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Abstract. The kite matrix An is the n × n zero–one matrix whose (i, j)
entry is 1 exactly when i+ j ≤ n+ 1. Gross and Goedicke, constructing dou-
bly perfect functions on the discrete phase space Z2n

2 — and through them
two-unitary matrices and absolutely maximally entangled states — record as
a remark, supported by computer experiments, that the block-diagonal qua-
dratic form built from two copies of An appears to give such a function for
every n ̸≡ 1 (mod 3); Goedicke’s dissertation restates a sibling of that claim,
for a single kite of order 2n, as the only conjecture it puts forward, supported
by a search over n ∈ [500]. We prove both, in both directions and for every n.
The mechanism is that An is the reversed partial-sum operator, so the kernel
equation of An + I differences to a two-term recursion whose transfer matrix
is the signed Fibonacci matrix M =

(
1 −1
1 0

)
, and M3 = −I over every com-

mutative ring. The orbit therefore has period six, and matching it against the
closing condition leaves exactly the residues n ≡ 1, 4 (mod 6); over F2 both
are carried by the single factor An + I, and their union is n ≡ 1 (mod 3).
We also settle the same matrices over Z, where the two residues split between
the two factors of A2

n − I: det(An + I) = 0 exactly when n ≡ 4 (mod 6) and
det(An − I) = 0 exactly when n ≡ 1 (mod 6), so that det(A2

n − I) = 0 exactly
when n ≡ 1 (mod 3) over Z as well. The modulus three is thus not a feature
of characteristic two; what characteristic two does is merge the two factors.
Every theorem below is machine-checked in Lean 4.

1. Introduction

The construction. Fix d ≥ 2 and n ≥ 1 and let V = Z2n
d be a discrete phase

space. Gross and Goedicke [1] call a function λ : V → C doubly perfect when |λ| = 1
and its standard and twisted autocorrelations both equal d2nδ, that is, vanish away
from the origin; such functions are exactly the ones that make an associated matrix
Uλ of size d2n two-unitary on Cdn ⊗ Cdn , and hence produce perfect tensors and
absolutely maximally entangled states. The name is [1]’s own: it records that
Rather [5] had proposed perfectly perfect for this class — perfect functions with
no twisted autocorrelation — and opts for doubly perfect instead. The two-unitary
route these functions belong to is the one along which the AME(4, 6) state — the
thirty-six officers of the title of [1] — was found [4]. Their construction proceeds
through a quadratic ansatz. For a symmetric N ∈ Z2n×2n

d put λ(a) = τa
TNa, with

τ the root of unity fixed in [1]. Both autocorrelations then reduce to Gauss sums,
and [1] obtains a criterion that is pure linear algebra. We quote it verbatim from
v2 of the electronic preprint, from the passage immediately following the display
that introduces the quadratic ansatz:

Date: August 30, 2026.
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“If N ∈ Z2n×2n
d , both auto-correlations reduce to a character sum,

and we get the sought-for delta functions if and only if both N and
N + J have trivial kernel.”

Here J =
(

0 In
−In 0

)
is the standard symplectic form. The source then specialises

the criterion to block-diagonal N , again verbatim:

“More generally, if A,B ∈ Zn×n
2 then det

(
A I
I B

)
= det(AB− I).

Therefore, if A,B are a pair of non-singular symmetric matrices
such that AB − I is also non-singular, one obtains a suitable qua-
dratic form by taking N to be the block-diagonal matrix with A,B
on the main diagonal.”

The determinant identity is Silvester’s [3], cited as such at that point in [1]; we
have dropped its citation marker from the quotation. The order that matters for
the example below is d = 2, so that everything above is linear algebra over the field
F2, and that is the register in which the present paper works. We treat the criterion
itself as given: nothing below re-proves the passage from the F2 singularity data
to a doubly perfect function, or from there to a two-unitary matrix. Those are the
theorems of [1], and they are cited, not reproved. What we settle is the question
[1] leaves open, which is a question about matrices.

The kite matrices, and the two claims. Let R be a commutative ring. The
kite matrix of order n over R is

(1) An ∈ Rn×n, (An)ij =

{
1, i+ j ≤ n+ 1,

0, otherwise,
1 ≤ i, j ≤ n,

the all-ones region on and to the upper left of the main antidiagonal i+ j = n+ 1.
It is symmetric, and it is a Hankel matrix. The source’s example is the following
remark, quoted verbatim from the same preprint:

“As a concrete example, computer experiments indicate that the
matrices with “kite-shaped support”, Aij = Bij = 1 iff i+j ≤ n+1,
give a solution for all n not congruent to 1 modulo 3.”

