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ABSTRACT. For a multi-label problem with s labels the instance-wise Jaccard loss is the 2% x 2%
matrix L7 = U — S whose score entries are Sy, g = Jac(A, B) = |ANB|/|AUB|, with Jac(@,0) =
1. Zhang, and independently Dewasurendra, have recently proved rank S = rank L72¢ = 25,
affdim L92¢ = 2% — 1 and 2°~! < CCdim(L72°) < 2% — 1, both by the feasible-subspace lower
bound of Ramaswamy and Agarwal, and both leave the remaining factor of two open. We show
that the gap cannot be closed from below by that method. First, we determine every distribution
at which all 2° Jaccard reports are Bayes-optimal: there is exactly one, the uniform distribution
p* on the s + 1 outcomes 0, {1},..., {s}, for every s. Since its support holds only s + 1 of the 25
outcomes, the other Ramaswamy—Agarwal lower bound — the one that would give 2% — 2 — is
unavailable at every s > 2, and the best value their feasible-subspace theorem can produce is at
most 2% — 2. Second, an exhaustive exact search computes that best value outright at the three
smallest label counts: it is 2,4,8 at s = 2, 3,4, that is, exactly the published lower bound 251,
and exactly 2571 — 1 at s = 2,3 under the alternative convention Jac((},)) = 0. So at those
label counts the surviving factor of two is a property of the method and not of the witness: the
published witness is optimal for it. This is the opposite of what happens for the sibling F; loss. We
also re-verify the rank formula at s < 4, its one-entry perturbation at s = 2,3, and the published
witness at s = 2,3, from explicit integer certificates. All the finite content is machine-checked in
Lean 4; Section 7 says exactly what is and what is not formalised.

1. INTRODUCTION

The objects. Fix s > 1 labels. In multi-label classification an outcome and a report are both

subsets of [s] = {1,...,s}, so both range over the set Y = 2[5 of size N = 2°. The instance-wise
Jaccard score — intersection over union — of the report B against the outcome A is

|AN B

——— AUB#0,
(1) Jac(A,B) = { [AUB| 7

1, A=B=10,

and the Jaccard loss is £(A, B) = 1 — Jac(4, B). Collecting these gives the 2° x 2° score matrix S
with Sa p = Jac(4, B), the all-ones matrix U = 117 and the Jaccard loss matrix

L =L =U-8§, so L-U=-5.

Following Ramaswamy and Agarwal [3], the column-affine dimension of a matrix M is
affdim M = rank H{} -1,

the dimension of the affine hull of its columns. Their convez calibration dimension CCdim(L) [3,
Definition 10] is the least d for which there are a convex set C C R, a surrogate ¢ : C — Rf
with convex coordinates and a link from C to the reports that is L-calibrated. It is the number of
real-valued functions a consistent convex surrogate method must learn, and it is the quantity this
paper is about.
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The sources and what they leave open. Zhang [1] determines the rank of the Jaccard matrices
exactly. Its Theorem 4.2 states that for every s > 1,

(2) rank S = rank(L —U) = rankL = 27 affdim L = 2° -1,
with a complete proof in its appendix: its Lemma 4.1 writes the nonempty block K = Sy, y asa

MinHash Gram matrix and uses Boolean Md&bius inversion to show that it is positive definite. With
[3, Theorem 12], which bounds CCdim(L) by affdim L, this gives its Corollary 4.3,

(3) CCdim(L7*) < 2% — 1.
Its Theorem 5.2 is the matching exponential lower bound: for every s > 1,
(4) 2871 < CCdim(L7*°) < 2°—1,  hence  CCdim(L’*) = 0(2%),

proved by applying the feasible-subspace theorem [3, Theorem 16] at a factorially weighted witness
recalled in Section 5. Its Remark 5.3 then opens, verbatim: “The bounds in (7) differ by less
than a factor of two. Determining the exact convexr calibration dimension, or improving either
constant, remains open.” Its equation (7) is (4) above. A concurrent and independent manuscript
of Dewasurendra [2] proves the same two statements — its Proposition 2 gives rank S = rank L = 2°
and affdim L = 2° — 1, and its Theorem 5 is (4) — by the same route through [3, Theorem 16] with
the same factorial witness, and leaves the same gap. Numbered results of [1], [2] and [3] always carry
their citation below; an unqualified number is this paper’s own.

