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Abstract. On the discrete cube X = {−1,+1}k let Bk
q be the span of the Walsh functions of

degree at most q and let (Bk
q )+ be its cone of non-negative members; Bk

2 is the Ising model on the
complete graph. A set U ⊆ X is a set of uniqueness for (Bk

q )+ if 0 is the only non-negative φ ∈ Bk
q

vanishing on U — the condition, due to Bogdan, Bosy and Skalski, under which the maximum
likelihood estimator for the corresponding exponential family and a sample supported on U exists
— and u(k, q) denotes the least size of such a set. Skalski and Stroiński proved u(k, 2) ≤ k + 1,
proved lower bounds of order log k, and conjectured that u(k, 2) = k+1. We prove the conjecture
in the form u(k, 2) = k+1 for every k ≥ 3, and observe that it is false as literally stated at k = 2,
where u(2, 2) = 4. The lower bound is a special case of a general one: every set of uniqueness
for (Bk

2m)+ has at least dimBk
m =

∑
i≤m

(k
i

)
points, so that u(k, q) ≥

∑
i≤⌊q/2⌋

(k
i

)
for every q.

Combined with the upper bound u(k, q) = O(k⌊q/2⌋) of Skalski and Stroiński this determines the
order of u(k, q) for each fixed q, namely u(k, q) = Θ(k⌊q/2⌋), where the previously known lower
bounds were logarithmic in k; and it is attained at q = k−1 for odd k. The mechanism of the lower
bound is the classical one of Rao’s bound for orthogonal arrays and of lower bounds for positive
cubature formulae, transplanted to the weaker hypothesis; we say so plainly, and the statement,
not the technique, is what is offered as new. We also correct a transcription of a formula of
Kleitman and Spencer quoted in the source. All numbered results are machine-checked in Lean 4
against Mathlib and are general in k; Section 7 says exactly what is formalized, what is quoted,
and which few numbers are computations rather than theorems.

1. Introduction

The objects. Fix k ∈ N and let X = {−1,+1}k be the discrete cube with the uniform weight
µ(x) = 2−k. For j = 1, . . . , k the Rademacher functions are rj(x) = xj , with r0 ≡ 1, and for
L ⊆ {1, . . . , k} the Walsh function wL is

wL(x) =
∏
j∈L

rj(x), w∅ ≡ 1.

For 0 ≤ q ≤ k put

Bk
q = Lin

{
wL : L ⊆ {1, . . . , k}, |L| ≤ q

}
, (Bk

q )+ = {φ ∈ Bk
q : φ ≥ 0 pointwise }.

The class Bk
2 is the Ising model on the complete graph: the exponential family generated by it

consists of the Boltzmann measures µ(x) ∝ exp
(
B
∑

i xi + β
∑

i<j xixj

)
.

Bogdan, Bosy and Skalski [2] characterised the existence of the maximum likelihood estimator in
such a family by the following notion, which is the subject of this paper. We quote the definition as
it is printed in [1], writing B and φ for its B and ϕ.

Definition. Let U ⊂ X . Let B be a fixed linear subspace of RX . We say that U is
a set of uniqueness for B if φ = 0 is the only function in B such that φ = 0 on U .
Similarly, we say that U is a set of uniqueness for B+ if φ = 0 is the only function
in B+ such that φ = 0 on U .

The maximum likelihood estimator for the family generated by B and a sample x1, . . . , xn exists if
and only if {x1, . . . , xn} is a set of uniqueness for B+ (Theorem 2.2 of [2]); so the smallest sets of
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uniqueness are the smallest sample supports from which the model can be estimated at all. Following
[1] we write

u(k, q) = the size of the smallest set of uniqueness for (Bk
q )+,

and, for the comparison quantity used there,
g(k, q) = the size of the smallest subset of X that intersects every (k − q)-subcube.

Finally, WD denotes the level set {x ∈ X : dist(x,⊥) ∈ D}, where ⊥ = (−1, . . . ,−1) and dist is
Hamming distance; we abbreviate W{a,b} to Wa,b, as [1] does.

