FOUR DUAL TUPLES SUFFICE:
A SMALLER EXACT CERTIFICATE FOR THE RANDOMIZED
METRIC-DISTORTION BOUND 11641/5000

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Shah’s recent bound of 11641/5000 = 2.3282 on randomized metric distortion rests on
an exact rational certificate: forty-nine parametric dual tuples for a semi-infinite linear program,
certified feasible by 107 polynomial inequalities, and fifty candidate bounds whose disjunction is
certified to cover the unit square by Bernstein-basis subdivision over 1096 accepted boxes. We show
that the certificate is far smaller than it looks. Four of the fifty candidate bounds already cover the
square — the tuples z1, z2, z3 and the tangency tuple at 7 = 3/5, with z2 used only where z > 1/4 —
and the (1—p)x < T'(q) bound is not needed at all. The feasibility burden drops from 107 polynomial
inequalities to 17. The four-tuple set is minimal for the subdivision search: dropping any one of the
four makes it fail, and restoring the discarded bound does not repair the loss. Both halves of the
reduced certificate are machine-checked in Lean 4. Two further facts about the published certificate
are recorded: every one of its 107 feasibility polynomials passes the Bernstein test at the root, with
no subdivision at all, so subdivision is needed only for the cover; and its own accepted cover invokes
only 8 of its 50 candidates. We are careful about what is and is not verified: the passage from these
polynomial inequalities to the distortion bound itself runs through four measure-theoretic steps of
the source that are not formalized, and we say exactly which.

1. INTRODUCTION

1.1. The objects. In the metric model of social choice of Anshelevich, Bhardwaj, Elkind, Postl and
Skowron [9], a finite set V' of voters and a finite set C' of m candidates are points of one unknown
metric space, a voter’s cost for a candidate is her distance to it, and each voter reports only the ranking
of C that her distances induce. For a metric d consistent with the reported profile o, the social cost of
a candidate is SCy4(c) = E,[d(v, ¢)], and that of a lottery P over candidates is SCy4(P) = E..p SCq4(c).
The distortion of P at o is

- B ‘ SCa(P)
dlbta (P) d consisbtlelrﬁ with o mincGC Scd(c) ’

and the distortion of a randomized voting rule is the supremum of this over profiles. The optimal
deterministic distortion is 3 [8]. For randomized rules the best known lower bound is 2.1126... [10],
and the upper bound went 2.753 [4] — 5/2 [5, 6] — 11641/5000 = 2.3282, the last in Shah [1], the
source of this note.

The 5/2 bound and the bound of [1] are both proved through the candidate-set reformulation of
Charikar, Ramakrishnan, Wang and Wu [4], in the form made explicit by Frank [5]: for a nonempty
proper I C C with J =C'\ I, set

(1) q(I):mi}lPrv[j =, @ for some j € J], P I)= E P(j) Pry[i =, j for every i € I],
1€
JjeJ

and then ¢(P,I) < rkq(I) for every such I implies dist(P) < 1 + 2k. The new ingredient of [1] is
the random-size stable lottery RSL(D): for a positive-integer-valued random variable D it is a lottery
satisfying Ep Pr,[A =, (RSL(D))P] < E[1/(D +1)] for every challenger lottery A, where (RSL(D))?”
is a multiset of D independent draws compared by random-label tie-breaking. Deterministic D = 1
recovers maximal lotteries and deterministic D = k the stable k-lotteries of Charikar, Ramakrishnan,

Tan and Wang [7]. With D* supported on {1, 12,13} and the mixture P* = {4LIV+ 22009 RST,(D*) of
1
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Integrated Veto with RSL(D*), the bound 2.3282 follows from a single scalar inequality, [1, Lemma 5]:
gp+(q) < T(q) = g(a —bq) for all ¢ € [0,1], where a = 33205/42059, b = 7941/42059 and gp is a
worst-case loss envelope defined by an optimization over a scalar and two Borel measures.

1.2. The certificate, and the question this note answers. Lemma 5 of [1] is proved by an exact
rational certificate with two halves. Dualizing the envelope program at each fixed (g, z) produces a
semi-infinite linear program Dual(D, ¢, z) with four scalar variables z = (A, i, u, v); the source exhibits
forty-nine parametric dual tuples z;(z), and

o dual feasibility: each z; is certified feasible on a stated range of x by a list of polynomial
inequalities H™® > 0 — 107 of them in total;

e the cover: the fifty candidate bounds obtained from these tuples together with the trivial
bound (1 — p)z < T'(g) have a disjunction that is certified to hold at every (g, ) of the unit
square, by the Bernstein-basis subdivision test of Garloff [3] over 1096 accepted rational boxes,
together with a second, separate verification on the line z = 1.

