ITERATED DICKSON POLYNOMIALS OVER FINITE FIELDS:
WHEN THE EVENTUAL PERIOD IS k¥ AND WHEN IT IS k/2

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Let Dy (x,«) be the Dickson polynomial of the first kind over Fq
and let Dy o be the self-map of Fy it induces. Under the hypothesis o™ = a,
which makes D}’ = Dpm o, Chen and Peng (arXiv:2508.08621v3) compare
the exact period k of the integer sequence n™ mod 74(c) with the exact period
# of the iterates D], prove x = k when k is odd, observe that x € {k,k/2}
when k is even, and ask for a criterion separating the two cases. We give one.
Let 72 be the largest divisor of m4(c) coprime to n, so that k is the order of n
modulo 72, and let Ko C (Z/72Z)* be {1,q} if a # 1 and {£1,+q} if a = 1.
Then k = k/|(n) N Kq|; in particular k = k/2 exactly when k is even and
the involution n*/2 lies in K. The proof runs on the classical double cover
u — u+a/u and on a splitting lemma for cosets of finite subgroups; the group-
theoretic core is formalised in Lean 4 for arbitrary commutative groups, and
the criterion is verified exhaustively for every admissible pair at the seventeen
prime powers 3 < ¢ < 32 inside Lean and at all seventy prime powers ¢ < 256
by an independent program. Two by-products: Corollary 4.3(1) of Chen—Peng
is printed with its condition inverted, and the two branches of their question
are counted at eleven fields. At o = 1 the criterion recovers what Qureshi and
Panario’s description of Chebyshev dynamics already gives; the new content
is @ # 1 in the non-permutation range ged(n, ¢ — 1) > 1.

1. INTRODUCTION

Let ¢ = p°® be a prime power and o € F*. The Dickson polynomials of the first
kind are defined by Dy(x,a) = 2, Dy(z,a) = x and

(1) D (z,0) =2 Dp1(z,0) — @ Dpy—a(z, @) (m > 2),
and are characterised by the functional equation
(2) Dy (u+ a/u, a) =u"+a™/u™

Read modulo z¢ — z, D,(-,«a) is a function F, — F,, which we write D,, ,. Chen
and Peng [1] study these functions from two angles. First, as the index varies: their
Theorem 1.1 determines the exact period 7, () of the sequence [D,,(z, &) mod (27—
z)]p>1. Second, under the standing hypothesis a™ = « of their Section 4, which
is what makes the composition law D,, o D,, = D,,, available and hence DZ"ja =
Dym o, they study the iteration of a single map D, .. Two pairs of integers are
compared: (I,k), the exact tail length and exact period of the integer sequence
[0 mod mg(@)]m, and (A, k), the exact tail length and exact period of the sequence
of functions [D}, ], — equivalently, as they note in their Section 1, the maximal
preperiod and the least common multiple of the cycle lengths of the functional
graph of D, o on F,. (Chen and Peng write these as script letters; we write A, k
throughout, and transliterate accordingly when quoting them.) Their Lemma 4.4
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proves A = [ and their Proposition 4.5 proves that k odd forces xk = k. Then,
verbatim from the compiled version 3 (p. 12):

B

When k is even, we sometimes observe x = k and sometimes k =
At present, we do not have a complete criterion distinguishing the
two cases. We therefore leave the following question open.

Question. When £k is even, under what conditions do we have
Kk =k versus kK = g?

e

[Pl )

This paper answers the Question. Write 7 = m,(a), let m2 be the largest divisor
of 7 coprime to n (so that k is the multiplicative order of n modulo m3), and put,
inside (Z/m2Z)*,

‘) . {{1, a} if a1,

B {1, -1, ¢, —q} fa=1.

Since 7o | g2 — 1, every element of K, squares to 1, so K, is a subgroup of exponent
dividing 2.

Theorem 1.1 (the criterion; Theorem 5.4). Let g be a prime power, a € Fy and
n > 1 with o™ = «. Then
k
K= the intersection taken inside (Z/moZ)™ .
[(n) N Ka|
Consequently k € {k,k/2}; k = k/2 if and only if k is even and the unique involution
nk/2 of the cyclic group (ny lies in Ku; and k = k whenever k is odd.