The source and its questions. Skalski and Stroiński [1] compute u(k, q) among level sets. Their
Theorem 2.5 characterises which WD are sets of uniqueness for the Ising class (WD works if and only
if some i, j ∈ D satisfy 2 ≤ |i− j| ≤ k−1); their Lemma 2.4 exhibits W1,k, of size k+1, and so gives
u(k, 2) ≤ k + 1; their Theorem 3.5 gives u(k, q) = O(k⌊q/2⌋) for every q ≤ k; and their Theorem 3.6
collects the values

u(k, 0) = 1, u(k, 1) = 2, u(k, k − 1) = 2k−1, u(k, k) = 2k

together with lower bounds. Every lower bound there passes through g(k, q), a Turán-type covering
number governed for q = 2 by a theorem of Kleitman and Spencer [3], and every one of them is
logarithmic in k: for q = 2 the source prints log k + 1

2 log log k + O(1) ≤ u(k, 2) ≤ k + 1, and for
3 ≤ q ≤ k it prints

2q−2 log(k − q + 2) + 2q−3 + log log(k − q + 2) +O(1) ≤ u(k, q) ≤ O
(
k⌊q/2⌋

)
.

The paper ends with the following conjecture, which we quote as printed.
Conjecture. u(k, 2) = k+1, i.e., for every k there are no sets of uniqueness having
at most k elements.

So two gaps are left open: the exponential gap between Θ(log k) and k+ 1 at q = 2, and the gap
between a logarithmic lower bound and a polynomial upper bound for every larger fixed q.

What is settled here.
• The conjecture (Theorem 4.2). u(k, 2) = k+ 1 for every k ≥ 3: k+ 1 is the least cardinality

of a set of uniqueness for the Ising class. The upper half is the source’s Lemma 2.4, reproved
in Section 4 by an explicit positive weight (Proposition 4.1); the lower half, Theorem 3.2, is
the half that was open.

• A general lower bound (Theorem 3.1). Every set of uniqueness for (Bk
2m)+ has at least

dimBk
m =

∑
i≤m

(
k
i

)
points; that is, u(k, 2m) ≥

∑
i≤m

(
k
i

)
. At m = 1 this is u(k, 2) ≥ k+1.

• The order of u(k, q) (Theorem 3.3 and Corollary 3.4). For every q, u(k, q) ≥
∑

i≤⌊q/2⌋
(
k
i

)
.

With the source’s Theorem 3.5 this gives u(k, q) = Θ(k⌊q/2⌋) for each fixed q, in place of
lower bounds of order log k. The bound is attained at q = k − 1 for odd k (Remark 3.5), so
it cannot be improved in general.

• Two corrections to [1] (Section 6). The conjecture is false at k = 2 as literally stated, since
u(2, 2) = 4 > 3 (Proposition 6.1); the correct hypothesis is k ≥ 3, and the conjecture’s
second clause — that no set of at most k elements is a set of uniqueness — is true for every
k. And the formula of Kleitman and Spencer quoted in the source’s Lemma 3.3 prints bk/2c
where it must read br/2c (Proposition 6.2).

Section 5 reproves, by the same certificate device, the values u(k, 0) = 1, u(k, 1) = 2 and u(k, k) =
2k of the source’s Theorem 3.6. Those are not new; they are included because they are the controls
that keep the new statements honest. The value u(k, 1) = 2 in particular shows that the hypothesis
q = 2 in Theorem 3.2 is not decorative: for the Rademacher class Bk

1 the answer is 2 and not
k + 1, so the step that squares an affine function — the one place where the degree goes up — is
load-bearing. Similarly u(k, k) = 2k shows that no bound u(k, q) ≤ poly(k) can hold uniformly in
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q, and Proposition 5.4 exhibits a second level set of k + 1 points that is not a set of uniqueness, so
that Theorem 4.2 is a statement about which k + 1 points and not about the number alone.

Where the new content begins, and where the argument comes from. Two things should
be said plainly before the proofs.

First, on the mechanism. The proof of Theorem 3.1 is three lines: if |U | < dimBk
m then some

nonzero ℓ ∈ Bk
m vanishes on U , and ℓ2 is a non-negative, not identically zero member of Bk

2m

vanishing on U . This is the classical lower-bound argument for positive cubature formulae, where it
shows that a formula exact to degree 2m needs at least dimPm nodes [5, 6], and it is the argument
behind Rao’s bound for orthogonal arrays [4], which for a binary array of strength 2m on k factors
reads N ≥

∑
i≤m

(
k
i

)
— the same cube, the same Walsh basis, and numerically the same bound.