Seven months after that version of the preprint appeared, the second author’s
dissertation [2] restated a sibling of the claim — for a single kite of order 2n rather
than a block-diagonal pair of kites of order n — as the only conjecture the disser-
tation puts forward as its own, prefaced by the sentence “Lacking a rigorous proof
…” and supported by a computer search over n ∈ [500]. We quote its Example 9
and the conjecture that follows it:

“Example 9. Consider 2n× 2n-matrices of the form: Nij = 1 for
i+ j ≤ 2n− 1, 0 otherwise. …A computer search showed that these
types of matrices generate doubly perfect sequences, if n is not con-
gruent to 1 mod 3, for all n ∈ [500]. …Lacking a rigorous proof that
“kite-shaped” matrices generate doubly perfect sequences for all
dimensions, one can make the following conjecture: Conjecture:
For all n not congruent to 1 mod 3, the kite-shaped 2n×2n-matrices
over Z2 generate doubly perfect sequences of length d2n.”

(The dissertation indexes from 0, so its condition i + j ≤ 2n − 1 on a matrix
of order 2n is the support (1) with n replaced by 2n; the two sources describe the
same shape. This is also the only reading that reproduces the dissertation’s own



KITE MATRICES OVER F2 3

computed answer: read with indices from 1, the matrix of Example 9 has an all-zero
last row and is singular for every n.) Thus the two claims are

(P) the preprint’s form: N = diag(An, An) is a symmetric 2n× 2n matrix over
F2 with N and N + J both nonsingular, for all n 6≡ 1 (mod 3);

(D) the dissertation’s form: the single kite N = A2n over F2 is symmetric with
N and N + J both nonsingular, for all n 6≡ 1 (mod 3).

Both were open: (P) is offered as the output of computer experiments, and (D)
is stated as a conjecture. Neither source claims a converse.

Results. We prove (P) and (D), in both directions, for every n, and we determine
the same matrices over Z.

• Characteristic two (Theorems 9, 10 and 11). Over F2, An+ I is singular
exactly when n ≡ 1 (mod 3); equivalently A2

n − I — the matrix AB − I
of the source’s own reduction, with A = B = An — is nonsingular exactly
when n 6≡ 1 (mod 3); and the full datum N = diag(An, An) asked for by
the criterion of [1] satisfies its three conditions exactly when n 6≡ 1 (mod 3).
This is (P), with its converse.

• The dissertation’s conjecture (Theorem 18). The single kite A2n over
F2 satisfies the same three conditions exactly when n 6≡ 1 (mod 3). This is
(D), with its converse. The reduction of (D) to (P) is not formal: the two
matrices are different, and Lemma 17 is what connects them.

• Over the integers (Theorems 20, 22 and 23). Over Z, det(An + I) = 0
exactly when n ≡ 4 (mod 6) and det(An − I) = 0 exactly when n ≡
1 (mod 6). Consequently det(A2

n − I) = 0 over Z exactly when n ≡ 1
(mod 3): the source’s own condition, with the source’s own modulus, over
the integers. Neither source considers the integer matrix.

The last item is what explains the modulus. The kernel recursion has a transfer
matrix whose cube is −I, so the natural period is six and the natural answer is a
pair of residues modulo 6, namely 1 and 4. Over Z the matrix A2

n − I factors as
(An−I)(An+I) and the two residues are carried one by each factor. In characteristic
two the two factors coincide, A2

n−I = (An+I)2, and the single factor An+I carries
both residues; {1, 4} mod 6 is {1} mod 3, and that is the modulus in the source’s
remark. So the congruence of [1] is not an artefact of characteristic two — what
characteristic two does is merge the factors.

What is new here, and what is not. The existence of doubly perfect functions
on Z2n

2 is not new: [1] proves, by a construction that involves no kite, that they exist
for every n > 1. Nothing below improves on that, and no absolutely maximally
entangled state is constructed here that was not already available. What is new is
the exact reach of the kite family: which n the concrete construction of [1] and [2]
does and does not cover, proved rather than sampled, and in both directions.

