A TOUCHARD CONGRUENCE FOR THE m-BELL SEQUENCES

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Fix a commutative ring, an integer m > 1 and a base c. Call a se-

quence a an m-binomial-shift sequence with base cif antm =D <, (Z)c"_kak

for all n > 0; for ¢ = m over Z these are exactly the sequences that move m
places to the left under m applications of the binomial transform, the m-Bell
sequences recently introduced by Popov, whose m = 1 case is the Bell num-
bers. Popov asks for a systematic study of their congruence properties. We
answer this. For every prime p, every m > 1 and every base ¢, the polynomial
(XP — ¢cP~1X)™ — 1 annihilates every such sequence modulo p; equivalently

m

m—j (T — m—j —
> (-1 ](j)C(p DD ap-1)4m = an (mod p).
=0

At m = ¢ = 1 this is Touchard’s congruence By, = Bn+Bpn41. We prove the
sharper statement that the Touchard operator Ta = (an+p — ci”_lan+1)n20
maps the m-dimensional solution space to itself with 7™ = id, so that the
solution space is a module over Fp[y|/(y™ — 1) with y acting as T; every
refinement below is a statement about where a sequence sits in that mod-
ule. We then show that the composite m-Bell sequence can satisfy a strictly
shorter recurrence than the general theorem gives: for every prime p it sat-
isfies Bfﬁ__pl) = B,ﬁf:ll) - Bﬁlp_l) (mod p), of degree p rather than p(p — 1),
and we exhibit three further such cells. Finally we determine the least period
of B(™) mod p in thirteen cells, including B(*) mod 7, whose least period is
48 = 7?2 — 1 against the 4N7 = 549028 that the neighbouring cells suggest. All
theorems below are formally verified in Lean 4.

1. INTRODUCTION

1.1. The sequences. The binomial transform of a sequence a = (ay)n>0 is the se-
quence with n-th term Y, (7)ay; its m-th iterate has n-th term >_;_, (})m™ *ay.
The Bell numbers B,, are famously the sequence that moves one place to the left
under one application of the transform, By41 =Y, ,, (%) Bx- Popov [1] asks which
sequences move m places to the left under m applications, i.e. which satisfy

(1) An+m = Z (Z)mn_kakv n >0,

k=0

and calls their solutions the m-Bell sequences. The solution space of (1) over Z
is free of rank m: the first m values may be prescribed arbitrarily and determine
everything after them. Popov singles out the composite m-Bell sequence B(™) | with
initial vector (1,1,...,1), and the m primitive sequences B 0 < r < m, with
initial vector 4y, . For m = 1 the composite is the Bell numbers. For m = 2 the
three sequences are recorded in the OEIS [12] as A007472 (composite), A351143
and A351028 (primitives); [1] records that for m > 2 they are not in the OEIS. The
1
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first terms of the composite sequences for m =1,...,4 are
BW . 11,2, 5,15, 52, 203, 877, 4140, 21147, ...
B®: 1,1,1,3, 9,29, 105, 431, 1969, . ..
BB 11,1, 1,4, 16, 64, 259, 1084, 4834, 23635, 128377,. ..
BW . 1,1,1,1,1, 5,25, 125, 625, 3129, 15745, 80265, . . .

i )

1.2. The problem. The arithmetic of the Bell numbers is a classical subject.
Touchard [2] proved that for every prime p,

(2) Bnyp = By + Bpy1 (mod p).

Hall’s 1934 abstract [4] states the same congruence and deduces from it that the
residues of B,, modulo p are periodic with a period dividing p? — 1; Williams [5]
showed that the period in fact divides N, = (p? —1)/(p — 1). Whether N,, is the
least period is a question with a long history: it is known to be least for all p < 126
and for p = 137,149, 157,163, 167,173 [8, Theorem 1.1], building on [6, 7], and open
in general [9]. Gessel [3] gives a short umbral proof of (2) and, in the same place,
Carlitz’s strengthening to higher powers of p.

For the m-Bell sequences with m > 2 nothing of this kind was recorded. The
last section of [1] closes with a list of six open problems, of which the third reads,
verbatim:

The Bell numbers satisfy the Touchard congruence By, = B, +
B,+1 (mod p) for every prime p. The m-Stirling triangles show
visible m-adic structure (for instance ”:77‘:1]]771 =m"™ ™ for n > m, by
the column generating function); a systematic study of congruence
properties of the m-Bell sequences is open.

(The double brackets are Popov’s notation for the m-Stirling numbers of the second
kind, which play no further role here.) No conjecture is offered, so the task is to
produce the statement, not to test one. This paper produces it.