Both sources also record what happens under the competing convention Jac((), #) = 0; write S ©)
and L(® = U — SO for the matrices it produces. Then [1, Remark 4.4] states

(5) rank S©© = rank(L©® —U) = 2° -1, rank L(® = 23, affdim L(®) = 25 —1,
and [1, Remark 5.4], like [2, Appendix G], gives 2°~! — 1 < CCdim(L(®) < 2% — 1.

What this paper settles. The lower halves of (4) and of its convention variant are both instances
of a single tool, the feasible-subspace bound [3, Theorem 16]: for a probability vector p and a
Bayes-optimal report By at p,

(6) CCdim(L) > |pllo — nay (p) =1,

where p is the dimension of the feasible subspace of the trigger set qu at p. Section 2 recalls that
the right-hand side of (6) depends on p only through the pair (supp p, opt;, (p)), so the best bound
the theorem can give for a fixed L is a finite quantity, which we call fsd(L). Everything below is
about that quantity for the Jaccard loss. We do not decide CCdim(L’2¢); we decide the method.

e There is exactly one all-tied distribution, for every s (Theorem 4.2). The uniform
distribution p* on the s+ 1 outcomes (J, {1},...,{s} makes all 2° reports Bayes-optimal at
the common risk s/(s+ 1), and it is the only probability vector on Y that does. Its support
has s + 1 elements, so for s > 2 it is not of full support.

e Hence the other Ramaswamy—Agarwal lower bound is unavailable at every s > 2
(Corollary 4.3). Their Theorem 18 concludes CCdim(L) > affdim L — 1 — here 2° — 2,
which would nearly close (4) — from a distribution of full support at which every report
ties. No such distribution exists for the Jaccard loss when s > 2. In particular the uniform
distribution on )Y does not tie the reports, which is where Jaccard parts company with the
0-1 loss of [3, Example 11].

e Hence also fsd(L}*) < 2° — 2 for every s > 2 (Corollary 4.4): the route through (6) can
never certify the upper bound (3), whatever witness is used.

e At the three smallest label counts the exact value of fsd is the published lower
bound (Section 6). An exhaustive exact-rational search gives fsd(L32¢) = 2, fsd(L32¢) = 4
and fsd(L*) = 8, that is exactly 2°~!; and fsd(LéO)) =1, fsd(LéO)) = 3, exactly 2571 — 1.
Each value is attained by the source’s own witness — that of [1, Theorem 5.2], and its [1,
Remark 5.4] variant under the alternative convention. So at s = 2, 3,4 the surviving factor
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of two in (4) is a property of the method, not a weakness of the witness, and improving the
lower constant needs an idea outside [3, Theorem 16].

e The published facts are re-verified from explicit certificates (Sections 3 and 5): (2)
at s = 1,2,3,4, (5) at s = 2,3, the witness of [1, Theorem 5.2] at s = 2,3 with its exact
Bayes set and g = 0, and [3, Example 11] at n = 4 as a literature control. These are not
new mathematics; they are the machine-checked base the new statements sit on, and they
are stated here because Section 7 has to say precisely what was checked.

The contrast with F;. The same programme was carried out for the instance-wise F} loss, whose
calibration dimension is quadratic rather than exponential [4, 5], in the companion manuscript [6].
There the exhaustive search beat the source’s own witness: at three labels fsd(Li') = 3 while [4,
Theorem 5.1] evaluates to 2, so the published lower bound was not the ceiling of the method and
could be improved inside it. Here the outcome is the opposite one, and it is worth stating plainly:
for Jaccard at s = 2, 3,4 nothing is left to gain. The published constant 2°~! is already the largest
number [3, Theorem 16] can return, so the contribution of this paper on the lower-bound side
is a negative result about the method together with the exact values that prove it, and not an
improvement of (4).

