
THE DIAMETER OF U(3,Z/mZ) WITH RESPECT TO THE FUNDAMENTAL
ROOTS

IS 2bm/2c FOR EVERY m ≥ 8

KOREA SUPERINTELLIGENCE LABS

Abstract. Let U(3,Z/mZ) be the group of upper unitriangular 3× 3 matrices over Z/mZ, and let
its Cayley graph be taken with respect to the four fundamental-root generators I±E12, I±E23. The
CayleyPy collaboration (arXiv:2509.19162) computed the diameter of this graph for m = 8, . . . , 50,
found it to be 2⌊m/2⌋ throughout that range, and conjectured (their Conjecture 8) that, for the
undirected Cayley graph on the fundamental roots, the diameter of U(n,Z/mZ) equals (n−1)⌊m/2⌋
for all large enough m, without naming a threshold. We prove the case n = 3 of that conjecture
for every m ≥ 8: every element of U(3,Z/mZ) is a product of at most 2⌊m/2⌋ generators, and the
element (⌊m/2⌋, ⌊m/2⌋, 0) needs that many. The upper bound is an explicit lattice-path construction
— one horizontal excursion carrying a prescribed number of up- and down-steps — together with
a three-case arithmetic inequality; it involves no computation over m. The threshold 8 is sharp: at
m = 7 the element (0, 0, 3) is not a product of six generators, which is checked by enumerating all
5461 words of length at most six. Every statement is machine-checked in Lean 4 over Mathlib, with
the standard axioms only.

1. Introduction

The objects. Fix an integer m ≥ 1 and write Hm = U(3,Z/mZ) for the group of upper unitriangular
3×3 matrices over Z/mZ — the Heisenberg group modulo m. Writing the matrix I+aE12+bE23+cE13

as the triple (a, b, c), where Eij is the matrix unit, the product is
(1) (a, b, c) (a′, b′, c′) = (a+ a′, b+ b′, c+ c′ + ab′).

The fundamental-root generators are the four elements I ± E12, I ± E23, that is
x = (1, 0, 0), x−1 = (−1, 0, 0), y = (0, 1, 0), y−1 = (0,−1, 0),

a symmetric set S = {x±1, y±1}, so the Cayley graph Γm of Hm with respect to S (vertices Hm, an
edge between g and gs for s ∈ S) is an undirected graph. A Cayley graph is vertex-transitive, so
its diameter is the eccentricity of the identity: writing Bm(n) for the set of products of at most n
elements of S,

diamΓm = min{n ≥ 0 : Bm(n) = Hm }.
The question is the value of diamΓm as a function of m.

The source. This question is raised in Section 3.9 (Bounds on the diameters of unitriangular groups,
p. 27) of the CayleyPy collaboration’s paper [1], which reports large-scale computations of growth
functions and diameters of Cayley graphs. Concerning the groups U(n,Z/mZ) it says, verbatim:

Here the group is considered with respect to the generators E ± Ei,i+1 (fundamental
roots). Experimentally, we see that starting from large enough m, the diameters
of U(n,Z/mZ) are in fact linear in m, see Fig. 12. In particular, for n = 3 and
m = 8, . . . , 50 the diameter equals 2bm

2 c, while for n = 4 and m = 12, . . . , 31 it is
3bm

2 c.
and then, after introducing the alternative generating set of all positive roots E ±Eij , i < j, and the
directed graphs on the monoid generators E + Ei,i+1 or E + Eij , states

Conjecture 8. For large enough m (depending on n) the diameter of U(n,Z/mZ) is
a follows [sic]:
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• Fundamental, undirected: (n− 1)bm
2 c;

• Fundamental, oriented: (n− 1)m+O(1);
• Positive, undirected: (n− 1)bm

2 c;
• Positive, oriented: (n− 1)m− 2.

Note that the conjectural diameters in both undirected cases are equal to each other
and to the diameter of (Z/mZ)n−1 under natural generators. Since the latter is the
abelianization of U(n,Z/mZ), one immediately gets that these values serve as a lower
bound (for all m).