The statement has three layers of support, and we keep them apart throughout.

(1) Proved, for all q. Section 5 proves Theorem 1.1 by lifting D, o to the
power map u — u” on the double cover Fy U {u € ]qug cult! = a} of Fy,
identifying the periodic points, and applying a splitting lemma: on a coset of
a finite subgroup, if s is coprime to the subgroup’s order then the two ways
a point can be fixed (u® = u or ©®* = a/u) cannot be mixed. That lemma
is what turns the observed dichotomy into a theorem. Everything after the
reduction to the cover is pure group theory, and that part — Theorems 4.1—
4.4 — is stated for arbitrary commutative groups and is machine-checked.
The reduction itself (Lemmas 5.1-5.3) is proved on paper only.

(2) Certified exhaustively, ¢ < 32. Theorem 6.1 verifies the criterion for every «
and every admissible n at the seventeen prime powers 3 < ¢ < 32, by direct
computation inside the proof assistant (by the kernel itself at ¢ = 3,4, 5).

(3) Computed, ¢ < 256. An independent C program verifies the same state-
ments for all 4,385,984 admissible pairs (a,n) at all seventy prime powers
2 < ¢ < 256, with zero violations (Remark 6.2). These runs are reported,
not certified.

Two by-products of the same computations concern the source itself. Corol-
lary 4.3(1) of [1] states the answer in the permutation case ged(n, ¢? — 1) = 1 with
its condition printed the wrong way round; two kernel-checked witnesses over I
pin the inversion in both directions (Section 7). And since [1] prints no data for its
Question, we tabulate how its two branches split at eleven fields (Theorem 6.3).

What is new and what is not. At a = 1 one has D, (z,1) = 2T,,(z/2) for odd
g, so the functional graph of D,, ; is that of a Chebyshev polynomial, and Qureshi
and Panario [2] — a paper [1] cites, as its reference [19] — describe that graph
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completely for arbitrary n. The a = 1 case of Theorem 1.1 is the least common
multiple of their per-point periods, and Theorem 8.1 checks that agreement inside
the proof assistant rather than asserting it. In the permutation case, Lidl and
Mullen [3] treat o = +1 and Corollary 4.3(1) of [1] treats every «. None of these
reaches o # 1 with ged(n, ¢ — 1) > 1, which is precisely the regime the Question
is posed in, and k does depend on « there: over Fi3 with n = 3 the two squares
a =1and o = —1 share m3(c) = 84 and give K = 3 and k = 6 (Theorem 8.1). The
technique — the double cover, the splitting of ¢ — 1 into its n-part and n-coprime
part — is classical and we claim no novelty for it; what we claim is the formula
k =k/|{n) N K,|, valid in all four regimes, and its proof.

Every theorem below that is machine-checked is stated and proved in Lean 4
against Mathlib; the exact statements are reproduced in Appendix A and the ver-
ification method is described in Section 9.

On the authorship of [1]. The arXiv metadata of 2508.08621 lists the authors as
Wayne Peng and Yen-Ju Chen; the title page of the compiled version 3 lists “Yen-
Ju, Chen” (National Taiwan Normal University) first and “Wayne, Peng” (National
Central University) second. We cite the paper by its title page.

2. NOTATION AND THE OBJECTS

2.1. The cover. Fix g and a € F), and let r = ord(a) be the multiplicative order
of a. Inside quz put

U:I[?qx7 V:Va:{uquX2:uq+1:a}, W=UuvV,

and define ¢, (u) = u + a/u and ¢(u) = a/u. Chen and Peng write ¢, !(F,) for
W and prove (their Lemma 2.5) that it equals U U V; their diagram (2) expresses
Dy, .« as the quotient of u — u™ by ¢, when a™ = a. We re-prove what we use in
Lemma 5.1.