2. PRELIMINARIES

Write Ay = {p € RY : 1Tp = 1} for the probability simplex on Y, suppp = {4 : pa > 0}
and ||p|lo = |suppp|. The conditional risk of the report B under p is p' L. 5, the Bayes-optimal set
is opt; (p) = argmingey p' L. g, and the trigger set of a report B is Q5 = {p € Ay : p"L.p <
p'L.g VB' € Y}. For p € Q, ug(p) is the dimension of the largest linear subspace of feasible
directions of @ at p [3, Definition 14], and [3, Lemma 15] computes it as the nullity of the matrix of
the constraints active at p.

We say that p € Ay is all-tied for L when opt; (p) = Y, that is when every report has the same
conditional risk. Two lower bounds of [3] are in play. The feasible-subspace bound (6) is [3, Theo-
rem 16]. The other is [3, Theorem 18], quoted verbatim: “Let L € Rf_x’“. If 3p € relint(A,,), c € Ry
such that pT¢; = ¢ Vt € [k], then CCdim(L) > affdim(L) — 1.” Tts hypothesis is precisely an all-tied
distribution of full support; [3, Corollary 19] supplies one — the uniform distribution — whenever
the columns of L are permutations of one another. The 0-1 loss is the model case: its columns
are permutations of one another, the uniform distribution ties every report, and [3, Example 11|
evaluates (6) at it directly (= 0 by their Lemma 15 and ||p|lo = n) to get CCdim(L%!) > n — 1,
hence with their Lemma 11 the exact value CCdim(L%!) = n — 1 — the one exact value that circle
of ideas computes by this route, and the configuration [3, Theorem 18] later packages in general.

Writing out [3, Lemma 15] at a point p of a trigger set makes the right-hand side of (6) explicit.
At p € ng the active constraints are the nonnegativities off supp p, the ties B € opt; (p) and the
normalisation, so with T = supp p,

pay, (p) = [T —rank({1r} U{(L.p = L.p,)|r : B € opty(p)}).

Since pr is orthogonal to every active difference while pl.17 = 1, that rank is one more than the
dimension of the span of the differences, and therefore

Proposition 2.1. For p € Ay and By € opt;(p), the right-hand side of (6) equals

val(p) = affdim{ L. glsuppp : B € opt;(p)},
which depends on p only through the pair (suppp,opt;(p)). Moreover val(p) < |lpllo — 1 and
val(p) < [opty (p)| — 1.

Proof. The displayed identity is the computation above. A family of m points has affine dimension
at most m — 1, which gives val(p) < |opt;(p)| — 1; and val(p) = ||pllo — # — 1 < ||pllo — 1 because
w>0. |
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Proposition 2.1 is a reformulation of [3, Lemma 15] and is not claimed as new; it is stated because
it turns “the best bound (6) can give” into a finite maximum.

Definition 2.2. The feasible-subspace value of a loss matrix L is fsd(L) = max,ea, val(p), the
largest lower bound on CCdim(L) obtainable from [3, Theorem 16].

By Proposition 2.1 the maximum ranges over the finitely many pairs (supp p,opt; (p)) that are
realised by some p, so fsd(L) is computable; and CCdim(L) > fsd(L) always, since every val(p) is a
lower bound on CCdim(L). For the 0-1 loss, [3, Example 11] both proves CCdim(L%?!) = n — 1 and
attains n — 1 by this route, so fsd(L%!) =n — 1 as well: there the method is exact.

3. THE RANK OF THE JACCARD MATRICES, FROM INTEGER CERTIFICATES

The rank statement (2) is proved for every s in [1, Theorem 4.2] and again in [2, Proposition 2].
What is added here is a finite certificate at each small s, checked by a proof kernel rather than by
floating-point or symbolic software; it is the base on which the witness computations of Section 5

rest, and it fixes the matrices themselves — entry by entry, over Q, from (1) — as the objects
everything else refers to.
The device is elementary. Every denominator |A U B] in (1) is at most s, so A = lem(1,...,s)

clears all of them at once and AS is an integer matrix (A = 1,2,6,12 for s = 1,2,3,4, and the
entries of AS never exceed A). Rank is invariant under the nonzero scaling, so it suffices to bound
the rank of an integer matrix M from below, and for that we use a reduction read modulo a prime:
if XMY =1+ pW over Z for integer matrices X,Y, W of size r, then det(XMY) =1 (mod p), so
det(XMY') # 0 and rank M > r. Here p = 1000003, and the certificates are small: across all the
certificates of this section every entry of Y is a residue below p and every entry of W lies between
0 and 96, where the adjugate route would need determinant-sized integers. When r is the width of
M, the width already caps the rank from above, so a single certificate settles it; that is the case
for all the matrices of Theorem 3.1, which are nonsingular. The one rank-deficient matrix below, in
Theorem 3.2, needs an explicit factorisation for the upper bound as well.