The linear algebra used to get there is elementary, and we say so plainly. Its
nearest relative is the folklore fact that over F2 the “Lights Out” matrix I + Pn,
with Pn the adjacency matrix of the path on n vertices, is singular exactly when
n ≡ 2 (mod 3): writing Dn = det(I + Pn) and expanding along the last row gives
Dn = Dn−1+Dn−2 over F2 with D0 = D1 = 1, so Dn = 0 exactly at n ≡ 2 (mod 3).
That runs on the same engine as the present paper: a two-term F2 recursion whose
transfer matrix has multiplicative order three. Statements of this kind belong to the
σ-automaton polynomial calculus of Sutner [6]. That the Fibonacci matrix ( 1 1

1 0 )
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has order 3 over F2 is the Pisano period π(2) = 3 and is classical. The kite shape
also occurs elsewhere without the questions asked here: Dalfó and Fiol [7] use the
anti-triangular all-ones matrix with (T )ij = 1 iff i + j ≥ n + 1 in a real spectral
analysis of pancake graphs, and make no determinant or congruence claim about
it.

The search recorded in the development’s own notes — of electronic-preprint
metadata and full texts, of a local 881,145-document preprint corpus, and of OEIS
— did not turn up the statements of Theorems 9, 20 or 22 in print; in particular
neither integer determinant sequence appears in OEIS as a matrix determinant,
although OEIS does collect F2-nullity sequences of structured matrices, for instance
[8]. That search was not exhaustive — reviewing databases such as MathSciNet
and zbMATH, journal-only combinatorial matrix theory, textbooks and problem
collections, and non-English literature were not covered — so the honest reading of
the negative is “not found written down”, not “hard”. What lifts these statements
above folklore is not their difficulty but their status: the people who own the object
searched to n ∈ [500] and published the claim as a conjecture.

2. Preliminaries

Throughout, R is a commutative ring, n ≥ 0, and An = An(R) is the kite matrix
(1). Vectors are column vectors indexed by 1, . . . , n, and for x ∈ Rn we write

Sk(x) = x1 + · · ·+ xk (0 ≤ k ≤ n), S0(x) = 0,

for its partial sums; we drop the argument and write Sk when x is clear. We write
I for an identity matrix of whatever size the context forces, and J =

(
0 In

−In 0

)
for

the standard symplectic form on a space of even dimension 2n; over F2 one has
−I = I, so there J = ( 0 I

I 0 ) is the permutation matrix of the half swap σ, where
σ(i) = i + n for 1 ≤ i ≤ n and σ(i) = i − n for n < i ≤ 2n. For matrices X,Y of
order n we write diag(X,Y ) = (X 0

0 Y ).
We use throughout the standard fact that a square matrix M over an integral

domain satisfies detM = 0 if and only if Mx = 0 for some x 6= 0; over a field
“trivial kernel” and “nonzero determinant” are therefore interchangeable, and we
use both. All congruences are between integers.

The first observation is the one the source itself makes.

Proposition 1 (Symmetry). For every commutative ring R and every n, the kite
matrix is symmetric: AT

n = An.

Proof. The defining condition i+ j ≤ n+ 1 of (1) is symmetric in i and j. □

3. The kite matrix is the reversed partial-sum operator

Everything in this paper comes out of one line.

Lemma 2. For every commutative ring R, every n, every x ∈ Rn and every
1 ≤ i ≤ n,

(Anx)i = Sn+1−i(x).

Proof. Row i of An has a 1 in column j exactly when j ≤ n+ 1− i. □
So An sends x to the reversal of its sequence of partial sums. Two consequences

are immediate.
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Proposition 3. Over every commutative ring R and for every n, the kite matrix
has trivial kernel: if Anx = 0 then x = 0. In particular detAn 6= 0 whenever R is
an integral domain.

Proof. By Lemma 2, Anx = 0 says Sk(x) = 0 for 1 ≤ k ≤ n; then xk = Sk−Sk−1 =
0 for every k. □
Proposition 4 (Determinant of the kite). Over F2, detAn = 1 for every n.

Proof. By Proposition 3 the determinant is nonzero, and F2 has only the values 0
and 1. (Over Z the determinant is ±1: reversing the order of the rows turns An

into the lower-triangular all-ones matrix.) □
Proposition 4 disposes of one of the two hypotheses in the source’s reduction:

the pair A = B = An is symmetric and nonsingular for every n, so the entire
obstruction sits in AB − I = A2

n − I. We record this as Proposition 15 below.
We turn to An + I. Let x satisfy (An + I)x = 0. By Lemma 2 this is the system

(2) Sn+1−i = −xi (1 ≤ i ≤ n).

Lemma 5 (Forward and backward steps). Let (An+I)x = 0. Then for 0 ≤ k < n,
(i) Sk+1 = Sk − Sn−k, (ii) Sn−k−1 = Sk.