1.3. Results. It costs nothing to decouple the base of the transform from the shift,
so we work with the recurrence

(3) Optm = Z (Z)C"_kak, n >0,

k=0

over an arbitrary commutative ring, with an arbitrary base ¢; Popov’s sequences
are ¢ = m over Z. Keeping c free costs nothing in the proof and sharpens the
negative controls, since the congruence sees ¢ only through c?~1.

Our main theorem (Theorem 3.4) is that over F,, the polynomial (X?—cP~1X)™—
1 annihilates every solution of (3), that is,

(4) Z(_l)m_j (m> P=1)(m—3) Ut jpt(m—g) = On in T,
; J

for every n. At m = ¢ = 1 this is exactly (2). Since jp+ (m—j) = j(p—1)+m, the
shifted index in (4) is n+j(p—1)+m; when p { c all the coefficients c?~1("=7) equal
1, and (4) says that the m-th finite difference of a along the arithmetic progression
of step p — 1, read from n + m, equals a,,.
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Theorem 3.4 is the m-th power of a single operator, and the operator statement
(Theorem 4.3) is strictly stronger. Write

Ta = (anip— cpflan_H)nZO.

Then T maps the solution space of (3) over F, into itself and satisfies 7™ = id
on it. The whole reason is that X? — ¢P~1X is invariant under the substitution
X — X + c over [F,,, whereas the recurrence (3) says precisely that multiplication
by X™ and that substitution have the same effect on the umbral functional of a.
Consequently the m-dimensional solution space is a module over F,[y]/(y™ — 1),
with y acting as T'; this is the frame in which the finer results below are naturally
read, since each of them says where a particular sequence sits in that module.

Section 5 is about sharpness. When p | m the recurrence (1) itself degenerates to
Gptm = Gy, (Proposition 5.4), so the annihilator of degree mp is a p-fold redundant
restatement of one of degree m; a computed grid shows that outside those cells the
annihilator of the whole solution space is minimal. A separate phenomenon is that
a single sequence in the space can do better than the space. We prove that for
every prime p the composite (p — 1)-Bell sequence satisfies

BYLY = BILY =By (mod p)

(Theorem 5.5), a recurrence of degree p where Theorem 3.4 supplies degree p(p—1),
strictly longer once p > 3; in operator terms TB®~1) = —B(®=1 5o the composite
is an eigenvector of T'. At p = 3 this says that A007472 satisfies a,4+3 = ant1 — an
(mod 3). Three further such cells are proved in Theorem 5.6, among them (p, m) =
(7,4), where the composite satisfies T? = —1.

Section 6 is the analogue of Hall’s question. The m-Touchard congruence forces
a period of B(™) mod p for every m; the least period is a separate matter, and we
determine it in thirteen cells (Theorems 6.1, 6.2, Proposition 6.3 and Theorem 6.4).
The values do not follow the pattern m N, that the first three entries of the row
p = 7 suggest. The extreme case is (p,m) = (7,4), where the least period of
B™ mod 7 is 48 = 72 — 1, four orders of magnitude below 4N; = 549028 — and
(7,4) is exactly the cell where the composite satisfies 72 = —1. The deficiency
table and the period table appear to be the same phenomenon seen twice, though
we do not prove that either determines the other.

1.4. How the theorem was found, and what is classical. Honesty about
provenance costs nothing here. The congruence (4) was found experimentally, not
by insight: the sequences were computed modulo p from (3) and the Berlekamp—
Massey algorithm [11] was run over F, on the composite and on random IF,-
combinations of the primitives, on the grid p € {2,3,5,7,11,13}, m < 6, with
900 terms in each cell. Every connection polynomial returned was supported on
the arithmetic progression mp, mp — (p — 1),...,m, 0 with binomial coefficients,
and read off as (X? — ¢P~1X)™ — 1. The proof of Section 3 was found afterwards,
and is Gessel’s umbral argument for (2) generalised along the two new axes m and
c. The closure of the solution space under T was likewise first observed numerically
— 23 cells tested, p < 11, m < 5, 120 terms of each primitive, all closed — and
then proved.

The case m = 1 of Theorem 3.4 is not new. For ¢ = 1 it is Touchard’s congruence;
for general c it is the same argument, and the OEIS entry A004211 — the m = 1,
¢ = 2 solution — records it verbatim in its formula section, “Touchard’s congruence



4 KOREA SUPERINTELLIGENCE LABS

holds: for odd prime p, a(p + k) = (a(k) + a(k+ 1)) (mod p) ..(adapt the proof of
Theorem 10.1 in Gessel)”. What we have not found recorded anywhere is the range
m > 2, the operator formulation, the deficiency statements of Section 5, and the
period data of Section 6.