Theorem 3.1 ([1, Theorem 4.2], certified at s < 4). For s =1,2,3,4,
rank S = rank L = rank(L —U) = 2° and affdimL = 2° — 1.
Moreover rank(L — U) = rank S for every s, because L — U = —S8S.

Proof sketch. The last sentence is the identity L—U = —S, recorded in [1] just after its equation (2),
and holds for all s with no computation. For the rest: for each s < 4 one exhibits explicit integer
matrices Y, W with (AS)Y = I 4 1000003 W, which forces rank S > 2° and the width gives the
reverse inequality; the same for AL. For the affine dimension, deleting the appended all-ones row
is a left multiplication, so rank L < rank[lLT] <rank L + 1, and rank L. = 2° = N already fills the
width, whence affdim L = N — 1 with no second certificate. Every step is a finite identity between
explicit rational matrices and is machine-checked; no numerical evaluation enters. ([l

The one-entry perturbation of (5) is a useful control on that: it shows that the rank statement
really is about the matrix defined by (1) and is not convention-free.

Theorem 3.2 ([1, Remark 4.4], certified at s = 2,3). For s = 2 and s = 3, changing the single
entry Jac(0,0) from 1 to O gives

rank (0 = 25 — 1 # rank S, rank L(®) = 2% affdimL©® = 2° — 1.

Proof sketch. rank L(®) and affdim L(®) are certified exactly as in Theorem 3.1. For rank §(®) =251
both directions are needed: an explicit factorisation AS(®) = AB through Z? ~! caps the rank, and
a mod-p reduction of size 2° — 1 floors it. The inequality rank S(©) # rank S is then read off against
Theorem 3.1. O
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4. THE UNIQUE ALL-TIED DISTRIBUTION

Let p* € An be the uniform distribution on the s + 1 outcomes of size at most one:

’ |A| S 17
0, |A| > 2.
The proof of [1, Theorem 4.2] uses the identity
(7) Z Jac(A,{j}) =1 for every nonempty A C [s],

j=1

which holds because the j-th term is 1/|A| when j € A and 0 otherwise (the rank proof of [2,
Proposition 2] goes through the matrix determinant lemma instead and does not state it). One step
from (7) gives the following; neither source states it, and it is recorded here as the configuration
that [3, Theorem 18] asks for, not as a new result.

Lemma 4.1. For every s > 1 and every report B € ), the Jaccard score of B at p* is 1/(s + 1),
so every one of the 2° reports has conditional risk s/(s + 1) and opt; (p*) = Y. In particular p* is
all-tied.

Proof. The score of B at p* is (Jac(0, B) + 325 Jac({7}, B))/(s+1). If B =0 the bracket is 1+0,
since (1) gives Jac({j},0) = 0. If B # 0 then Jac(, B) = 0, and Jac is symmetric, so the sum is
>_;Jac(B,{j}) =1 by (7) applied to the nonempty set B; the bracket is 0+ 1. Either way the score
is1/(s+1) and the riskis 1 —1/(s+ 1) = s/(s + 1). O

The converse is the first new statement of the paper, and it is what makes the negative results
possible. It holds for every s, with no computation at any particular s.

Theorem 4.2. Let s > 1 and let p € Ay be all-tied for the Jaccard loss, that isp >0, Y ,pa =1,
and all 2° reports have the same conditional risk. Then p = p*.

Proof. Write f(B) =3 4 pa Jac(A, B) for the conditional score of B. Since ) , pa(1—Jac(A, B)) =
1 — f(B), the reports all tie in risk exactly when they all tie in score; let ¢ be that common score.
Three probe reports suffice.

(i) B =10. By (1) the empty report scores 0 against every nonempty outcome and 1 against ), so
c=f(0) = py.