Rao’s bound does not imply Theorem 3.1: an orthogonal array of strength 2m is a set on which
every Walsh function of degree between 1 and 2m averages to zero, which is a far stronger hypothesis
on U than being a set of uniqueness. So what is offered as new here is the statement — neither [1]
nor [2] contains any bound of this shape, and both leave the gap open — and not the technique,
which a referee may fairly call textbook. Section 7 records the searches behind that claim of novelty
and the residual risk in it.

Second, on the range of k. The source’s Corollary 3.1 gives g(k, 2) ≤ u(k, 2), and g(k, 2) = k + 1
for k = 3, 4, 5 (a finite computation, reported in Remark 6.3). For those three values of k the
conjecture therefore already follows from the source’s own tools together with that computation,
and g(3, 2) = 4, g(4, 2) = 5, g(5, 2) = 6 are the last values for which it does: g(6, 2) = 6 < 7, and
from there g(k, 2) falls away logarithmically. So the new content of Theorems 3.2 and 4.2 begins at
k = 6. We state them for all k because the proof is uniform in k and because the source states the
conjecture for all k.

What is not claimed. We prove no upper bound beyond u(k, 2) ≤ k + 1. In particular the
upper half of Corollary 3.4 is quoted from [1], not reproved and not formalized, and the value
u(k, k − 1) = 2k−1 used in Remark 3.5 is quoted from [1] as well. We do not determine u(k, q)
exactly for 3 ≤ q ≤ k − 2; for q = 3 our lower bound k + 1 and the source’s upper bound 2k leave a
factor of 2. We do not decide whether the bound of Theorem 3.1 is attained for 2m < k− 1. We do
not reprove the source’s Theorem 2.5 or its Theorem 3.5, and nothing here bears on the asymptotics
of g(k, q) beyond the transcription corrected in Proposition 6.2.

2. Preliminaries

Throughout, k and q are non-negative integers, X = {−1,+1}k, and functions on X are real-
valued. We write ⊥ = (−1, . . . ,−1) and > = (+1, . . . ,+1) for the two antipodal points, uj for the
point whose only +1 coordinate is the j-th, and δy for the indicator of y ∈ X . Sums

∑
x run over

X . Binomial coefficients
(
k
i

)
are 0 for i > k, so that dimBk

m =
∑m

i=0

(
k
i

)
holds without a caveat for

m > k as well.
The elementary Walsh calculus we use is the following.

Lemma 2.1. For all L,M ⊆ {1, . . . , k} and x ∈ X :
(1) wL(x)wM (x) = wL△M (x), where 4 is symmetric difference;
(2)

∑
x wL(x) = 2k if L = ∅ and 0 otherwise, whence

∑
x wL(x)wM (x) = 2k · [L = M ];

(3) consequently {wL}|L|≤q is linearly independent and dimBk
q =

∑
i≤q

(
k
i

)
;

(4) Bk
p ·Bk

q ⊆ Bk
p+q; in particular ℓ ∈ Bk

m implies ℓ2 ∈ Bk
2m;

(5) wL(⊥) = (−1)|L|, wL(>) = 1, and
∑k

j=1 wL(uj) = (k − 2|L|)(−1)|L|.

Proof. (1) Since x2
j = 1 on the cube,

∏
j∈L xj ·

∏
j∈M xj =

∏
j∈L△M xj ·

∏
j∈L∩M x2

j = wL△M (x); this
is the only place the cube, as opposed to a general product space, is used. (2) For L 6= ∅ pick j ∈ L;
flipping the j-th coordinate is an involution of X that negates wL, so the sum equals its own negative.
The second identity follows from (1). (3) Immediate from (2), since a vanishing combination paired
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against wM returns 2k times its M -th coefficient; the dimension count is the number of L with |L| ≤ q.
(4) By (1), wLwM = wL△M and |L4M | ≤ |L|+ |M |. (5) Direct computation: wL(uj) = −(−1)|L|

if j ∈ L and (−1)|L| otherwise, so the sum over j is
(
(k − |L|)− |L|

)
(−1)|L|. □

We use throughout, without further comment, that Bk
p ⊆ Bk

q for p ≤ q, hence that a set of
uniqueness for (Bk

q )+ is a set of uniqueness for (Bk
p )+ and that q 7→ u(k, q) is non-decreasing; this

is Remark 1.3 of [1], which attributes it to Remark 5.6 of [2].
The upper bounds in this paper all come from one elementary observation, the dual side of the

definition.