(The statement number and the page are those of the arXiv PDF of v2. The raw LATEX of the e-print
carries neither a label nor a number for this conjecture, and a local compilation of the e-print places
the passage on p. 28; the quotations above were checked against both.) So what the source proves is
the lower bound, by the abelianization; what it verifies, by computation, is n = 3, m = 8, . . . , 50; and
what it conjectures is the exact value for all large m, with no threshold named.

What is settled here. We prove the n = 3, fundamental, undirected case of Conjecture 8 for every
m ≥ 8, and we show that 8 is exactly the right threshold.

Theorem 1.1 (= Theorem 5.1). For every m ≥ 8, diamΓm = 2bm/2c.

Theorem 1.2 (= Theorem 4.6 and Proposition 5.2). For every m ≥ 8, every element of U(3,Z/mZ)
is a product of at most 2bm/2c of the generators x±1, y±1. For m = 7 the element (0, 0, 3) is not a
product of 6 = 2b7/2c of them, so the formula of Theorem 1.1 fails at m = 7.

The lower bound diamΓm ≥ 2bm/2c is, as the source says, immediate from the abelianization; we
include its short proof (Proposition 3.1) because the exact value rests on it, but we claim nothing new
for it. The content of the paper is the upper bound. Its proof reads a word in x±1, y±1 as a lattice path
in the plane and the third coordinate of its value as the discrete line integral

∑
x dy along the path;

a single horizontal excursion — D steps to the left, then one sweep to the right of width W = D+E
carrying g up-steps and g′ down-steps at freely chosen horizontal positions — realises every integer of
an interval of W (g+g′)+1 consecutive values of

∑
x dy at word length 2D+E+g+g′ (Lemma 4.3).

Choosing the five parameters as an explicit function of the target and of m makes the interval at
least m long and the word at most 2bm/2c long, and the whole proof is then the verification of one
arithmetic inequality in three regimes (Section 4). The proof is uniform in m: no case of the theorem
is established by enumeration.

The threshold is where the arithmetic is tight. For 2 ≤ m ≤ 7 the diameter is larger than 2bm/2c
(Section 7), and the one instance of this that the sharpness claim needs, m = 7, is proved by exhausting
the 5461 words of length at most 6 (Proposition 5.2). Two further checks, a lower and an upper control
at m = 8 and an upper control at m = 100, are recorded in Section 6 so that the main statement is
pinned from both sides at concrete moduli.

Prior work. The only published diameter bounds for these groups that we know of are of a different
kind. Ellenberg’s thesis [2] treats the unipotent subgroup of SLn(Z/pZ), that is, U(n,Z/pZ) itself,
and Ellenberg and Tymoczko [3] extend this to the unipotent subgroup of any finite group of Lie type
of rank n over a prime field Z/pZ: with respect to its natural generators, the diameter of the Cayley
graph is bounded above and below by constant multiples of np+ n2 log p. That is an estimate up to
unspecified constants, and it concerns prime moduli only; the present paper gives an exact value, for
every modulus m ≥ 8. (We cite [2] through [1] and the abstract of [3]; we have not seen it.)

The word metric of the integer Heisenberg group with respect to x, y has been computed exactly
by Blachère [4], whose abstract announces “an exact formula for the word distance on the discrete
Heisenberg group H3 with its standard set of generators”. His Theorem 2.2 concerns the same group
law (1) over Z and the generators A = I+E12, B = I+E23 and their inverses; it first reduces, by the
same three symmetries as in Section 2, to z ≥ 0, x ≥ 0, x ≥ y ≥ −x, and then gives the word length
of (x, y, z) by one of five closed forms, the cases being cut out by the sign of y and by the comparisons
of x with

√
z, of xy with z and of x with √

z − xy. For instance the length is x+ y when y ≥ 0 and
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xy ≥ z, which is the monotone-staircase case of Lemma 4.1 below combined with the abelianization
bound. See also Duchin and Mooney [5] for the asymptotic geometry of that metric and Alekseev and
Magdiev [6] for its geodesics. One could imagine reducing such a formula modulo m. We do not: the
two facts about the integer group that the proof uses — the lattice-path dictionary (Lemma 2.1) and
the interval property of the excursion (Lemma 4.3) — are elementary and are proved here from the
group law, and nothing in the paper depends on a citation.