(ii) the s singleton reports. Summing and exchanging the order of summation, >, f({j}) =
>oaba Zj Jac(A,{j}) = 1 —py by (7), the empty outcome contributing 0. The left side is sc, so
sc=1—cand

1
s+1°

(iti) B = [s]. Here Jac(A,[s]) = |A|/s, so f([s]) = 1>, palA| = ¢, that is >, palA| = sc =
1 —py =3 449 Pa- Every nonempty outcome has [A[ > 1, so this is the equality case of a term-by-
term inequality: it forces p4 = 0 whenever |A| > 2.

The support therefore lies in {0} U {{1},...,{s}}, and on that set f({j}) = py;; because a
singleton report scores 1 against itself and 0 against the other outcomes of the support. Hence
pgjy = c=1/(s+1) for every j, and with (i) this is p*. O

¢c=py =

Corollary 4.3. For every s > 2 there is no all-tied distribution of full support for the Jaccard loss:
any all-tied p gives the outcome [s| mass 0. In particular the uniform distribution on all 2° outcomes
is not all-tied, so the columns of L% are not permutations of one another. Consequently, at every
s > 2, the hypothesis of [3, Theorem 18] fails for L’, and so does the (different) hypothesis of [3,
Corollary 19]; the bound CCdim(L’2¢) > affdim L7 — 1 = 2% — 2, with affdim L7 = 25 — 1 from
[1, Theorem 4.2], s not available by that route.
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Proof. By Theorem 4.2 an all-tied p equals p*, and pf‘s] = 0 because |[s]| = s > 2. The uniform

distribution on ) gives [s] positive mass, so it is not all-tied; and if the columns of L’ were
permutations of one another, the uniform distribution would tie all reports. Theorem 18 of [3]
asks exactly for a full-support all-tied point, which Theorem 4.2 rules out; its Corollary 19 asks for
permuted columns, which the previous sentence rules out. O

Corollary 4.3 is exactly the point at which the Jaccard loss separates from the 0-1 loss: the
columns of L%! are permutations of one another, the uniform distribution ties every report, and
[3, Example 11] gets the exact value out of (6) evaluated at that full-support all-tied point — the
configuration [3, Theorem 18] describes in general. Neither [1] nor [2] discusses this route, an all-tied
distribution, or how large (6) can be for their loss. (The full-support witness of [2, Lemma 4] is
not a counterexample to Theorem 4.2: it interiorises the factorial witness to full support, but only
2571 4+ 1 of the 2° reports are Bayes-optimal there, not all of them.)

The same two facts also cap the other route, and this is the sharper consequence.

Corollary 4.4. For every s > 2, fsd(L}*) < 2% — 2. The feasible-subspace bound (6) can therefore
never certify the upper bound CCdim(L"2¢) < 2% — 1 of (3), at any s > 2 and from any witness.

Proof. Let p € An. By Proposition 2.1, val(p) < |opt;(p)] — 1, so val(p) > 2% — 1 would force
|opt, (p)| > 2%, that is opt; (p) = Y and p all-tied, hence p = p* by Theorem 4.2. But ||p*|lo = s+1,
so val(p*) < s < 2% — 2 for s > 2, again by Proposition 2.1. Every other p has |opt; (p)| < 2% —1
and hence val(p) < 2% — 2. O

Remark 4.5. The bound val(p*) < s of the proof is attained: an exact computation of
affdim{L. glsupppr : B € YV} gives val(p*) = s for s = 1,...,7. So the configuration [3, The-
orem 18] asks for is, for the Jaccard loss, not merely unavailable but exponentially worse than the
factorial witness of [1, Theorem 5.2], which reaches 2°~1. This is a computation outside the formal
development (Section 7).