2.2. The index period.
Theorem 1.1 [1, p. 2]. Let ¢ be a prime power and let o € F*.

The period of the sequence [D,,(z, @) (mod x? — x)],>1 is % if ¢

is odd and « is a square in Fg, and is ¢%> — 1 otherwise.
We write m = m,(«) for this period, as [1] does. It is re-derived from the definition in
Theorem 3.1 at nine fields, and used once in the proof of Theorem 5.4 (Lemma 5.3).

2.3. The standing hypothesis and the two dynamical structures. Chen
and Peng, Section 4, verbatim: “For a periodic sequence [ay]n>1, we say that the
sequence has exact tail length A and exact period « if both integers are the smallest
integers such that ayy, = ay. We call the pair (A, k) the dynamical structure of
the sequence.” And: “We assume n and « satisfy o™ = « in this section.” The
hypothesis o™ = «, i.e. 7 | n — 1, is in force in everything that follows. It is load-
bearing: without it the composition law fails, D', # Dpm o, and the dichotomy
k € {k,k/2} is false already over F5 (Proposition 6.5(i)).

For n > 1 with o™ = «, (I, k) denotes the dynamical structure of [n™ mod 7],,>0
(their Section 4.2), and (A, x) that of [D}',]m>0, the composition iterates read
modulo ¢ — z. Their Section 1 says of the latter: “X is the maximal preperiodic
length among all points of F,, and & is the least common multiple of the cycle
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lengths in the functional graph of D,, ,.” Both readings of x are the same number,
and both equal

(4) Kk =min{t > 1: tha is the identity on 2}, Q= ﬂ Dy (Fy),
m>0
the set of periodic points: D, . restricted to €2 is a bijection whose orbits are the

cycles of the functional graph, and Dt = D?* as functions exactly when D? is the
identity on D*(F,) = €.

2.4. The n-part and the kernel classes. For a positive integer M write M =
M™ M, (n), Where M (") is the largest divisor of M supported on the primes dividing
n and M, = M/M(") is coprime to n; the decomposition is multiplicative in M.
Put

m =a™), Ty = T(n), k = ordg,(n), I =min{m >0:m | n™}.

This (I,k) is the dynamical structure of [n” mod 7],,: modulo ma the sequence
is purely periodic of period ord,,(n), modulo 7 it is 0 from index [ on and never
before, and n™** = n™ (mod m;) with m < [ would force m; | n™ because ged(n* —
1,71) = 1. The set K, is (3), a subgroup of (Z/m2Z)* of exponent dividing 2 (for
a =1 closure uses (—1)(—q) = q).

2.5. Where the classes come from. Two classical identities explain K. Frobe-
nius: by (2), Dg(u + a/u,a) = u? + a%u™? = (u + a/u)?, and a ¢-th power
is the identity on Fy, so Dy(z,a) = x (mod z? — z); by the composition law,
Dym(-,0) = Dy(Dip (-, @), &™) = Dy (-, @) whenever o™ = «. Negation at o = 1:
D_p(u+1/u,1) = =™ +u™ = Dp(u + 1/u,1). These give the classes ¢, and
at a = 1 also —1 and —q. That there are no others is, in the permutation range,
Lemma 4.2 of [1]; in general it is Theorem 5.4.

3. THE STATEMENTS OF THE SOURCE, CERTIFIED

Nothing in this section is new mathematics; it is the source’s own results and
printed numbers, re-derived from the recurrence (1) and the definitions alone. We
record it because the later theorems rest on the same definitions and the same
code, and because two readings of the source were found to be wrong along the way
(Section 7, and the Table 3b caption below).