Lemma 2.2 (certificate criterion). Let B ⊆ RX be a linear subspace and U ⊆ X . Suppose there is
c : X → R with c(x) > 0 for every x /∈ U and

∑
x c(x)φ(x) = 0 for every φ ∈ B. Then U is a set of

uniqueness for B+.

Proof. Let φ ∈ B+ vanish on U . Then 0 =
∑

x c(x)φ(x) =
∑

x/∈U c(x)φ(x) is a sum of non-negative
terms, so each vanishes, and c(x) > 0 off U forces φ = 0 off U as well. □

It suffices to test the condition on the generators wL, |L| ≤ q, since both sides are linear in φ.
Lemma 2.2 is not new and we claim nothing for it: it is the easy direction of a theorem of the
alternative. Its converse holds as well — if U is a set of uniqueness for B+ then such a c exists, by
applying Stiemke’s lemma [7] to V = {φ ∈ B : φ|U = 0} and correcting the resulting strictly positive
vector on U , where it is unconstrained — and §2.2 of [2] already writes the primal program of which
this is the dual. We use only the direction proved above, and only that direction is formalized.

3. The lower bound

Theorem 3.1. Let k,m ≥ 0 and let U ⊆ X with |U | < dimBk
m =

∑m
i=0

(
k
i

)
. Then U is not a set

of uniqueness for (Bk
2m)+. Equivalently, every set of uniqueness for (Bk

2m)+ has at least
∑

i≤m

(
k
i

)
elements:

u(k, 2m) ≥
m∑
i=0

(
k

i

)
.

Proof. Consider the evaluation map Bk
m → RU , ℓ 7→ ℓ|U . Its source has dimension

∑
i≤m

(
k
i

)
by

Lemma 2.1(3) and its target has dimension |U |, which is smaller, so by rank–nullity there is ℓ ∈ Bk
m,

ℓ 6= 0, with ℓ|U = 0. (Concretely: the |U | homogeneous linear conditions ℓ(u) = 0, u ∈ U , on
the coefficient vector of ℓ have a nonzero solution, and a nonzero coefficient vector gives a nonzero
function by the linear independence of the Walsh system.) Put φ = ℓ2. Then φ ≥ 0 pointwise; φ
vanishes on U ; φ is not identically zero, since ℓ is not; and φ ∈ Bk

2m by Lemma 2.1(4), which is
where x2

j = 1 is used. So φ is a nonzero member of (Bk
2m)+ vanishing on U , and U is not a set of

uniqueness. □

Theorem 3.2. For every k and every U ⊆ X with |U | ≤ k, the set U is not a set of uniqueness for
the Ising class (Bk

2 )+. Hence u(k, 2) ≥ k + 1.

Proof. This is the case m = 1 of Theorem 3.1: dimBk
1 = k + 1, so |U | ≤ k is the hypothesis

|U | < dimBk
1 . Unwound, the argument is the one described in Section 1: the k or fewer conditions

ℓ(u) = 0 on the k + 1 coefficients of an affine ℓ = a0 +
∑

j ajxj have a nonzero solution, and ℓ2 lies
in Bk

2 because x2
j = 1, is non-negative, is not identically zero, and vanishes on U . □

Theorem 3.2 is exactly the second clause of the conjecture quoted in Section 1 — “for every k
there are no sets of uniqueness having at most k elements” — and it holds for every k without
exception, including k = 2. The first clause needs k ≥ 3; see Section 6.
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Theorem 3.3. For all k and q, every set of uniqueness for (Bk
q )+ has at least

∑
i≤⌊q/2⌋

(
k
i

)
elements:

u(k, q) ≥
⌊q/2⌋∑
i=0

(
k

i

)
.

Proof. Put m = bq/2c, so 2m ≤ q. A set of uniqueness for (Bk
q )+ is one for (Bk

2m)+ by monotonicity,
and Theorem 3.1 applies. □

Corollary 3.4. For each fixed q ≥ 0, u(k, q) = Θ
(
k⌊q/2⌋

)
as k → ∞.

Proof. The lower bound is Theorem 3.3, since
∑

i≤m

(
k
i

)
≥

(
k
m

)
≥ (k−m)m/m! for m = bq/2c fixed.