The verifier is exact-rational Python [2]; there was no formal artifact. Box counts quoted for [1], here
and below, are not stated in that paper: they are measured from a run of its own verifier (§6). Fifty
candidate bounds and 107 feasibility polynomials is a large object, and the source’s own discussion
[1, §6] lists four avenues for improving the constant without asking how much of the certificate is
load-bearing. That is the question here: how small can the certificate be made, and which of its parts
do any work?

1.3. What is settled. The answer is that almost none of it is needed.

e Four candidate bounds cover the square (Theorem 5.1). At every (¢, z) € [0,1]? at least
one of HYM, HS", HY" HY' is nonnegative, with HS"* — whose tuple is feasible only for z
bounded away from 0 — used only where x > 1/4. The trivial (1 —p)z < T'(¢q) bound is never
used. Only 17 of the 107 feasibility polynomials survive (Theorems 4.1-4.4), and the accepted
subdivision has 1022 boxes against the published 1096.

e Four is minimal for this search (§6). Dropping any one of z, zo, 3, Z49 makes the subdi-
vision search fail, and restoring the discarded (1 — p)x < T'(q) bound does not repair the loss
of z49. One instance of this is itself machine-checked (Proposition 7.1(iii)).

e Two facts about the published certificate (§6). Every one of its 107 dual-feasibility
polynomials passes the Bernstein test at the root of the pipeline, with no subdivision at all:
the subdivision loop is needed only for the cover. And the published accepted cover fires only
8 of its 50 candidates.

e Everything above is kernel-checked, in Lean 4 against Mathlib, with the certificate poly-
nomials rebuilt inside the proof from the source’s formulas rather than transcribed, and with
every exact polynomial division that defines a H™® or a H°" verified as an identity rather
than assumed (§9).

The reduction changes no constant: the bound proved is the source’s 11641/5000, and the inde-
pendent check is the source’s own verifier, which accepts the reduced certificate on a reduced input
file with no edit to its code (§6).

1.4. What is not claimed. This note verifies the polynomial content of [1, Lemma 5] on the region
where the source needs it. It does not verify dist(P*) < 11641/5000. Four steps of the source stand
between the two, and none of them is a computation: the set-certificate proposition, the measure-
valued loss-envelope lemma, generalized-moment weak duality together with the sign chain that turns
the H2 > 0 inequalities into dual feasibility, and the existence of RSL(D*). Section 8 names them
one by one. The artifact here should be read as the computer-assisted half of the source’s proof, redone
in a kernel with a certificate an order of magnitude smaller, and not as a formal proof of 2.3282.
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1.5. Method. Two ingredients make the reduction affordable. The first is a rewriting of the certifi-
cate’s own algebra: the binomial double sums (B.1)—(B.3) of [1, App. B.3] all collapse to differences
of ¥(s) = f; f, so the entire certificate is generated by f, f’ and ¥ with no binomial coefficient
anywhere (Lemma 3.1; proved on paper, outside the formal development). The second is the shape of
the Bernstein test itself: after homogenization, “all Bernstein coefficients are nonnegative” is literally
“this polynomial in 2n variables has nonnegative coefficients”, so the coefficients are the output of the
same additions and multiplications the defining equations use, and never an input to be trusted. Two
additions to that instrument were needed and are new here: nonnegativity on a dyadic slab of one
axis, for the tuple zo, which is genuinely negative near = 0; and a subdivision tree for a disjunction,
whose leaves each name the member of the candidate family that certifies them and whose interior
nodes prune members used nowhere below them.

2. PRELIMINARIES

All of this section is the source’s, in the source’s notation; nothing here is new.

2.1. Candidate sets. With ¢(I) and ¢(P,I) as in (1), the reformulation used throughout is:

Proposition 2.1 ([4]; in this form [5]). Let x > 0. If a lottery P satisfies £L(P,I) < kq(I) for every
nonempty proper I C C, then dist(P) < 14 2k.

Frank [5] and Ye [6] reach x = 3/4, hence 5/2, with the equal mixture of a maximal lottery and
Integrated Veto, which turns the Simultaneous Plurality Veto process of Kizilkaya and Kempe [11]
into a lottery. Proposition 2.1 yields nothing better from any mixture of those two rules, and Ye [6]
proves a stronger obstruction: a much larger family of rules has distortion no better than 5/2 [1, §3].
The source’s target is k = 6641/10000.

