Three checks
were made.
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First, the classical upper-tail formula. We take it in the form implemented by the function
kuiper_false_positive_probability of astropy [2], whose documentation records that “Eq 7 of
Paltani 2004 appears to incorrectly quote the original formula (Stephens 1965). This function
implements the original formula, as it produces a result closer to Monte Carlo simulations.” It reads

P(Vn ≥ v) =

⌊n(1−v)⌋∑
t=0

(
n

t

)(
1− v − t

n

)n−t−1

Tt, y = v + t
n ,

Tt = yt−3
[
y3n− y2t

(
3− 2

n

)
+ y t(t−1)

n

(
3− 2

n

)
− t(t−1)(t−2)

n2

]
,

used when v > 1
2 (n even) or v > n−1

2n (n odd), with two further closed forms for v < 2/n and
v < 3/n. Evaluated in exact rational arithmetic this reproduces our values exactly, as rationals, at
every point where one of its branches applies: at n = 8 for v = 1

4 ,
5
8 ,

3
4 ,

7
8 , at n = 16 for v = 1

8 ,
and at (n, v) = (3, 7

10 ), (3,
4
5 ), (4,

2
5 ), (5,

7
10 ), (5,

4
5 ), (6,

1
4 ), (6,

2
5 ), (8,

1
5 ), (8,

3
10 ). The remaining entries

of the two tables above lie in the range 3/n ≤ v ≤ 1
2 , which no branch of the formula covers. This

also settles a discrepancy we had recorded: the transcription of the same formula in the secondary
source [12] did not reproduce our n = 8 values (at v = 5/8: ours 0.01639938, that transcription
0.02410984). It differs from the form above in two places — its middle term carries an extra factor
1/n, and the term y t(t− 1)(3− 2/n)/n is absent — and those two differences account for the whole
gap. We make no claim about which rendering matches the printed text of [11], which we have not
seen.

Second, an independent recomputation. The decomposition above was re-implemented from
scratch, slicing on t = D+

n rather than D−
n , with a different recursion for the band volumes and

a different fitting and verification rule; it reproduces all thirteen exact rationals of the two tables
and all four endpoints of the two confidence-limit enclosures.

Third, Monte Carlo. A 2 · 107-sample run in a separate program with its own generator, sharing
no code with the exact route, agrees with all six n = 8 values to within 1.7 standard errors, and
exact-versus-Monte-Carlo agreement was also confirmed at n = 2, . . . , 5. The band-volume primitive
is checked against 1/j! for the unconstrained simplex, j = 1, . . . , 7.

An observation. The computed values satisfy p2,n
(
n−1
n

)
= n−(n−2) at n = 6, 8, 10, 12. This is

what the upper-tail formula displayed above would give: at v = (n−1)/n the sum runs over t = 0, 1,
the t = 1 summand carries the factor (1 − v − 1

n )
n−2 = 0, and the t = 0 summand is n (1/n)n−1.

We record the identity as an observation about the computed table, not as a theorem of this paper:
it rests on a formula we have checked only numerically, against values it was used to check.

Remark 8.2 (a bibliographic observation). It is worth saying plainly where the obstacle of [5] lies,
because it is not where that paper places it. The paper proves (2) itself, and derives from it the
limit law of Remark 3.4 by quoting a standard fact about the range of a Brownian bridge; yet it
reports that exact p-values could not be computed. The missing step is a name: the word “Kuiper”
does not occur in [5], and neither Kuiper [7] nor Stephens [11] appears among the eight entries of its
bibliography; the same holds for [4]. (Checked by case-insensitive search for “kuiper” and “stephens”
over the extracted text of the arXiv v1 PDF of [5], over the LATEX source and the .bib of the arXiv
v2 e-print of [4], and over the extracted text of the published version of [4]: zero occurrences in
each.) With the name, the one-sample exact distribution is classical [11] and the two-sample case
at m ̸= n — the other stated limitation — is available as software [6, 3].

The cost of the gap is measurable. Using the asymptotic critical value 1.747260/
√
n in place of the

exact one costs +8.65% at n = 8 and +5.68% at n = 16 relative to the exact values of Remark 8.1,
and at the exact 5% point for n = 8 the asymptotic formula reports p = 0.106 — anti-conservative
by more than a factor of two at the smallest sample size used in the experiments of [5]. This is a
quantitative form of that paper’s own caveat that its asymptotic p-values are not applicable when
the sample size is small. None of this diminishes the OVL-q construction, whose interest is precisely
the regime q ≥ 3 that has no classical counterpart.
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9. Questions left open

Question 9.1. Theorem 5.1 enumerates Γm,n word by word, at cost
(
m+n
m

)
· O(qN); (10, 10) is

184 756 words and takes seconds, but (20, 20) is about 1.4 · 1011 words and is out of reach. Is there a
dynamic programme in the zigzag state — carrying the layer values of (5) as the word is built letter
by letter — which produces the whole null distribution without enumerating words? For q = 2 such
a lattice dynamic programme exists and makes the equal- and unequal-sample tables free.