Proof. (i) is (2) at i = k + 1 substituted into Sk+1 = Sk + xk+1. For (ii), apply (i)
at the index n− k − 1, which is legitimate since 0 ≤ n− k − 1 < n:

Sn−k = Sn−k−1 − Sn−(n−k−1) = Sn−k−1 − Sk+1.

Substituting (i) for Sk+1 turns the right-hand side into Sn−k−1 − Sk + Sn−k, and
cancelling Sn−k gives Sn−k−1 = Sk. □
Remark 6. Lemma 5(ii) is the step that makes the system two-term, and it is worth
saying which state it is about. The natural-looking move — pairing an entry with
the entry at the mirrored index, (xk, xn+1−k) — does not close: the kernel equation
(2) does not force xn+1−k = xk, and the “consistency” one is tempted to impose
on such a pair is a tautology and constrains nothing. The state that does close is
a partial sum paired with a partial sum counted from the far end, and (ii) is the
assertion that the second coordinate of that state is the previous value of the first.

4. The orbit

Write
(uk, wk) := (Sk, Sn−k) (0 ≤ k ≤ n), a := Sn.

Lemma 5 says exactly that

(3)
(
uk+1

wk+1

)
= M

(
uk

wk

)
, M =

(
1 −1
1 0

)
,

a signed Fibonacci transfer matrix — over F2, where −1 = 1, it is the Fibonacci
matrix ( 1 1

1 0 ) itself — with initial state (u0, w0) = (0, a). Since M3 = −I, the orbit
has period 6 and is
(4) (0, a), (−a, 0), (−a,−a), (0,−a), (a, 0), (a, a), (0, a), . . .

The system closes at k = n, where by definition (un, wn) = (Sn, S0) = (a, 0).
Matching this against (4) gives the table
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n mod 6 0 1 2 3 4 5
orbit value (0, a) (−a, 0) (−a,−a) (0,−a) (a, 0) (a, a)

forces a = 0 2a = 0 a = 0 a = 0 — a = 0

Lemma 7. Let R be a commutative ring and (An + I)x = 0, and put a = Sn(x).
(1) If n 6≡ 1 and n 6≡ 4 (mod 6), then a = 0.
(2) If n ≡ 1 (mod 6), then 2a = 0.
(3) If a = 0, then x = 0.

Proof. (1) and (2) are the last row of the table, read off (4) at the four residues
0, 2, 3, 5 and at the residue 1 respectively. For (3): if a = 0 then the whole orbit
(4) is (0, 0), so Sk = uk = 0 for every 0 ≤ k ≤ n, and differencing gives x = 0. □

Lemma 7 carries the whole argument, and it is proved once, over an arbitrary
commutative ring. Everything that follows is a matter of reading it in the ring one
wants and supplying a kernel vector at the residues it leaves open.

5. Characteristic two: the preprint’s remark

Over F2 the constraint 2a = 0 of Lemma 7(2) is vacuous, so both residues 1 and
4 modulo 6 survive. Their union is a single class modulo 3.

Definition 8. For n ≡ 1 (mod 3) let v(n) ∈ Fn
2 be the vector

v
(n)
i =

{
0, i ≡ 2 (mod 3),

1, otherwise,
i.e. v(n) = (1, 0, 1, 1, 0, 1, 1, 0, 1, . . . ).

Theorem 9 (The kite over F2). For every n, the matrix An+ I over F2 is singular
if and only if n ≡ 1 (mod 3).

Proof. (⇐) A direct computation with v = v(n) shows Sk(v) = 0 if k ≡ 0 (mod 3)
and Sk(v) = 1 otherwise; since n ≡ 1 (mod 3) one checks that Sn+1−i(v) = vi for
every i, which is (2) in characteristic two. As v1 = 1, the vector is nonzero, so
An + I is singular.

(⇒) Suppose n 6≡ 1 (mod 3), i.e. n mod 6 /∈ {1, 4}, and let (An + I)x = 0. By
Lemma 7(1), a = Sn(x) = 0, and then Lemma 7(3) gives x = 0. So the kernel is
trivial and the determinant is nonzero. □
Theorem 10 (The source’s AB− I form). For every n and A = B = An over F2,
the matrix AB − I = A2

n − I is nonsingular if and only if n 6≡ 1 (mod 3).

Proof. In characteristic two A2
n − I = (An + I)2, because the cross terms An +An

vanish and −I = I. Hence det(A2
n − I) = det(An + I)2, which is nonzero exactly

when det(An + I) is, and Theorem 9 applies. □
Theorem 10 is literally the content of the source’s remark, with the converse

added. We now assemble the datum in the form the criterion of [1] asks for, so that
no reduction is left implicit.