The nearest prior generalisations of (2) move along other axes. Gessel [3, §10]
gives Carlitz’s congruence (B? — B — 1)*B™ = 0 mod pl#/21 | a statement about
higher powers of p. Serafin [9] studies B,,_, and the r-Bell numbers; his clas-
sification [10, Theorem 3.1] determines exactly which Sheffer sequences satisfy a
congruence of the shape P,i,(z) = fiaPP,(z) + aPpt+1(x) (mod pZ[z]). That
shape involves only the shifts n, n+ 1 and n + p, so it is the analogue of the m =1
case of Theorem 3.4; no congruence it classifies has the shape (X? —cP~1X)™ — 1
with m > 2. (A separate reason the m-Bell sequences sit outside the neighbouring
classifications of triangular arrays is that the m-Stirling coefficient m|k/m]| is not
affine in & — a point [1] itself makes.)

1.5. Verification. Every theorem and proposition stated below has been formally
verified in Lean 4 against Mathlib [13]; Section 7 says exactly what is proved by ar-
gument and what is delegated to exhaustive evaluation, and lists the finite searches
by size. Three displays below — the minimality grid of §5.4, the deficiency table
of Remark 5.7 and the daggered rows of the period table in §6.1 — are computed
data, are labelled as such, and carry no theorem.

2. PRELIMINARIES

Throughout, R is a commutative ring, p is a prime, and F, = Z/pZ.

Definition 2.1. Let m > 0 and ¢ € R. A sequence a: N — R is an m-binomial-shift
sequence with base c if

n

n
Ontm = Z (k) c"Fay, for every n > 0.
k=0

Write Vy,..(R) for the set of such sequences; it is an R-submodule of RY.

For R =Z and ¢ = m this is (1), and V,, n,(Z) is the space of m-Bell sequences.
If o: R — S is a ring homomorphism and a € Vp, .(R) then poa € V,,, ,(c)(S); this
is how an integer sequence is reduced modulo p, and it is the only compatibility we
need.

The following proposition makes “the” composite and “the” primitive sequences
well defined, and shows that the hypothesis of every theorem below is inhabited at
every order and base.

Proposition 2.2 (Existence and rigidity). Let m > 1 and ¢ € R. For every
(Vo, .-+ Um—1) in R™ there is a sequence a in Vp, (R) with a; = v; for all i < m,
and there is only one: two members of Vy, .(R) which agree at every index below m
are equal.

Proof. Existence is the evident construction: extend the initial segment one term at
a time by the right-hand side of Definition 2.1, which refers only to terms already
defined. Uniqueness is strong induction on n: for n < m the values agree by
hypothesis, and for n > m the recurrence expresses a,, in terms of ag, ..., ap_m. O
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Definition 2.3. For m > 1, the composite m-Bell sequence B(™ & Vim.m(Z) is the
one with Bfm) =1 for i < m, and for 0 < r < m the primitive B"™") € V,, ,,.(Z)
is the one with Bi(m’r) = 0;,, for i <m.
Proposition 2.4. B s the sequence of Bell numbers. The first terms of
BW B®) BG) B® are as printed in §1, and

B29: 1,0,1,2 5,16, 61, 258, 1177, ...

B2 0,1,0,1, 4, 13, 44, 173, 792, 4009, . ..
These agree with the values printed in [1] and with the OFEIS entries A000110,
A007472, A351148 and A351028.

Proof. The identification B(Y) = B is Proposition 2.2 applied to the two sequences
BW and (B,),, both of which lie in V11(Z) and both of which begin with 1.
The listed values are the recurrence evaluated; they were computed independently
before the formal development and re-evaluated inside it. ([l

2.1. The umbral functional. The proofs in Section 3 use one device. For a: N —

R let
Lo: RIX] — R, La (Z biXi) =S bias,

the R-linear functional reading off the coefficients of a polynomial against the se-
quence; so L,(X™) = a,. Everything rests on the following restatement of Defini-
tion 2.1, in which f(X + ¢) means the composite f o (X + ¢).

Lemma 2.5. Let m > 0 and ¢ € R. A sequence a lies in Vy, (R) if and only if
Lo(X™f) = Lo(f(X +¢)) for every f € R[X].
Proof. Both sides are additive in f, so it suffices to take f = 6X"™. Then X™f =

bX™ ™ has Lg-value ban m, while f(X +¢) = b)Y, (3)e¢" * X" has L,-value
b h<n (1)e" Fai. These agree for all b and n exactly when a € Vi o(R). O

3. THE m-TOUCHARD CONGRUENCE

Lemma 3.1 (Telescoping). Let a € Vp, (R). Then for every N > 0 and every

f € RX],
N-—1

L4Ipx—mw¢):L4ﬂx+Nm.

k=0

Proof. Induction on N; the case N = 0 is trivial. Assume the identity for N and
apply it to the polynomial (X — N¢)™f in place of f:

La(ﬂ(X—kc)m : f) = La(((X—Nc)mf)(X+Nc)) = Lo(X™ - f(X + N¢)),

k=0
because (X + N¢) — Nc = X. By Lemma 2.5 the last expression equals L, (f(X +
Nc+c)) = Lo(f(X + (N + 1)c)). O

Lemma 3.2. For every prime p and every c € Fp,

p—1
[[(X —ke) = XP—cP'X  inF,[X].
k=0
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Proof. If ¢ = 0 both sides are XP, since cP~! =0 for p > 2. If ¢ # 0 then k — kc
is a bijection of IF,, so the left-hand side is er]Fp (X —z) = XP — X, the monic
polynomial of degree p whose roots are exactly the elements of F,,, each simple; and
c¢P~! =1 by Fermat’s little theorem. (I

Proposition 3.3 (Annihilation). Let p be prime, ¢ € F, and a € V,,, o(Fp). Then
for every f € F,[X],

Lo((XP —cP1X)™ - f) = La(f).

Proof. By Lemma 3.2, (X? — cP71X)™ = [Txcp(X — ke)™. By Lemma 3.1 with
N = p, applying L, to that product times f gives L, (f(X —l—pc))7 and pc = 0 in
F,. |
Theorem 3.4 (The m-Touchard congruence). Let p be a prime, m > 1, ¢ € F,,
and let a be an m-binomial-shift sequence with base c over F,. Then for every
n >0,

Z(—l)mij (m) PO ) = an.
— J

=

Equivalently, (X? — c¢P~1X)™ — 1 annihilates a over F,,.

Proof. Take f = X™ in Proposition 3.3, whose right-hand side is then a,,. For the
left-hand side expand by the binomial theorem:

m
(XP =P X)X =3 (1) <m> P=1)(m=j) x pit(m=j)tn
— J
7=0
and apply L, term by term, using L, (bX?) = baj. a
Written out at small m, with p{ ¢ so that ¢?~! = 1, Theorem 3.4 reads

m=1: au4p=0an+ apy1,

m=2: apt2p — 20n4pt1 + Ani2 = ap,

m=3: Ap+43p — 3an+2p+1 + 3an+p+2 — Gp43 = Qn,
and so on with the coefficients of (1 — 1)™ in the numerators.
Remark 3.5. Since jp+ (m—j) =j(p—1)+m for 0 < j < m, the indices occurring
aren+m,n+m+(p—1),...,n+m+ m(p—1): an arithmetic progression of
step p — 1 starting at n +m. If p f ¢ then ¢?~! = 1 and the congruence reads
> (=nm (?)an+j(p_1)+m = ay,, the m-th finite difference along that progres-
sion. If p | ¢ then ¢P~! = 0 and only the term j = m survives, so the congruence

degenerates to Gymp = Gn; see Proposition 5.4 for what is really happening in that
case.

The passage to integer sequences is immediate and is the form in which [1] poses
the question.

Theorem 3.6 (Arithmetic form). Let p be a prime, m > 1, c € Z, and leta: N — Z
SAtisfy anim = D pen ()" Fag for alln. Then for every n,

- m—j [T —1)(m—j
b ‘ > (1) J(J')C(p DD 6 m—g) — -
j=0
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Proof. Reduce a modulo p — the reduced sequence lies in V,, z(F,) — and apply
Theorem 3.4. ([l

Corollary 3.7 (Touchard’s congruence, recovered). Let p be a prime. Every a €
Vi1(Fp) satisfies antp = an + ant1 for all n; in particular the Bell numbers satisfy
Bytp = By + Bpt1 (mod p).

Proof. Theorem 3.4 at m = ¢ = 1 has two terms, j = 0 giving —a,4+1 and j =1
giving an4p. The Bell numbers lie in V; 1 (R) for any R by Proposition 2.4. ]

Corollary 3.7 is Touchard’s theorem [2] and is stated here for one reason: it is
the strongest available correctness check on Theorem 3.4. A mis-stated exponent,
sign, binomial coefficient or shift index anywhere in the general statement would
break it. In the formal development it is proved for Mathlib’s own definition of
the Bell numbers, so that the check is against an independently written definition
rather than against ours.

Corollary 3.8. For every prime p, every m > 1, every r < m and every n > 0,

- —i(m — —J m m
> (" j(J')m(p o B(n+)jp+(m—j) = B, (modp),
=0

and the same congruence holds with B™ replaced by B(™") .