The upper bound u(k, q) = O(k⌊q/2⌋) is Theorem 3.5 of [1], quoted and not reproved here. □

Theorem 3.5 of [1] reads, verbatim, “For any q ≤ k there exists a set of uniqueness in (Bk
q )+

consisting of O(k⌊q/2⌋) elements”, and the sentence following it states the stronger explicit form that
its proof establishes: the level set W{0,1,...,⌊q/2⌋}∪{k−⌊q/2⌋,...,k}, of 2

(
1+k+

(
k
2

)
+ · · ·+

(
k

⌊q/2⌋
))

points,
is a set of uniqueness for the linear space Bk

q and hence for its cone. In that explicit form the bound
is uniform in q, and combining it with Theorem 3.3 gives∑

i≤⌊q/2⌋

(
k

i

)
≤ u(k, q) ≤ 2

∑
i≤⌊q/2⌋

(
k

i

)
(q ≤ k),

the lower half proved here and the upper half quoted. Corollary 3.4 is stated for fixed q, which is
all that the Θ(k⌊q/2⌋) form needs.

Corollary 3.4 replaces, for every fixed q, the lower bounds of order log k recorded in [1]; at q = 2
it is the difference between Θ(log k) and k + 1.

Remark 3.5. The bound of Theorem 3.1 cannot be improved in general. Take q = k− 1 with k odd;
then bq/2c = (k − 1)/2 and

∑
i≤(k−1)/2

(
k
i

)
= 2k−1 by the symmetry of the binomial coefficients,

while u(k, k− 1) = 2k−1 by Theorem 3.6(5) of [1]. So Theorem 3.3 is an equality there. We checked
the case k = 5 independently: the level set W{0,2,4} of the 16 points of even weight is a set of
uniqueness for (B5

4)+, and 1 + 5 + 10 = 16. Whether the bound is attained for 2m < k − 1 we do
not know; the first open case is q = 4, where 1+k+

(
k
2

)
≤ u(k, 4) ≤ 2

(
1+k+

(
k
2

))
, the upper bound

being the explicit form of Theorem 3.5 of [1] quoted after Corollary 3.4.

4. The upper bound and the conjecture

Proposition 4.1. For k ≥ 2 the level set W1,k = {u1, . . . , uk,>} has k+1 elements, and for k ≥ 3
it is a set of uniqueness for (Bk

2 )+. Hence u(k, 2) ≤ k + 1 for k ≥ 3.

Proof. The k + 1 listed points are distinct for k ≥ 2. For the second assertion we apply Lemma 2.2
with the weight

c = 1 + 2k−2
(
(k − 3) δ⊥ −

k∑
j=1

δuj − δ⊤

)
,

that is, c(⊥) = 1+(k−3)2k−2, c(uj) = c(>) = 1−2k−2, and c(x) = 1 for every other x. Positivity off
W1,k holds because the only point outside W1,k at which c 6= 1 is ⊥, where c(⊥) = 1+(k−3)2k−2 > 0
for k ≥ 3. For the annihilation, let |L| = t ≤ 2 and substitute the values of Lemma 2.1(2),(5):∑

x

c(x)wL(x) = 2k[t = 0] + 2k−2
(
(k − 3)(−1)t − (k − 2t)(−1)t − 1

)
,

which for t = 0 is 2k+2k−2
(
(k−3)−k−1

)
= 2k−4·2k−2 = 0; for t = 1 is 2k−2

(
−(k−3)+(k−2)−1

)
=

0; and for t = 2 is 2k−2
(
(k − 3)− (k − 4)− 1

)
= 0. □
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Proposition 4.1 is Lemma 2.4 of [1] and is not new; the source proves it by a decomposition of
the cube into subcubes. The proof above is included because the explicit weight c is the object that
the source’s argument leaves implicit, because the same device gives the source’s other values in two
lines each (Section 5), and because it is short enough to formalize.

Theorem 4.2. Let k ≥ 3. Then k + 1 is the least cardinality of a set of uniqueness for the Ising
class (Bk

2 )+; that is,
u(k, 2) = k + 1.

Proof. The set W1,k of Proposition 4.1 is a set of uniqueness with k + 1 elements, so k + 1 belongs
to the set of cardinalities in question. By Theorem 3.2 no set of uniqueness for (Bk

2 )+ has k or
fewer elements, so k+1 is a lower bound for that set. Hence it is its least element, and the infimum
defining u(k, 2) equals k + 1. □

This is the conjecture of [1], with the hypothesis k ≥ 3 that Proposition 6.1 below shows to be
necessary. As explained in Section 1, the cases k = 3, 4, 5 were already within reach of the source’s
own tools; the content of Theorem 4.2 is k ≥ 6.