Theorem 11 (The preprint’s datum, decided for every n). Let An be the kite
matrix over F2 and N = diag(An, An), a matrix of order 2n, and let J be the
standard symplectic form. Then

NT = N, detN 6= 0, det(N + J) 6= 0

all hold if and only if n 6≡ 1 (mod 3).
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Proof. Symmetry of N is Proposition 1, and detN = (detAn)
2 = 1 is Proposition 4;

both hold unconditionally, so the conjunction is equivalent to its third clause. Over
F2 we have −I = I, so N + J =

(
An I
I An

)
, and since An is invertible Silvester’s

identity [3] gives det(N + J) = det(A2
n − I). Now apply Theorem 10. □

By the criterion of [1] quoted in Section 1, Theorem 11 says that λ(a) = τa
TNa

is a doubly perfect function on Z2n
2 exactly for n 6≡ 1 (mod 3): the claim of the

remark, together with the converse that the remark does not assert.

Remark 12. The excluded residue contains n = 1, and there the exclusion is forced
for a reason [1] supplies independently: for n = 1 one has det(N + J) = detN + 1,
so the criterion asks that detN and detN+1 both be coprime to d; two consecutive
integers are never both odd, so for even d — in particular for the d = 2 of Theo-
rem 11 — no symmetric N meets the criterion at n = 1. Theorem 11 is consistent
with that, and the agreement is a control we did not arrange.

Controls. The statements above are equivalences, so they are exposed to two kinds
of error: a claim that is too large (the construction works for all n) and one that
is too small (only some sub-family of the excluded n actually fails). We record the
small-n data, computed independently of Sections 3–4, and the two refutations.

Proposition 13 (Small-n certificates). For n = 1, . . . , 7, the kernel of An+ I over
F2 is trivial exactly for n = 2, 3, 5, 6; at n = 1, 4, 7 the vectors

(1), (1, 0, 1, 1), (1, 0, 1, 1, 0, 1, 1)

lie in the kernel and are nonzero. The determinant values that Theorem 9 predicts
on this range — det(An + I) = 0 for n = 1, 4, 7 and 6= 0 for n = 2, 3, 5, 6 — agree
with this table.

Proof. Exhaustive evaluation. For n = 2, 3, 5, 6 the assertion “(An+I)x = 0 implies
x = 0” is checked by evaluating a matrix–vector product at each of the 2n vectors
of Fn

2 — 4 + 8 + 32 + 64 = 108 vectors in all — and for n = 1, 4, 7 the three
exhibited vectors are checked by one product each. This is the only exhaustive
search anywhere in the paper, and it uses nothing from Sections 3–4, so it is an
independent guard against an off-by-one in the index convention of (1). □
Proposition 14 (Negative controls). (1) It is false that A2

n− I is nonsingular
over F2 for every n; it is singular at n = 4.

(2) The set of n at which the construction fails is not {1}: it contains 4.
(3) That set is not a congruence class modulo 2: the construction fails at n = 1

and succeeds at n = 3, and both are odd.

Proof. Each item is a specialisation of Theorem 9 or Theorem 10 at the named
values of n. For (3), if the failure set were {n : n ≡ r (mod 2)} then r = 1 mod 2
by the failure at n = 1, whence n = 3 would also fail, contradicting Theorem 9. □
Proposition 15 (Non-vacuity). The datum of Theorem 11 genuinely holds at
n = 2: there N = diag(A2, A2) is symmetric with N and N+J both nonsingular over
F2. Moreover detAn 6= 0 over F2 for every n, so the hypothesis “A,B nonsingular”
of the source’s reduction never fails and the whole obstruction is carried by AB− I.

Proof. The first assertion is Theorem 11 at n = 2, the second Proposition 4. □
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The last control is the sharpest, because it locates what about the kite support
is doing the work. Let Tn be the upper-triangular all-ones matrix, (Tn)ij = 1 iff
i ≤ j. The kite matrix is obtained from Tn by reversing the order of the columns,
equivalently from the lower-triangular all-ones matrix TT

n by reversing the rows:
An = RTT

n with R the antidiagonal permutation matrix. Without that reversal
there is no family at all.

Proposition 16 (The antidiagonal support is essential). Over F2, det(Tn+ I) = 0
for every n ≥ 1.