The question here is also distinct from a random-generator question. Hermon and Olesker-Taylor
[7], among the open questions closing their paper, conjecture that when the number k of generators
diverges suitably, the law of the diameter of the Cayley graph of U(d,Z/pZ), p prime, with respect
to k generators chosen independently and uniformly at random concentrates. That concerns random
generating sets; the graph here has one fixed generating set of four elements.

Verification. Every theorem, proposition and lemma stated below as a result is machine-checked
in Lean 4 [8] over Mathlib [9]; Section 9 lists the checked statements verbatim and the axioms they
depend on. The material in Section 7 (a breadth-first search over m ≤ 400 and two scripts that exercise
the construction) is computation outside the formal development, labelled as such, and nothing else
in the paper depends on it.

2. Preliminaries

Throughout, m ≥ 1, Hm = U(3,Z/mZ) with the product (1), and the identity is (0, 0, 0); the
inverse is (a, b, c)−1 = (−a,−b, ab− c). We write

h = bm/2c, w = bh/2c.
A word is a finite sequence s1s2 · · · sn of elements of S = {x±1, y±1}; its value is the product
s1s2 · · · sn ∈ Hm and its length is n. The ball Bm(n) ⊆ Hm is the set of values of words of length at
most n, so Bm(0) = {1}, Bm(n) ⊆ Bm(n+1) and Bm(n)Bm(n′) ⊆ Bm(n+n′). Since S generates Hm

and Hm is finite, Bm(n) = Hm for all large n, and diamΓm = min{n : Bm(n) = Hm} is the diameter
of the (undirected) Cayley graph.

The lattice-path dictionary. Read a word as a path in Z2 starting at the origin: the letter x±1

is a horizontal unit step in the direction ±1 and y±1 a vertical unit step. For a word s1 · · · sn let
(pi, qi) ∈ Z2 be the position after i steps, so (p0, q0) = (0, 0).

Lemma 2.1 (dictionary). The value of the word s1 · · · sn is(
pn, qn,

∑
i : si=yεi

εi pi−1

)
(mod m),

the sum running over the vertical steps, εi ∈ {±1} being the direction of the i-th step and pi−1 the
horizontal coordinate at which it is taken. In words: the first two coordinates are the net displacements
and the third is the discrete line integral

∑
x dy along the path.

Proof. By (1), (a, b, c) (±1, 0, 0) = (a ± 1, b, c) and (a, b, c) (0,±1, 0) = (a, b ± 1, c ± a): a horizontal
step does not change the third coordinate, and a vertical step in direction ε adds ε times the current
first coordinate. Induct on n. □
Three symmetries. The maps

σ1(a, b, c) = (−a, b,−c), σ2(a, b, c) = (a,−b,−c), τ(a, b, c) = (b, a, c)

are, respectively, two automorphisms and one anti-automorphism (τ(gg′) = τ(g′)τ(g); in matrix terms
τ is M 7→ JMTJ for the antidiagonal permutation matrix J) of Hm, as one checks from (1). Each
permutes S: σ1 exchanges x ↔ x−1, σ2 exchanges y ↔ y−1, and τ exchanges x ↔ y. Hence each
preserves word length: the image of the value of a word is the value of the letterwise image of the word,
reversed in the case of τ . In particular Bm(n) is stable under σ1, σ2, τ . In the formal development
the two sign symmetries are not separate lemmas: every path lemma below is stated with two global
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signs u, v ∈ {±1} multiplying the horizontal and the vertical directions, and the reversal τ is the one
symmetry proved as a lemma.

The ball of radius n in the formal development. For the reader comparing with Section 9: there
Hm is the structure H m with fields x, y, z in ZMod m, the four generators are the predicate IsGen,
“g ∈ Bm(n)” is Reach m n g (there is a list of at most n generators whose product is g), and diamΓm

is diam m, the infimum of {n : ∀g, Reach m n g}.

3. The lower bound

This is the source’s own remark, in its most elementary form. Nothing in it needs m ≥ 8.