5. Controls, and the source’s other values

The four statements of this section are not new — three are printed in [1] and the fourth is an
instance of its Theorem 2.5 — but each of them constrains how Theorems 3.1, 3.2 and 4.2 may be
read, and each is proved here from the definitions by the device of Lemma 2.2.

Proposition 5.1. u(k, 0) = 1 for every k.

Proof. Bk
0 consists of the constants, so every nonempty U is a set of uniqueness and the empty set

is not (the constant 1 vanishes on it vacuously and is a nonzero non-negative member). □

Proposition 5.2. u(k, 1) = 2 for every k ≥ 1, with witness W0,k = {⊥,>}.

Proof. For the upper bound apply Lemma 2.2 with c = 1 − 2k−1(δ⊥ + δ⊤), which is 1 off {⊥,>}
and satisfies

∑
x c(x)wL(x) = 2k − 2k−1(1 + 1) = 0 for L = ∅ and −2k−1

(
(−1) + 1

)
= 0 for |L| = 1.

For the lower bound, the empty set fails as in Proposition 5.1, and a singleton {y} fails because
φy(x) = k −

∑
j yjxj lies in Bk

1 , is non-negative, vanishes at y, and takes the value 2k > 0 at the
antipode of y. □

Proposition 5.2 is the control on the degree. The lower bound of Theorem 3.1 concerns (Bk
2m)+,

and at q = 1 there is no such m: indeed u(k, 1) = 2, nowhere near k + 1. Squaring is what raises
the degree from 1 to 2, and without it the bound is false.

Proposition 5.3. For every k and every U 6= X , the set U is not a set of uniqueness for (Bk
k )+.

Hence u(k, k) = 2k.

Proof. The Walsh functions with |L| ≤ k are all of them, so by Lemma 2.1(2)(3) they form a
basis of RX and Bk

k = RX ; explicitly δy = 2−k
∑

L wL(y)wL. If y /∈ U then δy is a nonzero
non-negative member of Bk

k vanishing on U . The whole cube is trivially a set of uniqueness, so
u(k, k) = |X | = 2k. □

This is Theorem 3.6(6) of [1]. It is the control against a too-large claim: no bound of the form
u(k, q) ≤ poly(k) can hold uniformly in q, so the fixed-q reading of Corollary 3.4 is essential.

Proposition 5.4. For k ≥ 1 the level set W0,1 = {⊥, u1, . . . , uk} has k+ 1 elements, and for k ≥ 2
it is not a set of uniqueness for (Bk

2 )+.

Proof. The subcube indicator φ(x) = 1
4 (1+x1)(1+x2) expands as 1

4

(
w∅+w{1}+w{2}+w{1,2}

)
∈ Bk

2

and is non-negative. Every point of W0,1 has at most one coordinate equal to +1, so at least one of
its first two coordinates is −1 and φ vanishes there; but φ(>) = 1. □
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Proposition 5.4 is the D = {0, 1} instance of Theorem 2.5 of [1] — WD is a set of uniqueness for
the Ising class if and only if some i, j ∈ D have 2 ≤ |i− j| ≤ k − 1 — and the function exhibited is
the one the source’s own proof uses; we make no novelty claim for it. It is recorded because it shows
that Theorem 4.2 is a statement about which k + 1 points: two level sets of the same cardinality
k + 1 sit on opposite sides of the property.

6. Two corrections to [1]

Proposition 6.1. u(2, 2) = 4 6= 3. Hence the conjecture of [1], in the form “u(k, 2) = k + 1 for
every k”, fails at k = 2, and the hypothesis k ≥ 3 of Theorem 4.2 cannot be dropped.

Proof. At k = 2 we have q = 2 = k, so B2
2 = RX has dimension 1 + 2 + 1 = 4 = |X | and

Proposition 5.3 gives u(2, 2) = 22 = 4, whereas k + 1 = 3. □

The conjecture as printed has two clauses. Its second — no set of uniqueness has at most k
elements — is Theorem 3.2 and is true for every k. Its first fails only at k = 2: the values k = 0 and
k = 1 satisfy u(k, 2) = k + 1, since there q = 2 exceeds k and u(k, 2) = u(k, k) = 2k, which is 1 and
2 respectively. So k ≥ 3 is the correct hypothesis and k = 2 is the single exception.