Proof. Tn + I is upper triangular and its diagonal entries are 1 + 1 = 0, so its
determinant is the product of zeros. □

So the mod-3 answer of Theorem 9 is a property of the antidiagonal support,
not of all-ones triangles in general; it cannot be an instance of a folklore statement
about triangular zero–one matrices, because the corresponding triangular family is
empty.

6. The single-kite form: the dissertation’s conjecture

The dissertation’s Example 9 is a different matrix. Where the preprint’s datum
is diag(An, An) — a block-diagonal pair of kites of order n — the dissertation’s is
the single kite A2n of order 2n. These are not the same matrix, and (D) does not
follow formally from (P). What connects them is a splitting of the kernel equation
of A2n + J into two copies of the kernel equation of An + I.

Recall that over F2 the symplectic form on F2n
2 is the permutation matrix of

i 7→ i + n (mod 2n). Write a vector x ∈ F2n
2 as a pair of halves, u = (x1, . . . , xn)

and v = (xn+1, . . . , x2n).

Lemma 17 (Half-splitting). Let x ∈ F2n
2 satisfy (A2n + J)x = 0. Then

(An + I)u = 0, and then (An + I) v = 0.

Conversely, if w ∈ Fn
2 satisfies (An+I)w = 0, then x = (0, w) satisfies (A2n+J)x =

0.

Proof. By Lemma 2 applied in size 2n, row i of (A2n+J)x = 0 reads S2n+1−i(x)+
xσ(i) = 0, with σ the half swap of Section 2. Take i = n+ k with 1 ≤ k ≤ n: then
σ(i) = k and 2n+ 1− i = n+ 1− k, so the equation is Sn+1−k(x) + xk = 0. Every
partial sum occurring here has index at most n, so it is a partial sum of u alone;
these n equations are exactly (2) for u in characteristic two, i.e. (An + I)u = 0.

Now take i = k with 1 ≤ k ≤ n: then σ(i) = n + k and the equation is
S2n+1−k(x)+xn+k = 0. Once u = 0 we have Sn+m(x) = Sm(v) for 0 ≤ m ≤ n, and
2n+ 1− k = n+ (n+ 1− k), so the equation becomes Sn+1−k(v) + vk = 0: that is
(2) for v. The converse is the same computation read backwards, with u = 0. □
Theorem 18 (The dissertation’s conjecture). Let N = A2n be the single kite matrix
of order 2n over F2 and let J be the standard symplectic form on F2n

2 . Then
NT = N, detN 6= 0, det(N + J) 6= 0

all hold if and only if n 6≡ 1 (mod 3).
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Proof. Symmetry and detN = 1 are Propositions 1 and 4 in size 2n, and hold for
every n; so again the conjunction reduces to its third clause. If n 6≡ 1 (mod 3)
and (A2n + J)x = 0, then Lemma 17 gives (An + I)u = 0 and (An + I)v = 0,
and Theorem 9 forces u = v = 0, i.e. x = 0. If n ≡ 1 (mod 3), the converse half
of Lemma 17 turns the kernel vector v(n) of Definition 8 into the nonzero vector
(0, . . . , 0, v(n)) ∈ F2n

2 in the kernel of A2n + J . □
This is the dissertation’s conjecture, with the converse it does not state. Note

that its kernel vector is explicit: n zeros followed by the pattern 1, 0, 1, 1, 0, 1, . . . .
Proposition 19 (Controls for the single-kite form). At n = 4 the vector
(0, 0, 0, 0, 1, 0, 1, 1) is a nonzero element of the kernel of A8+J ; at n = 2 the datum
of Theorem 18 holds; and it is false that det(A2n + J) 6= 0 for every n.
Proof. The first is one matrix–vector product; the second and third are Theorem 18
at n = 2 and n = 4. The exhibited vector is the one Lemma 17 predicts, namely
four zeros followed by v(4) = (1, 0, 1, 1). □

7. Over the integers: where the modulus comes from

Nothing in Sections 3–4 used the base ring, and it is worth asking what the same
argument says over Z. There 2a = 0 is not vacuous, so only one of the two residues
survives.
Theorem 20 (An + I over Z). For every n, det(An + I) = 0 over Z if and only if
n ≡ 4 (mod 6).
Proof. (⇒) Let (An + I)x = 0 over Z with x 6= 0 and n 6≡ 4 (mod 6). If n ≡ 1
(mod 6) then Lemma 7(2) gives 2a = 0, hence a = 0 in Z; otherwise Lemma 7(1)
gives a = 0 directly. Either way Lemma 7(3) forces x = 0, a contradiction.