2.2. The loss envelope and its dual. Fix D, write f = ¢p for its probability generating function,
1
p=J, fand r=1—z. Forz € (0,1] put

K, = / fru)du,  Waly) = fz+ry),  walb) = flaby),
0

(2) Golbo,y) = Iy fru+ xbo) du +:{y1 flru+x)du — Kg;,
Fy(b) = folf(?“u%—ﬂdn)du—KJc7 szprx_

T T

The source’s Lemma 2 bounds ¢(RSL(D),I) by gp(q(I)), where gp(q) is the value of a program
over a scalar z € [0,1] and two Borel probability measures n on [0,1]? and £ on [0, 1] subject to
three constraints (C1)—(C3); its Lemma 3 normalizes the program at fixed « into a linear program
Primal(D, ¢, z) in (n,£) with the two constraints built from (2); and its Lemma 4 exhibits the dual
Dual(D, ¢, ) : A,@?flﬁ,veua Ap + pRy + (1= qu+ qu

subject to u + AW, (y) + uGa(bo,y) > b for all (by,y) € [0,1]? and v + Aw,(by) + pFy(by) > by for
all b; € [0,1], a semi-infinite linear program with four scalar variables. Weak duality for generalized
moment problems [12] makes every feasible tuple a certificate: writing

(3) Ulg,z;2) =x(Ap+ pRe + (1 — q)u+quv)  for z = (X, p,u,v),

the source’s Lemma 4 reduces gp(q) < T(g) to the following disjunction at each ¢ € [0,1] and
x € (0,1]: either Primal(D, ¢, ) is infeasible, or (1 — p)z < T(q), or some feasible dual tuple z has
Ul(g, z;2) < T(q).
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2.3. The rule, the target and the four tuples. The source takes D* supported on {1,12,13}

with Pr[D* = 1] = 423239/106, Pr[D* = 12] = 471105/10°, Pr[D* = 13] = 105656/10°, so that
423239t + 471105 t'2 + 105656 ¢ 3 ! 46483747

4 t - * t — = = —

@ 0 =60-0) - = = T

and the target T'(¢) = q(a — bq) with a = 33205/42059, b = 7941/42059. Of its 49 parametric tuples

we shall need exactly four. Write (s) = [ f and L, =p — U(z) — ¥(r) — zf(r).

e 7z, and zy (dual families 1 and 2), with y; = 80529/100000, y2 = 1, A, = G,(1,0) and
Aj(x) = (f(@) = Wa(y;)) 9y Ga(0,95) — (Ax — G2(0,5)) Wy (),

by Aj = 0,Gx(0,4;)/Aj(x), pj = =Wily;)/A;(x), uj = —AWaly;) — 1;G=(0,9;), v; = 0.
Their stated eligibility ranges are = € (0,1) for z; and = € [1/5,1) for zs.

o z3 (dual family 3), by Az = Lx/(a:f(r)(l — f(a;))), ps =1/f(r), us = =3, v3 = 0, eligible on

€ (0,1).

® 7,49, the tangency tuple at 79 = (49 + 11)/100 = 3/5: with S;(z) = Asxf/(x7;) + psFL(7;)
and 05 = 1/55, Aj = 0;s, p1j = Ojpz, wj = (1= 0;) + Ojus, v; = 7; = X f(275) — 4 Fa(75),
eligible on z € (0, 1].

The polynomials attached to these tuples are the source’s. For j € {1,2}, with I; o = u;+X\; W, (y)+
1;iG(0,y) and I; 1 = I; 0+ w; f(ry)/r — 1, they are

eas A(x) eas eas
H{,] = 71:(1]_ $)27 Hg,j = 78yG1(07yj)? H§,j - W;(y])a
s flr s hum s num(Z;,
(5) Hie? = num()\jalm—i—,uj¥ - >, Hé‘f;‘ = = (; )2) Hée? = ;J)7

with a; = 423239/10% and num the numerator in lowest terms, signed so that the denominator is
positive on the domain. For z3, with I3 g = p3G4(0,y) —A3(1—W,(y)) and I3 1 = I3 o+ psf(ry)/r—1,

L, num(Is o)
z(1—x)’ 1—y
and for z49, with Z;(z) = Lo f'(x1;) + (1 — f(x))(f(r +a7;) — f(ij)),