5. THE PUBLISHED WITNESS, AND THE 0-1 CONTROL

The lower half of (4) is obtained in [1, Theorem 5.2] as follows. Fix the core label 1, put
O =[s]\{1} and U = {{1}UD : D C O}, a family of 2°~! outcomes. Let ¢ give {1} U D mass
proportional to 1/|D|!; the factorial balancing identity [1, Lemma 5.1] makes all 2°~! reports in U
tie under ¢ at a common score k, and every nonempty report omitting the label 1 is improved by
adding it, because every outcome in U contains 1. Mixing ¢ with the point mass at () with weights
1/(1 4+ k) and /(1 + k) makes the empty report tie as well, so the support and the Bayes-optimal
set are both A = {0} UU, of size 2°~! + 1. The active score submatrix is diag(1, Sy /), nonsingular
by [1, Lemma 4.1], so = 0 and (6) returns |A| — 1 =251,

At the two smallest label counts that construction is the following pair of explicit rational distri-
butions, and the finite content of the application — which reports tie, which are strictly worse, and
the nullity of the active-constraint matrix — is certified.

Theorem 5.1 ([1, Theorem 5.2, certified at s = 2,3). Let s =2 and p = £(3,2,0,2) in the order
0,{1},{2},{1,2}. Then p € Ay with suppp = opty(p) = {0,{1},{1,2}}: those three reports have
risk 4/7 and the remaining report {2} has risk 6/7. The matriz of the constraints active at p s
nonsingular, so p =0 and (6) gives ||pllo —p—1=3-0—1=2=25"1

Let s =3 and p = 3;(13,6,0,6,0,6,0,3) in the order 0, {1},{2},{1,2}, {3}, {1,3},{2,3},{1,2,3}.
Then p € As with suppp = opt(p) = {0,{1},{1,2},{1,3},{1,2,3}}: those five reports have risk
21/34, while {2}, {3} and {2,3} have risks 15/17, 15/17 and 14/17. Again the active-constraint
matriz is nonsingular, so p =0 and (6) gives 5 —0—1=4=25"1

Proof sketch. The risks are exact rational identities: multiplying through by A and by the denomi-
nator of p turns each of them into an integer computation, and the equalities and strict inequalities
above are then decided over Z. The nullity is p = N — rank(active matrix) by [3, Lemma 15], and
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the rank of the active matrix is N by one mod-p certificate as in Section 3 (4 x 4 at s =2, 8 x 8 at
s = 3). The passage from |[|pllo — p — 1 to a bound on CCdim is [3, Theorem 16], quoted and not
reproved. O

Theorem 5.2 ([3, Example 11], reproduced at n = 4). For the 4-class 0-1 loss the uniform dis-
tribution has full support, ties all four reports at risk 3/4, and has a nonsingular active-constraint
matriz. So =0 and (6) returns 4—0—1 = 3 = n—1, which is the exact value CCdim(L%1) =n—1
of [3, Example 11].

Theorem 5.2 is a control in two directions at once. It shows that the machinery of Theorem 5.1
reproduces the one published exact value obtainable by this route; and it is the configuration that
Corollary 4.3 shows to be unavailable for Jaccard, so it makes visible what the Jaccard loss lacks.

6. THE EXACT VALUE OF THE METHOD, BY EXHAUSTIVE SEARCH

Definition 2.2 makes fsd(L) a finite maximum, so at small s it can be computed outright. Doing
so answers a question neither [1] nor [2] raises: is their witness the best one for their method?

What was run. By Proposition 2.1 it is enough to enumerate pairs (T, B) of a candidate support
and a candidate Bayes set, evaluate affdim{L. g|r : B € B} exactly over Q, sort by that value, and
test each pair from the top for strict realisability: is there p € Ay with suppp = T exactly and
opty(p) = B exactly? That test is a linear program — maximise a slack § subject to Y ,.p = 1,
ties on B, pa > 6§ on T and risk gap > § off B — and it was solved in exact rational arithmetic by
a two-phase simplex with Bland’s rule written from scratch for this purpose, so no floating-point
comparison enters any of the numbers below. The first realisable pair encountered gives the value;
the pairs above it, all infeasible, certify that nothing larger occurs.

At s = 4 the direct enumeration is out of reach: 2'6 x 216 ~ 4.3 x 10° pairs. It was replaced
by a search over tie sets alone. For any B C opt,(p) the relaxed polytope P(B) = {p € Ay :
ties on B, risk gaps > 0 off B} contains p, so supp p lies inside the largest support Tiax(B) attainable
in P(B), which is computed by an incremental exact LP (repeatedly maximise the mass outside the
support found so far; a zero optimum certifies that those coordinates vanish on all of P(B)), two to
four LPs per set. A value above 8 forces |opt (p)| > 10, so by monotonicity of Tiax it suffices to

run every one of the (}g) = 8008 ten-element tie sets.