Proof. Theorem 3.6 with ¢ = m, applied to the sequences of Definition 2.3; these
are m-binomial-shift sequences with base m by Proposition 2.2. ]

Corollary 3.9 (m = 2, explicitly). Let p be an odd prime and let a = B® pe
OFEIS A007472. Then for every n >0,
Ap+42p — 2an+p+1 + Un42 = Aan (mOd p)

Proof. Corollary 3.8 at m = 2, ¢ = 2, with 2P7~! = 1 because p is odd. O

The OEIS entry for A007472 carries no congruence and no modular comment,
and we have not found the congruence of Corollary 3.9 recorded elsewhere. Before
it was proved, it was checked against data this development did not produce: the
OEIS b-file for A007472 (577 terms) yields 14 094 instances of the congruence over
the 30 primes up to 113, all of which hold.

4. THE TOUCHARD OPERATOR

Theorem 3.4 is the m-th power of a single operator, and it is worth isolating that
operator, because the refinements of Sections 5 and 6 are all statements about it.

Definition 4.1. For a prime p and ¢ € IF,,, the Touchard operator is the IF)-linear
map
T: FE — FE, (Ta)n, = angp — P ragny.
Equivalently, in the language of §2, Lr.(f) = La((Xp — cp_lX)f) for every
f: the operator T on sequences is multiplication by 3y := XP — ¢P~1X on the
polynomial side. Corollary 3.7 says exactly that T fixes the Bell numbers modulo

.
Lemma 4.2. For every prime p and every c € F,
(XP—cP'X)o (X +c) = XP—cP'X  inF,[X].
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Proof. (X + ¢)P = XP + cP by the Frobenius endomorphism, and ¢?~}(X + ¢) =
cP~1X 4 ¢P. Subtracting, the two ¢ cancel. (Il

Theorem 4.3. Let p be a prime, m > 1 and ¢ € F,. Then T maps Vy, .(F,) into
itself, and T™ = id on Vp, o(F,).

Proof. Let a € Vy, o(F,). By Lemma 2.5 it suffices, for closure, to check Ly, (X™ f) =
Lro(f(X +c)) for every f. The left-hand side is L, (y X™ f) = Lo (X™ (yf)), which
by Lemma 2.5 for a equals L, ((yf)(X + ¢)). By Lemma 4.2,

WHX +¢) = y(X+0)- f(X+¢) = y- f(X+0),

so the left-hand side equals L, (y f(X + ¢)) = Lra (f(X + ¢)).

For the second claim, iterating the identity Ly,(f) = La(yf) gives Lyeo(f) =
Lo (y* f) for every k; at k = m and f = X™, Proposition 3.3 gives Lq(y™X™)
Lo (X™) = ap, i.e. (T™a), = an.

Ol

Remark 4.4. Theorem 4.3 makes Vy, .(IF,), which is m-dimensional over F, by
Proposition 2.2, a module over F,[y]/(y™ — 1), with y acting as T". Theorem 3.4 is
the statement that y™ — 1 kills the module. Every refinement in Section 5 is the
statement that some proper divisor of y™ — 1 kills a particular element: the module
has torsion, and locating it is what “deficiency” means below.

5. SHARPNESS

5.1. From a window to every index. The congruence has one structural con-
sequence that makes finite verification legitimate.

Proposition 5.1. Let p be a prime, m > 1, c € F,, and a € Vy, o(F,). Then

m—1

m—j [T —1)(m—j

Unimp = O+ Y U Cni(ipr(m—sy U5 = —(=1) J(j.)C(p Dm=a),
=0

for every n, and every shift index occurring on the right satisfies jp+(m—j) < mp.
In particular a obeys a monic linear recurrence of order mp.

Proof. Split off the term j = m of Theorem 3.4, which is @y 4mp, and move the rest
to the right. For the index bound, jp + (m — j) < mp because (m — j) < (m — j)p
with equality only when 5 = m, which is excluded. ([l

Lemma 5.2 (Window bridge). Let d > 1 and let a,b: N — R both satisfy Tp+q =
Ty + Zj<€ UjTnyt, with the same coefficients uj and the same shifts t; < d. If
a; = b; for all © < d then a = b. Consequently, if a obeys such a recurrence and
a linear combination ZKf Vi Ay vanishes for every n < d, then it vanishes for
every n.

Proof. The first claim is strong induction on n, using the recurrence to reduce an
index n > d to indices n —d+t; <n and n —d < n. For the second, note that n
Yic £ Vil obeys the same recurrence as a does, by linearity and reindexing, and
that the zero sequence does too; apply the first claim to those two sequences. [

Proposition 5.1 and Lemma 5.2 together are what turns each of the finite com-
putations below into a statement about all n: a check on the window 0 < n < mp
is a check for every n.
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5.2. Every ingredient is load-bearing. Before sharpening the congruence we
record that it cannot be weakened.

Proposition 5.3. Each of the following fails, in each case at n = 0 and by an
explicit integer not divisible by the modulus.