Zj(x) pyteas _ Zi(w) — (1~ f(2))f(1 ~2)
) 2,7 — .
1—=x z(1—x)
Finally the outer polynomials, one per candidate bound, are the cleared forms of T'(¢) — U(q, z;2;):
Aj(z)

num(/31)

6 eras — :
©) b y(1-y)

feas __ feas __
H2,3 - s H3,3 -

7) Hie =

H" = === (T(g) — Ulg,w;25)) (G €{1,2}),
(8) out out Z 9(I)
Hj :f(r)(l—f(x))(T—U), Hiy" = 1—33(T_U)’

each of which is a polynomial in (g, z) with rational coefficients; the displayed prefactors are positive
on the relative interior of the region where the corresponding tuple is used, so H]Qut > 0 is exactly the
candidate bound U(q, x;z;) < T(q) there.

2.4. Normalization. Every polynomial below is understood in a fixed integer-cleared normalization:
it is multiplied by an explicit positive integer — powers of 10 and 364, and powers of the denominators
10° of y; and 5 of 749 — so that all its coefficients are integers. Multiplying by a positive constant
changes no sign claim. The normalization is not left to convention: each theorem below states the
exact divisor of the division that defines the polynomial, and asserts the corresponding identity against
a numerator assembled from the formulas of §2, so the constant is pinned by the identity. In the same
normalization the source’s strict claims H fe]ab > 0 become the quantitative H fej% > 1.

One discrepancy inside [1] decides which polynomial the theorems of §4 are about, so we record
it. The convention just quoted asks for num in lowest terms, but the published verifier [2] does not
reduce: for six of the seventeen polynomials the cleared numerator it builds carries an extra factor,
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x(1—x)? for Hiews, Hiess, Hiess, HESS and 1 — o for H®, H®5®. Both are nonnegative on [0,1] and
positive on (0,1), so the two forms have the same sign wherever the tuples are used, and the sign
chain of [1, App. B.3], which needs I, ;1 > 0 there, is served by either. We follow the verifier,
so that the polynomials proved nonnegative below are literally the ones the published run tests; the
other eleven agree with the prose convention up to a positive integer.

3. THE GENERATING IDENTITIES
Appendix B.3 of [1] rewrites the kernels (2) as binomial double sums: for f(t) =", aqt?,

kldk

=S ary ()5t

and similarly for G (bo,y) and R,. These sums are what the published verifier manipulates, with the
one exception noted at the end of this section. They are unnecessary: every one of them collapses to
a difference of values of the single antiderivative ¥(s fo

Lemma 3.1. Let f be any polynomial, p = fol f, U(s) = fos fandr=1—x. Then for x € (0,1) and
all y,b € [0,1],

re Ge(0,y) = p = W(r) + W(ry) = V(z +ry), 20,G.(0,y) = f(ry) — f(z +ry),
re G,(1,0) = p — U(x) — ¥(r), ra Fp(b) = U(r + xb) — U(ab) — ¥(r),
re Ry =rp — (), Waly) = flz +ry), Woly) =rf(z+ry).

Proof. Substituting ¢ = ru gives K, fo ru)du = V(r)/r, and likewise [J f(ru)du = U(ry)/r
and fyl fru+z)du = (¥(r+ ) — ¥(ry + a))/r = (p— Y(x + ry))/r, since r + x = 1. Putting
these into the definition of G (0,y) in (2) and multiplying by rx gives the first identity; differentiating
the same numerator in y under the integral sign gives the second. Taking by = 1 and y = 0 leaves

fo (ru+z)du—K, = (p—¥(x))/r—¥(r)/r, which is the third. The fourth is zF,(b) =
fo Tu—i—a:b du— K, = (U(r+ab) — V(b)) /r — ¥(r)/r, and the fifth is 2R, = p— K, = p—V(r)/r.
The last two are the definitions. d

Lemma 3.1 is proved here on paper and is not part of the formal development. Every theorem below
is an unconditional statement about explicit polynomials, and none of them depends on it; what does
depend on it is the reading of those polynomials as the certificate objects of [1, App. B.3], since the
formal development builds them in the ¥ form rather than the binomial form. Its role is otherwise
practical, and decisive. Every object of the certificate is a short expression in f, f’ and ¥ — three
explicit polynomials of degree at most 14 for the f of (4) — with one explicit integer clearing constant.
No binomial coefficient and no division by d — k + 1 appears anywhere, and the polynomials of (5)—
(8) can therefore be built inside the proof by a handful of additions and multiplications, instead of
being transcribed from the verifier’s output. That is what makes a kernel-level check of the certificate
affordable at all; without it the same objects arrive as opaque coefficient arrays.