Proposition 3.1 (abelianization bound; the source’s remark after Conjecture 8). Let m ≥ 1 and
h = bm/2c. If the element (h, h, 0) ∈ U(3,Z/mZ) is a product of n generators, then n ≥ 2h.
Consequently diamΓm ≥ 2bm/2c for every m.

Proof. Let s1 · · · sn be a word with value (h, h, 0) and let (p, q) = (pn, qn) ∈ Z2 be the endpoint of its
path. Each letter moves exactly one coordinate by one, so |p|+ |q| ≤ n, and by Lemma 2.1 p ≡ h and
q ≡ h (mod m). If |p| < h then p − h is a nonzero integer with |p − h| ≤ |p| + h < 2h ≤ m, so it is
not divisible by m, a contradiction. Thus |p| ≥ h, likewise |q| ≥ h, and n ≥ |p| + |q| ≥ 2h. The last
sentence follows since (h, h, 0) /∈ Bm(2h− 1). □

4. The upper bound

4.1. Three path lemmas. All three are statements about the set of values of
∑

x dy over paths of a
given shape, and each is proved by writing down the path. Signs u, v ∈ {±1} are carried throughout:
replacing x by xu and y by yv in a word multiplies the first coordinate of its value by u, the second
by v and the third by uv (Lemma 2.1).

Lemma 4.1 (monotone staircase). Let e, g, n ∈ N with n ≤ eg and u, v ∈ {±1}. Then (ue, vg, uvn) ∈
Bm(e+ g).

Proof. By the sign remark it suffices to treat u = v = 1. If g = 0 then n = 0 and the word xe does it.
Otherwise write n = kg + s with 0 ≤ s < g; then k ≤ e, and k + 1 ≤ e if s ≥ 1. The word

xk yg xe−k (s = 0), xk yg−s x ys xe−k−1 (s ≥ 1)

has length e+ g, endpoint (e, g), and
∑

x dy = kg, respectively k(g− s) + (k+1)s = kg+ s, which is
n in both cases. □

Only two distinct horizontal coordinates carry vertical steps, so a word of five blocks xpyqxrysxt

— with value (p + r + t, q + s, pq + (p + r)s) — suffices; this is the only reachability primitive the
formal development derives directly from the generators.

Lemma 4.2 (one sweep, both vertical directions). Let W, g, g′ ∈ N, u, v ∈ {±1}, and let n ∈ Z with
−Wg′ ≤ n ≤ Wg. Then (uW, v(g − g′), uvn) ∈ Bm(W + g + g′).

Proof. Take u = v = 1. If n ≥ 0, prefix the staircase word of Lemma 4.1 for (W, g, n) by y−g′ : the
g′ down-steps are taken at horizontal coordinate 0 and contribute nothing to

∑
x dy, so the value is

(W, g − g′, n) and the length is W + g + g′. If n < 0, prefix yg to the staircase word for (W, g′,−n)
with its vertical direction reversed (Lemma 4.1 with v = −1), whose value is (W,−g′, n). □
Lemma 4.3 (one excursion). Let D,E, g, g′ ∈ N, u, v ∈ {±1}, and let c0 ∈ Z with

−(Dg + Eg′) ≤ c0 ≤ Eg +Dg′.

Then (uE, v(g − g′), uvc0) ∈ Bm(2D + E + g + g′). In particular, with W = D + E, the values
of the third coordinate attained at the endpoint (uE, v(g − g′)) within this length fill an interval of
W (g + g′) + 1 consecutive integers.



THE DIAMETER OF U(3,Z/mZ) 5

Proof. Take u = v = 1. Go left D steps, then perform the sweep of Lemma 4.2 with width W = D+E
and n = c0 +D(g− g′). Every vertical step of the sweep is taken at a horizontal coordinate that is D
less than in Lemma 4.2, so the endpoint is (E, g−g′) and

∑
x dy = n−D(g−g′) = c0. The hypotheses

on c0 are exactly −Wg′ ≤ n ≤ Wg, and the length is D + (W + g + g′) = 2D + E + g + g′. □
4.2. The parameter rule. Let m ≥ 1. Every residue t ∈ Z/mZ is uA for a sign u and an integer
0 ≤ A ≤ h (take A = min(t,m − t) for the representative 0 ≤ t < m). So a target (a, b, c) can be
written (uA, vB, c) with 0 ≤ A,B ≤ h, and, applying τ if necessary, with B ≤ A. Given such A,B,
set

(2)
W = max(A,w), T = 2h+A− 2W, G = the largest integer ≤ T with G ≡ B (mod 2),

g = G+B
2 , g′ = G−B

2 , D = W −A, E = A.