(1) The exponent cannot be lowered from m to m — 1: the conclusion of Theo-
rem 3.6 with m replaced by m — 1 is false for B at p =3 and for B®) at
p=T.

(2) Primality of the modulus is needed: for ¢ = 4 the congruence B4 =
By, + Byy1 fails, since By =15 and By + B; = 2.

(3) The binomial coefficient (T) cannot be dropped: doing so breaks the con-
gruence at (p,m) = (7,3).

(4) The shift +(m — j) cannot be dropped, i.e. replacing @y jpt(m—j5) bY Gnijp
breaks the congruence at (p,m) = (5,2).

(5) The factor cP=Dm=3) cannot be dropped: replacing it by 1 breaks the
congruence at p =m = 3.

(6) The stronger conclusion anymp = ayn, is false: it fails for B®) atp=T.

Proof. Each item is the evaluation of one integer combination of finitely many terms
of an explicit sequence and one division with remainder. The perturbation in (5)
has to be placed at a cell with p | ¢: when p { ¢ one has ¢P~! = 1, so the factor
is invisible and no counterexample exists. This is a fact about the theorem, not a
gap in the checks: the congruence sees the base only through c?~! € {0,1}. (]

5.3. The degenerate cells p | m.

Proposition 5.4. Let a € V,, o(R), i.e. let the base be 0. Then anim = a, for
every n. In particular, if p | m then every m-Bell sequence reduced modulo p is
periodic with period m, and the order-mp annihilator of Theorem 3.4 is a p-fold
redundant restatement of the order-m one.

Proof. In' ), .., (Z) 0" *ay every term with k < n carries 0”~* = 0, so the sum is
an. For an m-Bell sequence modulo p the base is m mod p, which is 0 exactly when
p | m. O

5.4. The minimality grid. This subsection reports computation, not a theorem.
For a cell (p, m) let d(p, m) be the degree of the minimal polynomial annihilating the
whole space Vi, m (Fp), computed as the least common multiple of the Berlekamp—
Massey connection polynomials of the m primitives. Theorem 3.4 says d(p,m) <
mp, and d was computed for all p € {2,3,5,7,11,13} and m < 7 with mp < 60:
dlpm) | m=1 2 3 4 5 6 7
p=2 2 2 6 4 10 6 14
p=3 3 6 3 12 15 6 21
p=>5 5 10 15 20 5 30 35
p="7T 7 14 21 28 35 42 7
p=11 11 22 33 44 55 — —
p=13 13 26 39 52 — — —

Bold entries are those with d(p,m) < mp, and they are exactly the cells with
p | m, where Proposition 5.4 explains them: d(p,m) = m there. In every other com-
puted cell the annihilator of Theorem 3.4 is minimal for the whole space. We empha-
sise that minimality is asserted here only as computed data: proving d(p, m) = mp
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in a cell requires certifying the linear independence of a, Sa, ..., S™ la for a suit-
able a, which is not part of the formal development. The half that is proved is the
non-minimality half, which has witnesses: Proposition 5.4 and the theorems below.

5.5. Deficiency of the composite. A single sequence can satisfy a shorter recur-
rence than Theorem 3.4 supplies for its space — and, on the computed evidence
of §5.4, shorter than the space itself admits. In the language of Remark 4.4, the
sequence is killed by a proper divisor of y™ — 1 in Fp[y]/(y™ — 1). The cleanest
instance holds for every prime at once.

Theorem 5.5. Let p be a prime. Then for every n > 0,
Brn) = BIDY = BEY (mod p),

n+p
a linear recurrence of degree p, where Theorem 3.4 supplies degree p(p—1) — strictly
longer as soon as p > 3. Equivalently TB®—1 = —B=1 oyer F,: the composite

is an eigenvector of the Touchard operator, killed by y + 1.

Proof. Put m = p — 1 and work over F,,, where the base is m = —1. Write a for
B(™) reduced modulo p, so a; = 1 for i < m. Also a,, = ag = 1, by the recurrence
at n = 0. For 1 < k < m the recurrence at n = k gives
Lk Lk
ik = Z ( > (—1)*a; = Z ( > (-7 = 1-1)* = o,

=0 M =0 M

using a; = 1 for j < m. Hence for i < m,
(Ta)i = aiyp — (—1)P "1 = tpy(i41) — Gis1 = 0— 1= —ay,

where (—1)P~! =1 by Fermat. Now Ta lies in V,, —1(F,) by Theorem 4.3, and so

does —a; they agree on {0, ..., m—1}, so they are equal by Proposition 2.2. Reading
(Ta), = —ayn at a general n and using (—1)P~! =1 gives ap4p = ant1 — an. O

At p = 2 Theorem 5.5 is Touchard’s congruence modulo 2. At p = 3 it says that
A007472 satisfies apt3 = an+1 — a, (mod 3), an order-3 recurrence for a sequence
whose OEIS entry records no congruence at all. At p =25 and p = 7 it accounts for
the cells (p,m) = (5,4) and (7,6) of the deficiency table below.