The identities are one substitution each and nothing about them is claimed to be new; the point is
that the source does not use them. In the text of [1] the antiderivative ¥ occurs in exactly one place,
the definition of L, = p — ¥(z) — ¥(r) — z f(r) for z3, and the kernels (2) are stated and used as the
binomial sums (B.1)—(B.3). The verifier [2] has one further occurrence — its dual_family_3 builds
the G-numerator in the shape of the first identity above — and works from (B.1)—(B.3) everywhere
else.

Each identity of Lemma 3.1 was in addition checked numerically against the published verifier’s own
binomial-sum objects at three rational points before any of it was used, and each of the 21 numerators
rebuilt from f, f/, ¥ below was checked to agree with the verifier’s corresponding polynomial coefficient
by coefficient, with residual exactly zero.
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4. DUAL FEASIBILITY OF THE FOUR TUPLES

We now state what is proved. In each theorem the H™ are the polynomials (5)-(7) in the
normalization of §2.4, and N; denotes the numerator built from the formulas of §2 through Lemma 3.1.
The second half of each conclusion — the exact-division identity — is what makes the first half a
statement about the source’s certificate rather than about a transcription of it: a wrong coefficient in
the quotient breaks the identity instead of weakening the inequality.

Theorem 4.1 (dual family 1, y; = 80529/100000). For all (z,y) € [0,1]? the siz polynomials H*,
1 <4 <6, satisfy
HE>1,  H$>0 (2<i<6),
and each is the exact quotient recorded by its defining division:
?(1—2) Hi%® = Ny, cHYS =Ny, HES® = Ns,
o(l—2) Hi = Ny, 2(1— 2)(10°%y — 80529)% HI%S = N5, a(1 — x)y HES® = N

Theorem 4.2 (dual family 2, yo = 1). For all (x,y) with 1/4 < z <1 and 0 < y < 1 the sic
polynomials HZfCQaS satisfy H{CSS >1 and Hfogas >0 for2<i<6, and

?(1—2) H% = Ny, wHySs® =Ny, HiS® = Ns,
z(1—x) Hi‘f;s =Ny, z(1—2)(y— 1)2 nggb =N;5, z(l1—2x)y nggb = Ng.

Theorem 4.3 (dual family 3). For all (z,y) € [0,1]%, Hf® > 0, Héegs > 0, H§e§‘S > 0, and
2(1— @) HE = Ny, (1 - y) HES = Ny, y(1 - y) HES = N

Theorem 4.4 (the tangency tuple at 7 = 3/5). For all (x,y) € [0,1]?, H{*5 > 1 and H?35 > 0, and
(1 — ) H*5 = Ny, o(1 — o) HEG5 = No.

These are 17 polynomial inequalities against the 107 of the published certificate; the 107 is 6 +6+3
for the first three families plus 2 for each of the 46 tangency tuples z4, ..., Z49.

Two remarks on the domains. Theorem 4.2 restricts zs to > 1/4 where the source proves feasibility
on x > 1/5; since [1/4,1] C [1/5,1], the statement is a restriction of the source’s, not an extension.
The threshold moved because 1/5 is not dyadic and the subdivision instrument used here splits at
midpoints; the slab [1/4, 1] is reached from the unit box by two half-box substitutions. The restriction
costs nothing: the cover of §5 still closes with zs confined to x > 1/4. Neither 1/5 nor 1/4 is the
true threshold — the same six polynomials were observed to pass the Bernstein test on [1/8,1/4] as
well — but nothing below needs that. Second, the slab hypothesis is not vacuous: H, éegb is strictly
negative at (z,y) = (1/16,15/16) (Proposition 7.1(ii)), so the conclusion of Theorem 4.2 genuinely
fails somewhere in the unit box.

Finally, the sign conclusions above are the sign conclusions of the published verifier — equivalently,
on the relative interior, the source’s, the two forms differing only by the factors recorded in §2.4 —
and the passage from them to the statement “z; is dual-feasible” is the source’s prose argument from
convexity, which is not formalized here; see §8.