In the proof assistant a finite field is presented as F,[X]/(f) for a monic f of
degree e, elements are base-p digit vectors, and every sweep statement carries as
its first conjunct a check that the presented ring has no zero divisors — which
certifies at once that p is prime and f irreducible. The presentations used are
Fy = Fo[X]/(X2 + X + 1), Fg = Fo[X]/(X? + X + 1), Fg = F3[X]/(X? + 1),
Fi6 = IFQ[X]/(X4 + X + 1), Fos = F5[X}/(X2 + 2), For = ]F3[X]/(X3 +2X + 1),
F3y = F3[X]/(X® + X% + 1), and F, for the primes. In the statements below,
“admissible (a,n)” means a € F, 1 < n < my(a) and o = «; the range n < 7
is no loss, since Dy, (-, @) = D, (-, @) and o™ = «, ged(n, q? — 1), m2, k and & all
depend on n only through n mod = (note r | 7, and for odd ¢ every prime dividing
¢* — 1 divides (¢ —1)/2).

Theorem 3.1 (Theorem 1.1 of [1], recomputed). For q € {3,4,5,7,8,9,11,13,16}
and every o € T, the exact period of [Dy (-, a)]n>1 as functions on By — computed
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as the least t > 1 with (D144, Dayy) = (D1, D2), which suffices because the two-term
recurrence (1) is invertible for a #0 — equals my(c) as given by Theorem 1.1.

Theorem 3.2 (the Frobenius identity). For g € {3,4,5,7,8,9} and every a € F,
Dy(z,a) =z (mod 29 — ).

Theorem 3.2 is the classical identity of §2.5, certified as a finite check; it is not
claimed here as a general theorem.

Theorem 3.3 (Section 4 of [1], verified). For each of the seventeen prime powers
q€13,4,5,7,8,9,11,13,16,17,19,23,25,27,29, 31, 32} and every admissible (a,n):
A =1 (Lemma 4.4 of [1]); if k is odd then x = k (Proposition 4.5); and if k is
even then k € {k,k/2} (the dichotomy the Question presupposes). At ¢ = 3,4,5
the verification is by the kernel of the proof assistant alone; at the other fourteen
fields it is by compiled evaluation.

Altogether 13,866 admissible pairs are covered — a count made outside the proof
assistant, which certifies each sweep but does not report its size.

Theorem 3.4 (the printed tables of [1]). The source prints numbers in exactly
five places, all in its Section 5 and all over Fi1: Table 1la (the coefficients of
22,24, 2120 din Digg(x, —1), siaty cells in ten columns), Table 1b (the same cells
of 3D120(x,2)), Table 2 (Table 1a re-laid in eleven columns with the first cell blank),
Table 3a (the coefficients of x50, 2%, ... 2% in Dgo(x, 1), thirty cells) and Table 3b
(the coefficients of x°°,..., a1 in 2Dg1(x,9)). Recomputed from (1) alone, every
cell of all five blocks agrees with the print, and Table 3a is the reversal of Table 3b

(the 180° rotation the source’s Section 5 is about).

Remark 3.5. The prose of [1] introducing Table 3 says that Table 3b lists the
coefficients of Dg;(x,9), while the sub-caption reads 2Dg;(x,9). Only the doubled
reading matches the printed cells; the sub-caption is the correct one. This is a
caption slip, not a mathematical error.

4. THE GROUP-THEORETIC CORE

Everything in this section is stated for an arbitrary commutative group (or
monoid) and is machine-checked with no computation involved; the finite-field dic-
tionary that connects it to D, o is Section 5. Throughout, G is a commutative
group written multiplicatively and u* for z € Z is the integer power.

Theorem 4.1 (splitting lemma). Let H < G be a finite subgroup, w, 1,2 € G,
and let s € Z be coprime to |H|. Suppose that every element of the coset wH
satisfies

(wh)*~! =B or (wh)*Tt = Bs.
Then one of the two alternatives holds for every element of wH.