Theorem 5.6 (Three sporadic deficient cells). For every n > 0:
(pm) =(2,3): BY+BE, +BE, =0 (mod2);

(p.m)=(3.4): B +2BY, + B, + B, + Bilg+ By = 0 (mod 3);
(p,m) = (7,4): BY + B, +5BY + BY ., = 0 (mod 7).
These are recurrences of degree 4, 9 and 14, against the degrees 6, 12 and 28 supplied
by Theorem 3.4. In terms of the operator, the three relations say that the sequences
are killed by y> +y+ 1, 2 + 92 +y + 1 and y> + 1 respectively; the last reads
T2BW = —B@ over F;, where Theorem 3.4 gives only T* = id.

Proof. Each of the three displayed combinations is a linear combination of shifts
of a sequence which, reduced modulo p, obeys the monic order-mp recurrence of
Proposition 5.1. By Lemma 5.2 it therefore suffices to verify the combination for
n in the window 0 < n < mp, i.e. for 6, 12 and 28 values of n respectively; that
is an exhaustive evaluation of finitely many residues, and it is what the formal
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proof runs. The identification of the annihilators is the expansion of y? + y + 1,
Y +y?+y+land y? +1at y = XP — P71 X, using ¢~ = 1 in each of the three
cells. (]

Remark 5.7. Berlekamp—Massey on the composite alone, over the same grid as §5.4,
finds the following deficient cells with p 1 m; the last column is the annihilator in
Fply]/(y™ — 1). This is computed data; the rows marked x are the ones proved
above, either as instances of Theorem 5.5 or in Theorem 5.6.

(p,m) | mp degree of B(™ annihilator
(2,3)* | 6 4 v +y+1
(2,7) | 14 8 vV +yi+y+1
(3,2)*| 6 3 y+1

(3,4)* | 12 9 v+ryP+y+1
(5,4)* | 20 5 y+1

(7,4)* | 28 14 yr 41

(7,6)* | 42 7 y+1

No cell with p € {11,13} in the computed range is deficient. In every deficient cell
the annihilator is a polynomial in y dividing y™ — 1, as Remark 4.4 predicts; which
divisor occurs is not explained here.

6. PERIODS

That the Bell numbers are periodic modulo p is a consequence of (2) alone:
Hall [4] deduced from it a period dividing p? — 1, and Williams [5] that the period
divides N, = (p? — 1)/(p — 1). Theorem 3.4 forces periodicity in the same way for
every m: by Proposition 5.1 the sequence obeys a linear recurrence of order mp
over [, whose companion matrix is invertible, the coefficient of a,, being 1, so it is
purely periodic with least period dividing the order of that matrix. What the least
period actually is, is another matter; even for m = 1 the question of whether NV,
is least is open in general, though it is known to be least for all p < 126 and for
p =137,149,157,163,167,173 [8, Theorem 1.1].

We determine the least period of the composite B™) modulo p in thirteen cells.

In each case “least period T” means: p | BT(:'JZ)T — B7(,m) for every n, and for every

t with 0 < ¢ < T there is an n with p { Br(fii — B7(lm). Leastness needs no separate
divisibility argument: by Lemma 5.2, a period on the window 0 < n < mp is a
period outright, so failing on the window is failing outright.

Theorem 6.1. The least period of B{™) mod 2 is

3,1, 15, 1, 255, 1 form=1,2,3,4,5,6
respectively.
Theorem 6.2. The least period of B mod 3 is

13, 26, 1, 104, 1 form=1,2,3,4,6

respectively.
Proposition 6.3. The least period of B® mod 5 is 1.
Theorem 6.4. The least period of B mod 7 is 48 = 72 — 1.
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Proof of 6.1, 6.2, 6.3, 6.4. All four rest on exhaustive computation, and it is worth
being precise about how much. Fix a cell (p,m) and a candidate period T', and
compute the residues of Bi(m) modulo p for all i < mp + T directly from the
recurrence. Then:
e T is a period if and only if Br(:ji)T = B,(Lm) for all n < mp — mp comparisons
— by Proposition 5.1 and Lemma 5.2;
e no t with 0 < ¢t < T is a period if and only if, for each such ¢, some n < mp
has B,(:E e Bﬁ]") — at most (T — 1) mp comparisons.
So each cell is settled by at most T"-mp comparisons of residues in a prefix of length
mp+ T. The largest searches carried out are (p,m,T) = (2,5,255), a prefix of 265
residues and at most 255 x 10 = 2550 comparisons; the headline cell (7,4,48), a
prefix of 76 residues and at most 48 x 28 = 1344 comparisons; and (3,4,104), a
prefix of 116 residues and at most 104 x 12 = 1248 comparisons. For the cells with
p | m — namely (2,2),(2,4),(2,6),(3,3),(3,6),(5,5) — the value ' = 1 is also
immediate from Proposition 5.4, since the composite has all its first m values equal
to 1 and is then m-periodic, hence constant. (I