One checks T ≥ B in every case (T = 2h − A ≥ h ≥ B when W = A, and T ≥ h + A ≥ B when
W = w), so B ≤ G ≤ T and G ≥ T − 1; and g, g′ ∈ N with g + g′ = G, g − g′ = B.

Lemma 4.4 (the excursion, packaged). Let m ≥ 1, u, v ∈ {±1}, c ∈ Z/mZ and A,B,W,G ∈ N with
A ≤ W , B ≤ G, G ≡ B (mod 2),

2W +G ≤ 2h+A and m− 1 ≤ WG.

Then (uA, vB, c) ∈ Bm(2h).

Proof. With g, g′, D,E as in (2), Lemma 4.3 realises (uA, vB, uvc0) at length 2D + E + g + g′ =
2W −A+G ≤ 2h for every integer c0 in an interval of (D+A)(g+ g′)+1 = WG+1 ≥ m consecutive
integers. Such an interval meets every residue class modulo m, in particular the class of uv c (as
u2 = v2 = 1). □
4.3. The three regimes. By Lemma 4.4, and since m − 1 ≤ 2h, the upper bound reduces to the
inequality WG ≥ 2h for the parameters (2). Here is where m ≥ 8, i.e. h ≥ 4 and w ≥ 2, enters.

Lemma 4.5. Let m ≥ 8, 0 ≤ B ≤ A ≤ h, and let W,G be given by (2). Then 2W +G ≤ 2h+A and
WG ≥ 2h ≥ m− 1.

Proof. The length bound is G ≤ T . For the coverage bound there are three regimes.
Regime 1: A ≥ 2 and A ≥ w. Then W = A, T = 2h − A and G ≥ 2h − A − 1, so it suffices that

A(2h − A − 1) ≥ 2h. Put A = A′ + 2 with 0 ≤ A′ ≤ h − 2 and Q = 2h − A′ − 6 ≥ h − 4 ≥ 0; then
2h−A− 1 = Q+ 3 and A(2h−A− 1) = (A′ + 2)(Q+ 3) = A′Q+ 3A′ + 2Q+ 6 ≥ A′ +Q+ 6 = 2h.

Regime 2: 2 ≤ A < w. Then W = w ≥ 3 and T = 2h+A− 2w ≥ h+ 2 (as 2w ≤ h), so G ≥ h+ 1
and WG ≥ 3(h+ 1) > 2h.

Regime 3: A ≤ 1, hence B ≤ 1. Then W = w ≥ 2 and T = 2h+ A− 2w. We claim G ≥ 2h− 2w.
If A = 1 this is G ≥ T − 1. If A = 0 then B = 0 and T = 2h− 2w is even, so the parity condition is
satisfied by T itself and G = T . Hence WG ≥ 2(2h− 2w) ≥ 2h, using 2w ≤ h once more. □

Regime 3 is the delicate one, and it explains both the reduction to B ≤ A and the threshold. At
m = 8 (h = 4, w = 2) the target (0, 1, c) taken with A = 0, B = 1 would give T = 4, G = 3 and
WG = 6 < 7 = m − 1: the family of words (2) does not cover it. Its mirror image (1, 0, c), A = 1,
B = 0, gives T = 5, G = 4, WG = 8 ≥ 7 at length 2W − A+G = 7, and τ transports the word. At
m = 7 (h = 3, w = 1) the target (0, 0, c) gives W = 1, G = 4, WG = 4 < 6, and there the theorem
itself is false (Proposition 5.2).