(⇐) For n ≡ 4 (mod 6) let z(n) ∈ Zn have entries depending only on i mod 6
through the period-six pattern

z
(n)
1 , . . . , z

(n)
6 = −1, 0, 1, 1, 0,−1.

Its partial sums then depend only on k mod 6 through S0, . . . , S5 = 0,−1,−1, 0, 1, 1,
and a case check on i mod 6 shows that z(n) satisfies (2). It is nonzero, so the
determinant vanishes. □

Over F2 the answer was n ≡ 1 (mod 3), that is n ≡ 1 or 4 (mod 6). So the
base ring is not inert here: the residue n ≡ 1 (mod 6) is contributed entirely by
the 2-torsion of characteristic two.
Proposition 21 (Base-ring controls). det(A1+I) = 2 over Z. At n = 7 the matrix
An + I is singular over F2 and nonsingular over Z. More precisely, for every n the
two rings disagree — An + I singular over F2, nonsingular over Z — exactly when
n ≡ 1 (mod 6).
Proof. The first is a 1×1 determinant. The rest is Theorem 9 against Theorem 20:
{n ≡ 1 (3)} \ {n ≡ 4 (6)} = {n ≡ 1 (6)}. □

It is tempting to conclude from Proposition 21 that the modulus 3 of the source’s
remark is a characteristic-two phenomenon. That conclusion is false, and the reason
is that the source’s condition is on A2

n − I, not on An + I. Over F2 the two are
related by A2

n−I = (An+I)2; over Z the factorisation is A2
n−I = (An−I)(An+I)

instead, and the residue that An + I loses is picked up by the other factor.
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Theorem 22 (An − I over Z). For every n, det(An − I) = 0 over Z if and only if
n ≡ 1 (mod 6).

Proof. The same calculation with the other sign. If (An − I)x = 0 then Lemma 2
gives Sn+1−i = xi, whence Sk+1 = Sk + Sn−k and, by the same double application
as in Lemma 5, Sn−k−1 = −Sk. So (uk, wk) = (Sk, Sn−k) is transported by M ′ =(

1 1
−1 0

)
, which again satisfies M ′3 = −I; the orbit of (0, a) is

(0, a), (a, 0), (a,−a), (0,−a), (−a, 0), (−a, a), (0, a), . . .

and closing at (un, wn) = (a, 0) leaves a free at n ≡ 1 (mod 6), forces 2a = 0 at
n ≡ 4 (mod 6), and forces a = 0 at the other four residues — the mirror image of
the table in Section 4. Over Z, 2a = 0 gives a = 0; and a = 0 collapses the orbit,
so all partial sums vanish and x = 0. Hence the kernel is trivial away from n ≡ 1
(mod 6). At n ≡ 1 (mod 6) the vector whose entries follow the period-six pattern
1, 0,−1,−1, 0, 1, with partial sums 0, 1, 1, 0,−1,−1, is a nonzero kernel vector. □
Theorem 23 (The source’s condition over Z). For every n, det(A2

n − I) = 0 over
Z if and only if n ≡ 1 (mod 3).

Proof. Over Z one has A2
n − I = (An − I)(An + I), so the determinant vanishes

exactly when one of the two factor determinants does; by Theorems 20 and 22 that
happens exactly when n ≡ 4 (mod 6) or n ≡ 1 (mod 6), i.e. exactly when n ≡ 1
(mod 3). □

So the source’s own condition holds over Z with the same modulus, and the
modulus 3 is a period-six phenomenon read modulo the two factors, not an artefact
of characteristic two. What characteristic two does is merge the two factors into
one.

Proposition 24 (Controls for the two integer factors). No n makes both det(An−I)
and det(An+ I) vanish over Z; each vanishes somewhere, at n = 1 for the first and
n = 4 for the second; and det(A2 − I) 6= 0, so neither factor is identically singular.

Proof. The residue classes 1 and 4 modulo 6 of Theorems 22 and 20 are disjoint,
and 2 6≡ 1 (mod 6). □

In particular the integer determinant of A2
n − I never has a double zero: its two

residue classes come one from each factor.

Remark 25 (Numerical data outside the formal development). The following compu-
tations were run as a check and are not part of the machine verification of Section 8;
we report them as measurements only.