What came out.

loss fsd  published bound how the upper half was settled

Le 2 25-T =2 1 pair above the value, infeasible
Li 4 4 all 1288 pairs of value > 5 infeasible
Lja¢ 8 8 support collapse, 8 008 tie sets

Léo) 1 2571 —1=1 24 pairs, all infeasible

Léo) 3 3 8 127 pairs, all infeasible

Ly, 0 ¢ suppp 1 — 5 pairs, all infeasible

L3>, ) ¢ suppp 3 — 2652 pairs, all infeasible

LY n=345 n-1 [3, Ex. 11] control

L, h 2,3 6] cross-check

The last two rows are controls, run with the same code before the Jaccard rows were believed: the
search reproduces the published exact value fsd(L%!) =n — 1 of [3, Example 11] at n = 3,4,5, and
it reproduces the independently obtained F; values of [6] at s = 2,3. Every attained value in the
table is realised by the witness of [1, Theorem 5.2] itself: the mixed factorial witness of Section 5 has
val = 2571 (checked at s = 1,...,5), and the same witness without the empty-outcome mixture —
q alone, supported on U« — has ||¢|lo = |opt (¢)| = 2°~! and val = 2°~! — 1 under both conventions
(checked at s = 2,...,5), which is what the four middle rows report.
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Two readings. First, at s = 2,3,4 the published lower bound 2°7! is exactly fsd(LJ°): the
factor-of-two gap in (4) is a property of [3, Theorem 16], not a weakness of the witness. Under
the alternative convention the published 2°~! — 1 is likewise exactly the ceiling at s = 2, 3; so the
convention shifts the bound and the ceiling by the same 1 and nothing is left over. Second, together
with Corollary 4.4 — which is a statement for all s — this says that at s = 2, 3,4 the lower half of
(4) cannot be improved without leaving the method, and that at every s > 2 the upper half cannot
be met by it at all.

Remark 6.1 (measured, not proved). The s = 4 sweep produced a stronger fact than it needed. At
s = 3 and s = 4, every tie set of size 2°7! + 2 collapses the attainable support onto supp p*: all
28 six-element tie sets at s = 3 give |Tmax| = 4, and all 8008 ten-element tie sets at s = 4 give
|Tinax| = 5, with the histogram of |Ti,.x| concentrated on the single value in each case. This is what
makes the s = 4 computation affordable at all. If it holds for every s then, with val < |opt|—1, it
gives fsd(LJ2¢) = 251 for every s. That general statement is a conjecture here, not a result.

Remark 6.2 (the standing of Section 6). Everything in this section is exact: integer and rational
arithmetic throughout, no floating point, and every “no larger value exists” claim is a finite list
of infeasibility certificates. It is nevertheless not machine-checked in the sense of Section 7: the
enumeration and the simplex are ordinary programs, and the results are reported as computations,
not as kernel-checked theorems. What is kernel-checked is that each attained value is attained —
that is Theorem 5.1 at s = 2, 3.