Theorem 4.6 (upper bound). Let m ≥ 8. Every element of U(3,Z/mZ) is a product of at most
2bm/2c of the generators x±1, y±1; that is, Bm(2bm/2c) = Hm.

Proof. Write the target as (uA, vB, c) with 0 ≤ A,B ≤ h as above. If B ≤ A, Lemmas 4.5 and 4.4
give (uA, vB, c) ∈ Bm(2h). If A < B, the same applied to (vB, uA, c) gives a word of length at most
2h with that value, and its image under the anti-automorphism τ — the reversed word with x ↔ y
exchanged — has value τ(vB, uA, c) = (uA, vB, c) and the same length. □
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The proof is constructive and uniform in m: the word for a given target is determined by (2), and
no step of the argument is a case analysis over m or over the elements of the group.

5. The exact value, and the threshold

Theorem 5.1 (n = 3, fundamental, undirected case of Conjecture 8 of [1]). For every m ≥ 8 the
diameter of the Cayley graph of U(3,Z/mZ) with respect to {I ± E12, I ± E23} is exactly 2bm/2c.

Proof. Bm(2h) = Hm by Theorem 4.6, so diamΓm ≤ 2h; and Bm(2h− 1) 6= Hm by Proposition 3.1,
so diamΓm ≥ 2h. □

The theorem is what the source verified for 8 ≤ m ≤ 50, now for every m ≥ 8, and “large enough
m” in Conjecture 8 is, for n = 3, precisely m ≥ 8:

Proposition 5.2 (the threshold is sharp). In U(3,Z/7Z) the element (0, 0, 3) is not a product of at
most 6 = 2b7/2c generators. Consequently diamΓ7 6= 2b7/2c.

Proof. This is a finite check, and it is carried out inside the proof assistant: the list of all values
of words of length exactly k is built by appending one generator to each value of length k − 1, for
k = 0, 1, . . . , 6 — 1+4+ · · ·+46 = 5461 products in all — and it is proved (by induction on the word)
that the value of every word of length k occurs in the k-th list. The element (0, 0, 3) occurs in none of
the seven lists, which the kernel verifies by evaluation. The second sentence follows: if diamΓ7 were
6 then Bm(6) would be all of U(3,Z/7Z). □
Remark 5.3. Since balls are nested, the proposition says that diamΓ7 ≥ 7; together with Proposi-
tion 3.1 this is all that is proved about m = 7. The value diamΓ7 = 8, and the values for 2 ≤ m ≤ 6,
are computed in Section 7 and are not part of the formal development. Note also that the hypothesis
m ≥ 8 of Theorem 5.1 is used, not merely convenient: the proof of Lemma 4.5 needs h ≥ 4, and the
conclusion is false at h = 3.

6. Controls

A statement of the form “diamΓm = f(m)” can be wrong in two directions, and a misplaced quan-
tifier in a formal definition of the diameter could make it vacuously provable. The following instances
pin Theorem 5.1 from below and from above at concrete moduli, and were checked independently of
it as far as their content allows.

Proposition 6.1 (not too small). In U(3,Z/8Z) the element (4, 4, 0) is not a product of 7 generators.
Hence diamΓ8 ≤ 7 is false.

Proof. The instance m = 8, n = 7 of Proposition 3.1. (The value 7 was taken from the breadth-first
search of Section 7, which gives diamΓ8 = 8, not from memory.) □
Proposition 6.2 (not too large, and attained). diamΓ8 = 8 and diamΓ100 = 100; moreover (4, 4, 0) ∈
U(3,Z/8Z) is a product of 8 generators.