(1) The full criterion, not the reduction. Before any of the above was proved,
a Gaussian elimination over F2 was run on the full matrices N and N + J
of order 2n — with N = diag(An, An) and J the symplectic form, not
on the reduced A2

n − I — for n = 1, . . . , 60. The datum fails exactly at
n ≡ 1 (mod 3), the nullity of N + J at each failure is exactly 1, and the
answer agrees at every n with det(A2

n − I) 6= 0, so Silvester’s reduction
is confirmed numerically as well as invoked. The same run confirms the
kernel vectors of Definition 8 at n = 1, 4, 7, 10, 13. An independent re-
implementation reproduced detAn = 1, the singularity set, the nullity and
the kernel vectors for n ≤ 40. The single-kite form of Section 6 was gated
the same way for n ≤ 40.
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(2) The integer determinants. By exact rational elimination, for n = 1, . . . , 20,
det(An + I) = 2, 1, 1, 0,−1,−1,−2,−1,−1, 0, 1, 1, 2, 1, 1, 0,−1,−1,−2,−1

and
det(An − I) = 0,−1, 1,−2, 1,−1, 0, 1,−1, 2,−1, 1, 0,−1, 1,−2, 1,−1, 0, 1.

Both appear to have period 12, with det(An+6 + I) = − det(An + I), and
each takes the value ±2 exactly at the residue where the other factor van-
ishes. Only the vanishing sets are proved (Theorems 20 and 22); the closed
forms are not.

(3) Odd characteristic. Since the entries of both determinant sequences above
lie in {0,±1,±2} as far as they were computed, an odd prime p divides
det(A2

n − I) only when a factor vanishes over Z; measurements for p = 3, 5
and n ≤ 16 agree with the conclusion that Theorem 23 holds verbatim over
Fp for every odd p. That statement is not proved here: it needs the closed
forms of item (2).

8. Verification

Every numbered statement above, other than the two remarks, has been for-
malised and machine-checked in Lean 4 against Mathlib, and the checks are repro-
ducible from the accompanying development; repository reference to be added at
submission. The development defines the kite matrix by (1) (indexed from zero,
so the support condition reads i + j < n), the partial-sum operator, the orbit of
Section 4 and the symplectic form in both of its guises, and proves Lemmas 2, 5
and 7 over an arbitrary commutative ring, so that the characteristic-two and in-
teger theorems are two readings of one argument rather than two arguments. No
statement in the development mentions a quantum state, a two-unitary matrix or
a doubly perfect function: the criterion of [1] that converts Theorems 11 and 18
into statements about Z2n

2 is cited and is the one imported fact, recorded as such in
the development’s own documentation. There is no search in any general theorem:
Theorems 9, 10, 11, 18, 20, 22 and 23 are proofs, general in n. The only exhaus-
tive computation inside the development is Proposition 13, whose four universally
quantified clauses range over all 2n vectors of Fn

2 for n ≤ 7 and are discharged by
kernel reduction, together with the finitely many matrix–vector products of Propo-
sitions 13, 14, 15, 21, 19 and 24; all of these are kernel computations, and the
development uses no compiled-evaluation tactic anywhere, so it introduces no eval-
uation axiom. An audit of the axiom set of every statement above returns exactly
propositional extensionality, the axiom of choice and quotient soundness, and in
particular no incomplete proof. The measurements of Remark 25 are outside this
development and are reported as measurements.

9. Open questions

(1) The exact integer determinants. Remark 25(2) measures det(An + I) over
Z as a period-12 sequence and det(An−I) as its mirror. Only the vanishing
sets are proved. A closed form should follow from the same transfer-matrix
computation carried with the determinant rather than the kernel, and it
would settle item (2) below.
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(2) Odd characteristic. Does Theorem 23 hold over Fp for every odd prime p?
Remark 25(3) says yes as far as it was measured, and the argument needs
only the divisibility statement that the closed forms of item (1) would
supply.

(3) Other Hankel supports. Proposition 16 shows that the reversal is what
makes the kite family nonempty. For which zero–one Hankel supports is
A + I nonsingular over F2 for a positive density of n? The kite achieves
density 2/3; we do not know what the maximum is, or whether density 1
is attainable by a nondegenerate family.

(4) The source’s own open problem. The constructions of [1] give complex
Hadamard two-unitaries of every order d except those of the form d = 2d1
with d1 “neither divisible by 2 nor by 3” — equivalently gcd(d1, 6) = 1
— and for those [1] writes that “it seems plausible that doubly perfect
functions also exist for these orders, and we leave their construction as an
open problem”. The smallest such order at which a two-unitary exists at
all is d = 10; the only smaller one, d = 2, is ruled out because there is
no two-unitary on C2 ⊗ C2, as [1] itself notes. Nothing here bears on the
problem, and by Remark 12 the quadratic ansatz cannot supply the answer
at n = 1, so a different construction is needed.
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