The source’s lower bounds rest on the covering number g(k, q), and for q = 2 on a theorem of
Kleitman and Spencer [3] quoted in its Lemma 3.3 as

g(k, 2) = min
{
r :

(
r − 1

bk/2c − 1

)
≥ k

}
.

The floor should be br/2c.

Proposition 6.2. The formula as printed is defective:
(1) at k = 3 the set is empty —

(
r−1

⌊3/2⌋−1

)
=

(
r−1
0

)
= 1 < 3 for every r — so the minimum does

not exist;
(2) at k = 6 it returns 5, since min{r :

(
r−1
2

)
≥ 6} = 5.

With br/2c in place of bk/2c the formula returns min{r :
(

r−1
⌊r/2⌋−1

)
≥ k} = 4, 5, 6, 6 for k = 3, 4, 5, 6.

Proof. All of these are finite arithmetic. For (1), b3/2c − 1 = 0 and
(
r−1
0

)
= 1 for every r. For (2)

and the corrected values, evaluate: the sequence
(

r−1
⌊r/2⌋−1

)
for r = 2, 3, 4, 5, 6 is 1, 1, 3, 4, 10, and the

least r with
(
r−1
2

)
≥ 6 is 5. □

Remark 6.3. The corrected values match the truth and the printed ones do not. Direct exhaustive
search over the subsets of X meeting every (k − 2)-subcube gives

g(3, 2) = 4, g(4, 2) = 5, g(5, 2) = 6, g(6, 2) = 6,

against the printed formula’s undefined, 5, 6, 5. Independently: writing the points of a candidate set
as the rows of an r×k matrix of signs, the set meets every (k−2)-subcube exactly when its k columns
are pairwise qualitatively 2-independent, that is, when every pair of columns realises all four sign
patterns among the rows — a (k−2)-subcube being the set of points with two prescribed coordinates.
Hence g(k, 2) = min{r : M(r) ≥ k}, where M(r) is the largest number of pairwise qualitatively 2-
independent columns of length r. An exact maximum-clique computation gives M(r) = 1, 1, 3, 4, 10
for r = 2, . . . , 6, which is

(
r−1

⌊r/2⌋−1

)
and not

(
r−1

⌈r/2⌉−1

)
, and inverting it returns 4, 5, 6, 6 at k = 3, 4, 5, 6

as well. The br/2c form also reproduces the asymptotic log k + 1
2 log log k + O(1) that [1] itself

prints, while the printed form cannot: because its lower index varies with k and not with r, it grows
linearly, returning 7 at k = 10, 12 at k = 20 and 52 at k = 100, where the br/2c form returns 6,
8 and 10. Nothing in this remark belongs to the formal development: the values are computations
and the identification above is elementary, and Proposition 6.2 claims only the arithmetic of the two
formulae at the four values of k named there. Logarithms are to base 2: [1] declares no base, and
no other one is possible, since

(
r−1

⌊r/2⌋−1

)
� 2r−1/

√
r, so that inverting the corrected formula gives
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r = log2 k + 1
2 log2 log2 k + O(1), and a leading term logb k = log2 k/ log2 b matches that only for

b = 2.
Remark 6.4. A third slip in [1], affecting nothing: the proof of its Theorem 3.4 describes W{1,k−1}

as consisting of k elements, whereas |W{1,k−1}| =
(
k
1

)
+
(

k
k−1

)
= 2k. The statement of that theorem,

u(k, 3) ≤ 2k, is the correct one, so nothing downstream is affected. We record it because u(k, 3) is
the first quantity this paper leaves open: Theorem 3.3 gives u(k, 3) ≥ k+1 and [1] gives u(k, 3) ≤ 2k.