6.1. The table, and the absence of a formula. Assembling the theorems above
with cells computed but not formally verified (marked with a dagger; their windows
exceed what the formal evaluator handles at reasonable cost) gives the following.
The two entries > 2-10% record a state-vector search truncated at 2-10° steps, not
a computed period.

P ‘ N, ‘ m=1 2 3 4 5 6
2 3 3 1 15 1 255 1
3 13 13 26 1 104 332151 1
5 781 7817 15627 1220703 1562f 1 >2-1067

7| 137257 | 1372571 2745147 4117717 48 >2-108T 2745141

The row p = 7 begins N7, 2N7, 3Nz, suggesting the reading m N); that reading is
broken three times. At (5,4) the period is 2N5, not 4N5. At (2,5) it is 255 = 85Ny,
not 5N3. And at (7,4) it collapses to 48 = 72 —1, against 4N; = 549028: a factor of
more than 10%. That cell is exactly the one where the composite satisfies 72 = —1
(Theorem 5.6), so the T-stable subspace the composite generates has dimension at
most 2 rather than 4; the deficiency table and the period table are recording the
same phenomenon twice. We do not prove that either one implies the other. We
know of no formula for the least period, and none is recorded in the literature we
have searched. The m = 1 column reproduces the classical least periods N, for
p=2,3,5,7[8, Theorem 1.1].

7. VERIFICATION

Every theorem, proposition, lemma and corollary stated above has been formally
verified in Lean 4 (toolchain v4.32.0) against Mathlib; the development contains no
sorry and no additional axioms of our own. The three displayed items that are not
theorems — the minimality grid of §5.4, the deficiency table of Remark 5.7 (whose
starred rows are exactly the cells proved in Theorems 5.5 and 5.6) and the daggered
entries of the period table in §6.1 — are labelled as computed data in the text and
are outside the formal development. All of Sections 2-5, including Theorems 3.4,
3.6, 4.3, 5.5 and 5.6 and Propositions 2.2, 2.4, 5.1, 5.3 and 5.4, depends on no
axioms beyond propext, Classical.choice and Quot.sound. What is delegated
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to exhaustive evaluation is exactly the finite searches, and each is small: the seven
checks of Proposition 5.3 are one integer division each; the three cells of Theorem 5.6
are 6, 12 and 28 residue checks; and the thirteen period cells of Section 6 are the
residue comparisons counted in the proof there, at most 2550 in the largest case.
The thirteen period statements are the only ones that use compiled evaluation
(Lean’s native_decide) rather than kernel reduction.

Three independent checks were run before any proof was written. Every nu-
merical prefix printed in [1] was reproduced from the recurrence by a separate
implementation and then again inside the formal development (Proposition 2.4);
no printed value in [1] is wrong. The congruence of Theorem 3.4 was tested on
123 444 instances generated over p < 23, m < 8, with no violation, and separately
on 14 094 instances built from the OEIS b-file for A007472 over the 30 primes up to
113 — data this work did not produce — again with no violation. The least periods
of Section 6 were computed twice, by two independent implementations, before be-
ing formalised. Finally, Corollary 3.7 is proved for Mathlib’s own definition of the
Bell numbers rather than for ours, which makes it a check of the general statement
against an independently written definition.

8. QUESTIONS

Question 8.1. Which divisor of 4™ — 1 is the annihilator of the composite B(")
in Fply]/(y™ —1)? Remark 5.7 lists the deficient cells found; the question is which
cyclic submodule the all-ones initial vector generates, and it is a linear-algebra
question over F,, rather than a search.

Question 8.2. Is d(p,m) = mp whenever p { m, as §5.4 suggests?

Question 8.3. Is there a formula, or even a divisibility rule, for the least period
of B(™) mod p? The table of §6.1 shows mN,, failing in three different ways. The
primitive sequences B("") have their own least periods, of which the period of the
whole space is the least common multiple; nothing is proved about them here.

Question 8.4. Is there an m-analogue of Carlitz’s congruence modulo plk/2] 3,
§10]7 The telescoping of Lemma 3.1 expanded one order further in p is the natural
attack; we have not attempted it and have collected no data.
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