Proof. Suppose not, and pick a,b € H with (wa)*~! # B; and (wb)**t! # Bo;
then (wa)*™ = B and (wb)*~! = B;. (i) Let Ky = {h € H : h*~! = 1} and
Ky = {h € H: hl = 1}. If s € Ky then (war)*™t = (wa)*! # B, so
(war)*Tt = By = (wa)**! and k*T! = 1; symmetrically (with b) Ky C K;. So
K, = Ky = K, and every k € K satisfies k? = x(+t)=(=1) = 1. (i) For
h € H: if (wh)*~! = B; = (wb)*~! then h/b € K; = K and h? = b?; otherwise
(wh)**! = By = (wa)*™, h/a € K and h? = a®. So every square in H is a?
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or b2. (ii) Put x = a/b € H. Applying (ii) to x,22, 23, the three elements
22,24, 25 lie in the two-element set {a?,b?}, so two of them coincide, and each
coincidence gives 2 = 1 or #* = 1; hence z* = 1. (iv) 271 = (wa)*~!/B; # 1 and
5t = By /(wh)* T £ 1, 50 z # 1 and ord(z) € {2,4}. Then |H| is even, so s is
odd by coprimality, so 4 | s — 1 or 4 | s + 1, and #* = 1 makes the corresponding
power of x equal to 1 — a contradiction. ([l

Theorem 4.2 (the Q-criterion). Let P, R < G be finite subgroups, w € G, Q,s € Z
and E € N. Assume u?~' =1 for all u € P, h9t! =1 for all h € R, that s is
coprime to |P| and to |R|, and that E generates the annihilator of PUwR, i.e. for
every z € Z,

Elz < (WV=1YueP)A(h*=1VheR)Aw”=1.
Then the following are equivalent:
(1) every u € P satisfies u*~' =1 or u**t! = w®*! and every h € R satisfies
(wh)*~t =1 or (wh)*T! = w@+t!;
(2) E|ls—1,0rE|s—Q, or (W' =1and (E|s+1orE|s+Q)).

Proof. (1)=(2). Apply Theorem 4.1 to H = P with w replaced by 1, 8; = 1,
Bo = w?t! and to H = R with the given w and the same ;. On the P side
one of (A) u*"! = 1 on P or (B) u*t! = w?*"! on P holds throughout; (B)
at u = 1 forces w9t! = 1, and then v**' = 1 on P. On the R side one of
(A') (wh)*"'=1on R,ie w ' =1and h*"' =1on R, or (B') (wh)**! = w+!
on R, i.e. w¥' = w?t! and h*t! = 1 on R, holds throughout. Using u®~! =1
on P and h®*t! = 1 on R: (A)A(A’) gives that s — 1 annihilates P, R and w,
so E | s —1; (A)A(B') gives the same for s — Q; (B)A(A') gives w¥! = 1 and
E|s+Q; (B)A(B') gives w?t! =1 and E | s+1. (2)=(1) is the same bookkeeping
read backwards: for instance E | s — Q gives u*~! = u*"9u?~! = 1 on P and
(wh)*+ = (wh)*=@(wh)*+t = w9 on wR. O

In the application P and R are the n-coprime parts of p1,—1 and fig41, wl@t = o
with Q = ¢, E = 72, and condition (2) is exactly s € K, modulo 7a. Lemma 4.2
of [1] is the case P = pig—1, R = pg+1 of the theorem; the point of the general form
is that it applies to the periodic points alone.

Theorem 4.3 (the dichotomy). Let M be a commutative monoid, x € M, and
S C M a set containing 1, closed under multiplication, and with y*> = 1 for all
y € S. Letd be the least t > 1 with 2t € S (assumed to exist) and let k be the order
of x. Then x has finite order, d | k and k | 2d; moreover 2d = k if and only if k is
even and z¥/? € S, and one of d =k, 2d = k holds.

Proof. %™ ¢ S for all m > 0 by closure, and z%¢ = (24)2 = 1, so x has finite order
k dividing 2d. Write k = d|k/d] + p with 0 < p < d; then 2# = ¥ (z¥F/d)~1 ¢ §
(using y~! =y on S), so minimality of d forces p = 0. Thus k = dm with m | 2. If
m = 2 then k is even and z¥/2 = 2% € S; if m = 1 and k were even with z¥/2 € S,
then k/2 < d would contradict minimality. (]

Theorem 4.4 (the criterion, assembled). In the setting of Theorem 4.2 assume
moreover E # 0 and w®*! € P, let n € Z be coprime to |P|, |R| and E, and let d
be the least t > 1 such that every u € P satisfies w1l =1 or w1 = w@+! and



ITERATED DICKSON POLYNOMIALS: PERIOD k OR k/2 7

every h € R satisfies (wh)™ =1 =1 or (wh)™ +** = w@tL. Let k be the order of i
in Z/EZ and

K={1,Q}U ({-1,-Q} ifw?™ =1) CZ/EZ.
Then d | k, k| 2d, and 2d = k if and only if k is even and n*/? € K.