7. VERIFICATION

Theorems 3.1, 3.2, 4.2, 5.1 and 5.2, Lemma 4.1 and Corollary 4.3 are formalised and machine-
checked in Lean 4 against Mathlib, in four files of 1410 lines whose bulk is certificate data. Proposi-
tion 2.1, Definition 2.2, Corollary 4.4, Remark 4.5 and the whole of Section 6 with its two remarks
are not, and are marked as such where they appear. What is formalised is stated precisely, because
the split matters here. The convex calibration dimension itself is not formalised — there is no cali-
bration theory in Mathlib — so the passage from a witness to a bound on CCdim is [3, Theorem 16|
quoted, and likewise fsd is a definition of this paper and not of the development; consequently Corol-
lary 4.4 is the one-line argument printed above, resting on the formalised Theorem 4.2, and is not
itself a formal theorem. What is machine-checked is: the Jaccard score and loss matrices exactly as
in (1), over Q and with no per-entry numerical assertion (the integer rescaling by A = lem(1,...,s)
is proved to agree with the rational definition for all s, A, B); the certificate lemmas of Section 3; the
identity L — U = —S and the rank and affine-dimension values of Theorems 3.1 and 3.2; Lemma 4.1
and Theorem 4.2 in full generality, quantified over all s and all p > 0 with >, pa = 1; the two
finite assertions of Corollary 4.3, namely that every all-tied p gives [s] mass zero when s > 2 and
that the uniform distribution on ) is not all-tied when s > 2 (the reading of these as the failure of
the hypotheses of [3, Theorem 18] and [3, Corollary 19] is prose, since CCdim is not formalised);
and, for each witness of Theorem 5.1 and Theorem 5.2, that it is a probability vector with exactly
the stated support, exactly which reports tie and which are strictly worse, and the nullity p of the
active-constraint matrix. Negative controls are part of the development, not an afterthought: the
rank perturbation of Theorem 3.2 (a one-entry change really does move the rank), the failure of the
uniform distribution to tie the Jaccard reports for s > 2 (so that [3, Corollary 19] is not silently in
play), the strict inequalities inside Theorem 5.1 (which pin opt; (p) to exactly the stated family, a
larger one changing u), and a witness showing the hypothesis of Theorem 4.2 is satisfiable at every
s. The reasoning layer uses no compiled evaluation: axiom sets were printed for the thirty-nine dec-
larations carrying the statements above, and each is exactly propositional extensionality, quotient
soundness and choice — no native_decide, and no incomplete proof, anywhere in the development.
The certificate checks run inside ordinary kernel evaluation: the largest file takes between eighty and
ninety seconds of processor time and about eight and a half gigabytes of memory. The repository is
private: repository reference to be added at submission.
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8. THE FRONTIER

Question 8.1. Is fsd(LJ2¢) = 2571 for every s?

Corollary 4.4 gives fsd < 2° — 2 for all s and the search gives equality with 2°~1 at s < 4, but
the two do not meet. Remark 6.1 points at the missing step: if every tie set of size 257! + 2 forces
the support into supp p* — measured at s = 3,4 — then val < |opt | — 1 closes the question. That
looks like an extension of the three-probe argument of Theorem 4.2 from complete ties to partial
ones, and it is the natural next theorem. Extending the search itself is not the way in: at s = 5 the
collapse route needs every tie set of size 2°7! 42 = 18 out of 32, that is (‘Z’;) ~ 4.7 x 10® LP groups,
some 6 x 10* times the 8 008 sets of the s = 4 sweep; no price for it has been measured.

Question 8.2. Is CCdim(L32) equal to 2 or to 3, and where in {4,...,7} does CCdim(L32°) lie?

This is no longer a computational question. From below, Section 6 says the feasible-subspace
bound is exhausted at 2°~!, so raising the lower end needs a technique that [3, Theorem 16] does
not contain, and Corollary 4.3 rules out the obvious alternative inside [3]. From above, lowering the
upper end needs an explicit convex calibrated surrogate in fewer than 2° —1 coordinates, and neither
source supplies one. [2, Section 6] constructs a calibrated surrogate in exactly 2° — 1 coordinates,
and [2] records (its Sections 1 and 7) that its lower bound does not rule out approximate notions of
calibration; [1, Section 6] does construct MinHash surrogates of polynomial dimension, but only for
a nonzero approximation floor «, their dimension diverging as a | 0, and it says itself that there is
no conflict with the exact bound.

Two further directions are routine rather than open. The certificates of Section 3 stay small at
s = 5 — the modulus is fixed and A = lem(1,...,5) = 60 — and generating them is cheap; only
the kernel check is expensive, its ring operations growing like 23, so one s = 5 certificate should
cost about eight times an s = 4 one (an extrapolation, not a measurement) and splitting the file
by matrix would keep it inside an ordinary budget. And [1, Theorem 4.2] is proved for all s by an
argument — a MinHash Gram representation plus Boolean M&bius inversion — whose ingredients
are within reach of a direct formalisation, which would replace the per-s certificates of Theorem 3.1
by a single theorem.
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