5. THE COVER ON FOUR CANDIDATE BOUNDS

Theorem 5.1 (the reduced cover). For every (q,x) € [0,1]?,
HY(q,2) 20 v (221 A HS"(q0)20) vV H(g2)20 vV HE'(g) =0,
Proposition 5.2 (the four outer divisions). Identically in (q,z) € R?,
2?1 —z) H"™ =Ny, 2*(1—2)H" =N,,  Hg™ =Ns, (1 —x)H" = Ny,

where N; is the numerator built from the source’s formulas for T, for U(-;z;) of (3) and for the
prefactor of (8).
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The published cover uses fifty candidate bounds — the (1 — p)x < T'(¢q) bound and all 49 tuples
— over 1096 accepted boxes. Theorem 5.1 uses four, over 1022, and never uses the (1 — p)z < T(q)
bound.

Proof sketch, and what rests on exhaustive computation. The whole of Theorem 5.1 rests
on exhaustive computation, and the shape of that computation is the following. Write a polynomial
H of bidegree (m,n) in the tensor-product Bernstein basis on a box; since the basis functions are
nonnegative and sum to 1, nonnegative Bernstein coefficients prove H > 0 throughout the box. The
device used here computes those coefficients without a basis conversion: with u; = z; and v; = 1 -z,

the homogenization H (u,v) = [1;(wj + ;)" H(uj/(uj + v;)) has monomial coefficients equal to the

Bernstein coeflicients up to positive binomial factors, and H (t,1 —t) = H(t); homogenization is
multiplicative, so H is assembled by the same additions and multiplications that define H, and “all
Bernstein coefficients are nonnegative” becomes “this integer coefficient list has no negative entry”.
Subdivision is free in the same representation, because the two half-box substitutions ¢; — ¢;/2 and
t; — (1+1t;)/2 are integer linear substitutions with nonnegative coefficients.

Theorem 5.1 is proved by splitting the square at © = 1/4 and x = 1/2 into three dyadic slabs and
walking, on each, a binary subdivision tree whose leaves each name the candidate that certifies them
and whose interior nodes carry the list of candidates still live below them. The finite search that was
run, and its result, is exactly:

slab candidates offered accepted boxes depth
x € [07 1/4] 71,723,749 54 29
x e [1/4, 1/2} Z1,29,7Z3,7Z49 11 8
S [1/2, 1] Z1,29,7Z3,Z49 957 32

Zo is absent from the first slab, which is what puts the side condition > 1/4 on the second disjunct
of Theorem 5.1 and matches it to the domain of Theorem 4.2. Each of the 1022 leaves is one evaluation
of the Boolean “this coefficient list has no negative entry”; the soundness of the tree walk — that an
accepted tree forces the disjunction at every point of the slab, and that pruning a candidate at an
interior node only weakens the claim — is proved once and for all, without any compiled evaluation.
Theorems 4.1-4.4 rest on exhaustive computation in the same sense, but far more cheaply: each of
the 17 polynomials passes the test at the root, with no subdivision, once the domain is fixed (for
dual family 2, after the two half-box steps that cut the slab [1/4,1]). The exact-division identities of
Theorems 4.1-4.4 and Proposition 5.2 are decided by the same kind of computation: the term list of
divisor x quotient — numerator is computed and compared with the empty list.

Corollary 5.3. Restricted to (q,z) € [0,1] x (0,1), the disjunction of Theorem 5.1 invokes each tuple
only on a range of x on which [1, Tab. 4] states it feasible, and for each of those four tuples the
polynomial signs that [1, App. B.3] asks for on that range are the conclusions of Theorems 4.1-4.4.
On that region the pair (Theorems 4.1-4.4, Theorem 5.1) therefore carries the entire computational

content of the proof of [1, Lemma 5], with four candidate bounds and 17 feasibility polynomials in
place of fifty and 107.

The region [0,1] x (0,1) is the first of the two disjunctions the source verifies. The second, the line
x =1 with ¢ € [1 — p,1], is not reduced here: the source treats it with the (1 — p)z < T'(¢) bound
and the tangency tuples, and the accompanying primal-infeasibility argument at = 1 is prose (§8).
Theorem 5.1 does hold on the closed square, including = € {0,1}; we make no claim about tuple
eligibility there.