7. Formal verification

Every numbered statement above — Lemmas 2.1 and 2.2, Theorems 3.1, 3.2, 3.3 and 4.2, Corol-
lary 3.4’s lower half, and Propositions 4.1, 5.1, 5.2, 5.3, 5.4, 6.1 and 6.2 — is formalized and
machine-checked in Lean 4 [8] against Mathlib [9], with one caveat about Lemma 2.1(3): what the
development proves is the linear independence of the Walsh system together with the count

∑
i≤q

(
k
i

)
of the indices L with |L| ≤ q, which is what the proof of Theorem 3.1 uses, and not a separate state-
ment identifying that count with the dimension of Bk

q as a subspace of RX . The definitions of X , of
the Walsh functions, of Bk

q , of a set of uniqueness and of u(k, q) are the development’s own, tran-
scribed from [1] as quoted in Section 1; u(k, q) is defined as the infimum of the set of cardinalities of
sets of uniqueness, and Theorem 4.2 is proved first in the form “k+1 is the least element of that set”
and then in the form u(k, 2) = k+1. The development is four files: the cube and the Walsh calculus
with the certificate criterion; the lower bound; the certificate for W1,k and the main theorem; and
the controls and corrections. There is no incomplete proof anywhere in it.

What rests on exhaustive computation: essentially nothing, which is worth stating precisely.
Every statement listed above is proved symbolically and holds for all k (and, where relevant, all m
and q); each of them has the axiom set {propositional extensionality, quotient soundness, choice},
and no compiled evaluator is invoked anywhere in the development. The sole exceptions are the two
finite arithmetic facts inside Proposition 6.2, which are decided by kernel reduction over r ≤ 6; the
corrected-formula half uses propositional extensionality alone. Nothing in the paper depends on a
computation whose result the kernel does not check, with the single, labelled exception of the values
of g(k, 2) in Remark 6.3, which are external computations and are stated there as such, and of the
two upper bounds quoted from [1] (its Theorem 3.5, used in Corollary 3.4, and its Theorem 3.6(5),
used in Remark 3.5), which are quoted and not formalized.

Independently of the formalization, the definitions were checked against the source’s own printed
values by an exact-rational decision procedure written from the definitions: U fails to be a set
of uniqueness for (Bk

q )+ exactly when the linear program {v ≥ 0 off U, v = 0 on U, 〈v, wL〉 =
0 for |L| > q,

∑
x v(x) = 1} is feasible, and feasibility was decided by a phase-one simplex over

the rationals. With it we reproduced u(k, 0) = 1 and u(k, 1) = 2 for k = 3, 4; u(k, k) = 2k for
k = 3, 4; the fact that W1,k is a set of uniqueness for k = 3, 4, 5, 6; the fact that the level set of the
even-weight points is one for q = k− 1, k = 3, 4, 5; and Theorem 2.5 of [1] over all level sets WD for
k = 3, 4, 5 (16 + 32 + 64 sets, no mismatch). The claim of Theorem 3.2 was checked exhaustively
for small k in two independent ways: for k = 3, 4, 5 every subset of size exactly k — 56, 1820 and
201 376 subsets respectively — was verified to admit the witness ℓ2, with no failure; and for k = 3, 4
the linear program was run on every one of those subsets, finding that none is a set of uniqueness.
Proposition 6.1 was reproduced by running the linear program on all subsets of {−1,+1}2 of size
0, 1, 2, 3. The explicit weights of Propositions 4.1 and 5.2 were evaluated in exact arithmetic for
3 ≤ k ≤ 9 and 2 ≤ k ≤ 8 respectively. Finally, at k = 3 exactly 2 of the 70 four-element subsets
of the cube are sets of uniqueness — the two inscribed tetrahedra W0,2 and W1,3; classifying the
extremal sets for general k is open.

On the novelty of Theorems 3.1, 3.2, 3.3 and 4.2. As of 3 September 2026 the source [1] had no
citations in OpenAlex or Semantic Scholar, and no citing paper in a local full-text snapshot of arXiv
sources; [2] was read in full and contains no bound on the size of a set of uniqueness other than the
subcube one, and records dimBk

q =
∑

j≤q

(
k
j

)
only as a fact, its Lemma 5.1, and never as a bound;
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neither source contains the words square, cubature, quadrature, orthogonal array, Rao or Delsarte.
A full-text sweep of that snapshot for set(s) of uniqueness returns 436 distinct papers, of which
exactly two use the term in the sense of this paper, namely [1] and [2]; the rest use it in the classical
Riemann–Cantor sense or in binary tomography. Web searches for the transplant of the cubature or
Rao bound to sets of uniqueness on the cube returned nothing. What was not searched, and where
a prior statement would most plausibly hide, is the pre-1990 design-theory book literature and the
reviewing databases; we rate that risk low but not zero, and a reader who knows of such a statement
should read Section 3 as a transplant rather than as a new argument, which is how it is described
in Section 1 in any case.

The repository is private; repository reference to be added at submission.
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