Question 9.2. For q = 2 and m = n, [4] has a closed form: a generating function in the Fibonacci-
like polynomials Qi (Proposition 6.1). Is there an analogue for q = 3? The tables of Theorem 5.1
are the data to guess it from.

Question 9.3. Dq(γ) is nondecreasing in q and equals 1 as soon as the chain is allowed to take
every index, since the total variation of the path (4) over all of {0, . . . ,m + n} is 2L. What is the
distribution, over Γm,n, of the least q with Dq(γ) = 1?

10. What was searched

The novelty claims made here are claims about a printed record, so we state what was searched.
Over a local mirror of the arXiv full texts (about 86 GB), a literal search for the strings OVL-2
and OVL-$q$ returns exactly two papers, [4] and [5], and neither contains a single value of Dq for
q ≥ 3; a search for a total-variation or zigzag algorithm for this family returned nothing. The
forward-citation record is thin: OpenAlex reports a citation count of 0 for the arXiv record of each
paper, and Semantic Scholar reports 0 for [5] and 6 for [4] — one of them [5] itself and the other five
applications (ROC analysis, diagnostic accuracy, imaging screens, banking), none touching exact
p-values, Kuiper’s statistic, or q ≥ 3. The On-Line Encyclopedia of Integer Sequences [10] returns
nothing for the OVL-3 multiplicity sequences 12, 162, 412, 276, 62 at (6, 6) and 10, 82, 118, 42 at (5, 5),
while their q = 2 analogues are found at once (Proposition 6.1). All of these searches were run on 3
September 2026, against [5] at version 1 and [4] at version 2.

Read the negative as “not found”, not as “new”. A maximum-total-variation dynamic programme
is a standard algorithmic shape; what we claim for §4 is that it has not been applied to this family,
not that the technique is new. And the q = 2 material of §6 and Remark 8.1 is explicitly not claimed
as new, for the reason given there.

11. Verification

Theorems 3.1, 3.3, 4.1, 5.1, Lemma 3.2 and Propositions 6.1, 6.2, 7.1, 7.2 are checked, in the form
stated, by the kernel of the Lean 4 proof assistant [8] over the Mathlib library [9], in two modules.
The first is kernel-clean: six declarations — the identities of Theorem 3.1 and Lemma 3.2, the two
halves of Theorem 3.3 (recorded separately as a greatest-element and a least-element statement),
and two auxiliary identities, the pointwise min formula and the three-term expansion used in the
proof of Theorem 3.3 — proved over an arbitrary linearly ordered field, using no evaluation and
depending only on propext, Classical.choice and Quot.sound. The second carries the finite
tables: 23 theorems, each closed by native_decide, so that each additionally depends on one
evaluation axiom for the compiled evaluation of the corresponding closed Boolean term. There is no
sorry anywhere in the development. The statements of that module are in the integer scale of §2
— a distribution is a list of (value, multiplicity) pairs for LD2 or 2LDq, a p-value an exact rational,
a count a list length — and the translation into the fractions printed above is the scaling (4) and
nothing else. What each exhaustive computation ranges over is stated with the corresponding proof
above.

The computations of Remark 8.1 are outside the formal development, and are labelled as such:
P(Vn ≤ v) is an n-dimensional volume, and binding it to a machine-checked statement needs measure
theory this development does not carry. A route exists — Steck’s determinant for ordered-uniform
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rectangle probabilities, combined with the decomposition of Remark 8.1 — and we have not taken
it. Remark 8.2 is likewise not a theorem.

For orientation, the measured costs in a stand-alone implementation of the same algorithms: the
OVL-3 table at (6, 6) (924 words) takes 0.02 s and the OVL-4 table at (6, 6) 0.03 s; one exact
evaluation of P(Vn ≤ v) takes 0.9 s at n = 8, 12 s at n = 16 and 73 s at n = 20, growing roughly
like n5, so that one exact critical value costs about 13 min per evaluation and 3 CPU-hours in total
at n = 32 and roughly 100 CPU-hours at n = 64; we computed neither. Larger cells for q ≥ 3 wait
on Question 9.1 rather than on more compute. The repository is private; repository reference to be
added at submission.
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