6. THE CERTIFICATE, MEASURED

The statements in this section are measurements of the published certificate and of the subdivision
search, obtained by instrumenting the published verifier [2] from a separate script without editing it.
They are not theorems, and none of them is machine-checked, with the one exception noted below.
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The published run. Reproducing the published verification takes 5 min 54 s of wall time and
345 CPU-seconds in exact rational arithmetic. Recording which candidate certifies each of its 1096
accepted boxes gives the census

(C3):2, z:44, 2z5:513, 2z3:532, 24:2, z5:1, 2z48:1, 2z49:1,

so 8 of the 50 candidates fire and 42 of the 49 tuples never do. Separately, of the 107 dual-feasibility
polynomials, all 107 pass the Bernstein test at the root of the pipeline with no subdivision at all; the
maximum subdivision depth over the whole feasibility half of the certificate is 0. The subdivision loop
that [1] describes, and whose termination it can only assert, is needed for the cover alone.

Minimality of the four-tuple set. Re-running the cover search on subsets of the candidate list, at
a budget of depth 40 and 30000 boxes, gives:

candidates x€|0,1/4] ze€[l/4,1/2] =z €[1/2,1]
Z1,%29,723,Z49 54 11 957
without z; fails fails 957
without zo 54 fails fails
without zg fails fails fails
without z49 54 11 fails
without z49, with (C3) restored 54 11 fails

Here “fails” means that the search exhausted its budget, and “zs” is always taken with its threshold
x > 1/4. Two further searches: the cover also fails when all 48 tuples other than zs are offered with
no threshold restriction, and when 2z, is restricted to « > 1/2. Thresholds > 1/8 and = > 1/4 for
z5 both close with the full candidate list (1014 and 1019 boxes); = > 1/2 does not.

One caveat is essential. A failure of the Bernstein test is not a proof that the disjunction is false:
the test is sufficient for nonnegativity but not necessary, and the search is a search. What the table
shows is that no accepted subdivision within this budget exists for the smaller candidate sets, which
is the sense in which the four-tuple certificate is minimal. One instance of it is genuine and machine-
checked, namely that the specific accepted 957-box subdivision of x € [1/2,1] is rejected when only
Z1,Z3,Z49 are offered (Proposition 7.1(iii)).

Independent confirmation. The reduced certificate is expressible in the published verifier’s own
input schema, by setting the tangency parameter list to {60/100} and the family-2 threshold to 1/4.
On that input the verifier prints its acceptance message with no edit to its code, in 3min35s of
wall time and 119 CPU-s, a factor 2.9 faster than on the published candidate. Its schema validator
independently re-derives p from D* and re-checks that T is consistent with the rule mixture, so the
reduction cannot have substituted a different rule or a weaker bound.

7. CONTROLS

If every check inside a certificate succeeds, nothing has been learned about the checks themselves.
The following are machine-checked in the same way as the theorems above, and all of them are
negative.

Proposition 7.1. (i) The constant is load-bearing. Lower the target from T to the one that would

give distortion 2.3 — that is, replace k = 6641/10000 by 13/20, decreasing T(q) by 705q/42059
— and recompute the four outer polynomials. At the explicit rational point (q,z) = (3/8,9/16)
of the unit square, all four are strictly negative. So no candidate of the reduced set applies
there, and Theorem 5.1 has no analogue at that constant.

(ii) The slab hypothesis of Theorem 4.2 is not vacuous. H, gegb fails the root Bernstein test on the
whole unit box, and is strictly negative at the explicit point (z,y) = (1/16,15/16).

(iii) zo is load-bearing in the cover. The accepted 957-box subdivision of x € [1/2,1] is rejected
when offered only z1,23,249.

(iv) The exact-division identities are not vacuous. Perturbing one quotient by the constant 1 makes
its identity fail.
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(v) The strict margin is sharp. H{egg > 1 is certified, and the same test one unit above the true
minimum Bernstein coefficient is rejected.

8. WHAT IS NOT CLAIMED

The source’s chain from Lemma 5 to dist(P*) < 11641/5000 has four links that are not formalized
here. None of them is a computation; all four are ordinary mathematics that a proof assistant can
express but not cheaply.

(1) The set-certificate proposition (Proposition 2.1), due to [4] and restated by [5]: ¢(P,I) <
kq(I) for every I implies dist(P) < 14 2k. This is the cheapest of the four and the only one
that is purely finite-dimensional once ¢(I) and ¢(P,I) are defined on a finite profile.

(2) The loss-envelope lemma, which bounds ¢(RSL(D),I) by the value of an optimization
over a scalar and two Borel measures — the measure-theoretic heart of [1], and the step that
abstracts a profile away.