Proof. Instances of Theorem 5.1 at m = 8 and m = 100, and of Theorem 4.6 at m = 8. The two
moduli straddle the source’s verified range: 8 is its first verified modulus and 100 twice its last. For
(4, 4, 0) the rule (2) gives A = B = 4, W = 4, T = 4, G = 4, g = 4, g′ = 0, D = 0: the word is a
staircase from (0, 0) to (4, 4) whose

∑
x dy is ≡ 0 (mod 8), e.g. x2y4x2 with

∑
x dy = 8. □

7. Outside the formal development: the small moduli

Everything in this section is computation that was run while the theorems were being found; it is
reported for completeness and is not machine-checked, and no statement above depends on it.
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Breadth-first search. A breadth-first search from the identity over the m3 elements of U(3,Z/mZ),
with the four generators as neighbours (a short C program with 16-bit distance labels), was run for
every 1 ≤ m ≤ 400, and the whole range was re-run for this paper with an independently written
program, which returned the same 400 diameters. It gives

range diamΓm

m = 1 0 = 2bm/2c
2 ≤ m ≤ 7 2bm/2c+ 2 i.e. 4, 4, 6, 6, 8, 8
8 ≤ m ≤ 400 2bm/2c all 393 values

The source’s range m = 8, . . . , 50 is reproduced value for value, and the range 8 ≤ m ≤ 400 is, after
Theorem 5.1, a corollary. The information that is not a corollary is the exceptional list 2 ≤ m ≤ 7,
where the diameter exceeds the abelianization bound by exactly 2. The elements at maximal distance
were also recorded, by the re-run, for every m ≤ 400: for 2 ≤ m ≤ 7 they are central elements (0, 0, c)
only, with c near m/2 (at m = 7: (0, 0, 3) and (0, 0, 4), which is where the witness of Proposition 5.2
comes from); for 8 ≤ m ≤ 11 both such central elements and the abelianization-extremal elements
(h, h, ∗) occur (for odd m also (h, h + 1, ∗), (h + 1, h, ∗), (h + 1, h + 1, ∗)), and at m = 9 in addition
the four elements (1, 1, 5), (1, 8, 4), (8, 1, 4), (8, 8, 5), the orbit of (1, 1, 5) under the sign symmetries;
and for 12 ≤ m ≤ 400 only the abelianization-extremal elements. This is what shaped the proof: for
12 ≤ m ≤ 400 the only elements at maximal distance are the ones the abelianization already explains,
so a construction may be lossy elsewhere, while at 8 ≤ m ≤ 11 the central elements are also extremal,
which is why the parity of G in (2) has to be tracked and why the threshold is 8 rather than 12. Each
run of the whole table cost under fifteen CPU-minutes.

Two checks of the rule. Before the formal proof was written, the rule (2) was exercised numerically.
First, for every 8 ≤ m ≤ 600 and every 0 ≤ B ≤ A ≤ h the inequalities 2W − A + G ≤ 2h
and WG ≥ m − 1 were evaluated directly: no failure. For 4 ≤ m ≤ 7 the same evaluation fails, at
(A,B) ∈ {(0, 0), (0, 1), (1, 0)}, matching the failure of the theorem there. Second, for every 8 ≤ m ≤ 40
and every one of the m3 elements — 671 616 targets in all — the actual word (the excursion of
Lemma 4.3 with the sign and τ reductions applied) was built from (2), evaluated in U(3,Z/mZ) by
(1), and compared with the target and with the length bound 2h: no failure. Neither check is used in
any proof; the second is what would have caught a wrong parameter rule before the formal proof was
attempted.

8. What remains open

Conjecture 8 of [1] has four cases for every n ≥ 3, and this paper settles one case for n = 3. We
record what the source reports about the rest, and what the present method does and does not offer.

• n = 4, fundamental, undirected. The source reports the value 3bm/2c for m = 12, . . . , 31. The
abelianization lower bound is again immediate. The construction here is one-dimensional in
the “area” coordinate; U(4,Z/mZ) has three superdiagonal coordinates and two independent
commutator coordinates, so the analogue of Lemma 4.3 would have to cover a two-dimensional
set of values, and we have no such lemma.

• The oriented cases. These concern the directed Cayley graph on the monoid generators
E + Ei,i+1 (or E + Eij). The lattice-path picture applies with monotone paths, but nothing
is proved here; the O(1) in the fundamental oriented case is not pinned by the source.

• Positive roots, n = 3. The additional generator I ± E13 is central; the undirected diameter
is conjectured to be 2bm/2c again, presumably with a different exceptional list. Nothing is
proved here.