(3) Weak duality for generalized moment problems [12] together with the sign chain of
[1, App. B.3]: from “H{f’?s > (0 and Hé‘f?s, cee Héej‘s > 07 to “z; is dual-feasible”. The source
argues this in prose, from convexity of G (-,y) in by — which reduces the first pointwise dual
constraint to its two endpoint values — and from convexity of v + Af(zby) + uF,(b1) — by in
b1. Theorems 4.1-4.4 prove the polynomial signs; they do not prove dual feasibility.

(4) Existence of RSL(D*), a convex minimax argument, together with the endpoint cases z = 0
and x = 1 — including the primal-infeasibility argument at = = 1 for ¢ < 1 — p, which is what
confines the second verified disjunction to ¢ € [1 — p, 1].

Both convexity facts in item 3 are statements about explicit polynomials with nonnegative co-
efficients in the right variables, and look reachable with the same instrument; that would upgrade
Theorems 4.1-4.4 from sign theorems to feasibility theorems. We have not done it.

Remark 8.1 (the reach of the source’s tuples). One more measurement, recorded so that it is not
repriced. The 49 tuples do not depend on T; only the outer polynomials do. Write M(q) =
SUP,¢ 0,1y Min U(q, z;2;). The best target of the source’s shape T(q) = ag — bg® then has a(b) =
maxg (M(q)/q + bq), and the constant it certifies is kK = a/(1 + b). A floating-point computation of
M on a 300-point grid in g with four rounds of local refinement in z, followed by the one-parameter
minimization of a(b)/(1 4+ b), gives x ~ 0.66408958 at b ~ 0.1888, i.e. a distortion of about 2.3281792;
at the source’s own b = 7941/42059 it gives k = 0.66408972. So the published x = 0.6641 carries
about 1.04 x 1072 of slack over what its own tuple family permits, and the available improvement is
about 2.1 x 107° in the distortion — in the fifth decimal. This is consistent with the source’s own
discussion, which estimates its numerical search at “approximately 2.32818”. The estimate is floating
point and is not a theorem. Certifying past it was priced and not attempted: the box count of the
cover scales roughly inversely with the slack, so a certified kK = 0.66409 would need on the order of 25
times the 1022 boxes, about 2.7 CPU-hours and 8 GB, for a fifth-decimal gain.

9. VERIFICATION

Theorems 4.1-4.4, Theorem 5.1, Proposition 5.2 and Proposition 7.1 have been formally verified
in Lean 4 (toolchain v4.32.0) against Mathlib [13, 14]; the development is five modules and about
1770 lines, contains no sorry and declares no axiom by hand, and the whole chain checks cold
in about 12 minutes of wall time and 12 CPU-minutes at a peak of 7.8 GB resident, of which the
cover alone is 6min31ls and 577 CPU-s. The reasoning layer is free of compiled evaluation: the
soundness of the Bernstein test, the new slab lemma — nonnegativity on a dyadic sub-interval of
one axis, built from the two existing half-box substitutions and one affine reparametrization — and
the new disjunctive tree walk, whose conclusion is that at every point of the box some member of
the candidate list the checker was started with is nonnegative there, all depend on no axioms beyond
propext, Classical.choice and Quot.sound. What is delegated to compiled evaluation, through
Lean’s native_decide, is exactly 56 Boolean tests of the form “this computed integer coefficient list
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has no negative entry” or “this computed term list is empty”: 40 for the feasibility half (a root test
and an exact-division test per polynomial, with two slab tests instead of one for each of dual family
2’s six), 3 subdivision-tree tests and 4 exact-division tests for the cover, and 9 for the controls, five of
which are point witnesses that must return true and four of which are tests that must return false.
Each theorem depends on precisely the Booleans its own proof uses, and those 56 Booleans are the
only source of extra axioms anywhere in this paper. No coefficient list is supplied as an input to a
sign claim: the certificate polynomials are built inside the proof from f, f’ and ¥ by the identities
of Lemma 3.1, so the Bernstein coefficients are the output of the pipeline; the exact quotients, which
that algebra cannot build, are carried as coefficient data and are pinned by the division identities
stated in Theorems 4.1-4.4 and Proposition 5.2, so a wrong coefficient makes an identity fail rather
than a theorem weaker. Finally, every numerical value quoted in §6 and Remark 8.1 was produced by
an independent implementation, and the reduction was confirmed by the source’s own exact-rational
verifier before any of it was formalized. The source of the development is currently held in a private
repository: repository reference to be added at submission.
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