• The exceptional list. That diamΓm = 2bm/2c+2 for 2 ≤ m ≤ 7 is computed (Section 7), and
only the half of the m = 7 case needed for sharpness is proved. The “not reachable” halves
can be proved as in Proposition 5.2; the “reachable” halves need one word per element.

• The source adds that “a similar phenomenon occurs for other unipotent groups, in particular,
the maximal unipotent subgroups of symplectic groups”, without printing values.
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9. Verification

All results of Sections 3–6 are formalised and checked in Lean 4 (v4.32.0) over Mathlib [9], in five
modules — Core (the group, the generators, the ball, the five-block word), Paths (Lemmas 4.1–4.3 and
the reversal τ), Upper (Lemma 4.4, Lemma 4.5, Theorem 4.6), Lower (Proposition 3.1, the diameter,
Theorem 5.1) and Controls (Propositions 5.2–6.2). Repository reference to be added at submission.
The definitions are
structure H (m : ℕ) where
x : ZMod m
y : ZMod m
z : ZMod m

instance : Mul (H m) := ⟨fun g h => ⟨g.x + h.x, g.y + h.y, g.z + h.z + g.x * h.y⟩⟩

def IsGen (g : H m) : Prop :=
g = ⟨1, 0, 0⟩ ∨ g = ⟨-1, 0, 0⟩ ∨ g = ⟨0, 1, 0⟩ ∨ g = ⟨0, -1, 0⟩

def Reach (m : ℕ) (n : ℕ) (g : H m) : Prop :=
∃ w : List (H m), w.length ≤ n ∧ (∀ s ∈ w, IsGen s) ∧ w.prod = g

noncomputable def diam (m : ℕ) : ℕ := sInf {n | ∀ g : H m, Reach m n g}

(with m : ℕ a variable, and a Group (H m) instance proved from the product), and the checked
statements, verbatim, are:
theorem reach_all (hm : 8 ≤ m) (g : H m) : Reach m (2 * (m / 2)) g

theorem le_of_reach_extremal {n : ℕ}
(h : Reach m n (⟨((m / 2 : ℕ) : ZMod m), ((m / 2 : ℕ) : ZMod m), 0⟩ : H m)) :
2 * (m / 2) ≤ n

theorem diam_eq (hm : 8 ≤ m) : diam m = 2 * (m / 2)

theorem not_reach_extremal : ¬ Reach 8 7 (⟨(4 : ZMod 8), (4 : ZMod 8), 0⟩ : H 8)

theorem not_reach_seven : ¬ Reach 7 6 (⟨(0 : ZMod 7), (0 : ZMod 7), 3⟩ : H 7)

theorem diam_seven_ne : diam 7 ≠ 2 * (7 / 2)

theorem diam_eight : diam 8 = 8

theorem diam_hundred : diam 100 = 100

theorem reach_extremal_eight : Reach 8 8 (⟨(4 : ZMod 8), (4 : ZMod 8), 0⟩ : H 8)

Here reach_all is Theorem 4.6, le_of_reach_extremal is Proposition 3.1, diam_eq is Theorem 5.1,
not_reach_seven and diam_seven_ne are Proposition 5.2, not_reach_extremal is Proposition 6.1,
and the last three are Proposition 6.2. Two remarks on the formal statements. In Lean, m / 2 on natu-
ral numbers is bm/2c, and sInf of a set of natural numbers is its least element when the set is nonempty
(which it is for every m ≥ 1, the group being finite), so diam m is diamΓm; the proof of diam_seven_ne
treats the empty case separately and does not rely on this. The only computation performed by the
kernel anywhere in the development is the enumeration of Proposition 5.2: the seven lists are built
by a recursive definition, completeness of the enumeration is a proved lemma, and non-membership
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of (0, 0, 3) is decided by evaluation (decide); no compiled evaluator (native_decide) is used. Conse-
quently, by #print axioms, every listed statement depends only on propext, Classical.choice and
Quot.sound, and not_reach_seven only on propext and Quot.sound; there is no sorry. Lemmas 2.1
and the three symmetries are, in the formal text, the group law itself, the lemma Reach.swp for τ ,
and the sign parameters of the path lemmas.
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