Proof. Since E annihilates P, R and w, and w?*! € P, one gets E | Q% — 1, so
Q? =1 and K is closed under multiplication with every element squaring to 1. By
Theorem 4.2 applied to s = n! (coprime to |P| and | R|), the fixing condition on ¢ is
equivalent to n® € K. Now apply Theorem 4.3 to & = 7, which is a unit of Z/EZ
and so has finite order. O

Proposition 4.5 (controls). (i) Theorem 4.1 fails without the coprimality hy-
pothesis: in the group of order two, with H the whole group, s =2, w =1 =1
and Ba the non-trivial element, every element of H satisfies one of the two
conditions and neither holds throughout.

(ii) Theorem 4.3 fails without the exponent-two hypothesis: in Z/T7Z with S =
{1,2,4} and x = 3, the least t > 1 with x* € S is 2, the order of x is 6, and
61 4.

(iii) The hypothesis set of Theorem 4.4 is satisfiable and its halving branch is
reachable: with G cyclic of order 3, P trivial, R=G, w=1, Q =5, E =3,
n =2 (so k = ords(2) = 2) every hypothesis is discharged and the theorem
returns d = 1 = k/2. This is the smallest case in which the Dickson period
actually halves, ¢ =5, a =1, n =2 (Ezample 5.6).

The verified statement of (iii) records the numerical conclusion (ords(2) = 2,
11]2,2]2,2-1=2);its proof is the instantiation of Theorem 4.4 just described.

5. THE CRITERION OVER [F,

We now prove Theorem 1.1. This section is proved on paper; its group-theoretic
content is Section 4, and the three lemmas below — the classical dictionary between
D,, o and the power map — are not part of the formal development.

Notation. N = q2 -1, A= N(n)7 B = N(n), a = (q - 1>(n), My = (q + 1)(71)’
so A =abM,. Gy < IFqX2 is the subgroup of order A (the elements of order coprime
to n), G the subgroup of order B, so IE‘qXQ =Gy x Gy; and pg = {u : u? = 1} for
d | N. Two facts:
(N1) 7 = ord(a) divides a: o™~ ! =1 gives r | n — 1, coprime to n, and r | ¢ — 1.
Hence o € p, C Gs.
(N2) ged(g + 1, A) = Ms: for a prime £ 1 n, ve(ged(q + 1, A)) = min(ve(q +
1),ve(N)) = ve(qg + 1) = ve(M>), and for £ | n both sides have v, = 0.

Lemma 5.1 (the double cover). ¢, maps W onto F,, with fibres {u,a/u}. The
map Y(u) = u™ preserves U and V', commutes with ¢, and Dy, o(pa (1)) = @o(u™)

forallue W.

Proof. For w € U both w and «/u lie in F,. For u € V, u? = a/u, s0 ¢ (u) = u +
ul = Trg ,/p,(u) € Fq. Since u+a/u—v—a/v=(u—v)(1-a/uv), pa(u) = @a(v)
on W iff v € {u,a/u}, and ¢ preserves W (as (a/u)4™ = a?/a for u € V). The
fixed points of L on W are UNV = {u € F : u*> = a} (if u € V and u* = o then
wi=t =1), and |U|+|V| = (¢g—1)+(g+1) = 2q, so ¢ has exactly f+(2¢—2f)/2 =g¢
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orbits on W, f = |U N V|; hence po(W) =F,. Finally (u")9™! = o™ = «, 1(u)" =
a™/u™ = 1(u™), and (2) with o™ = «a gives Dy, o (pa(u)) = u"+a/u™ = p,(u). O

Lemma 5.2 (the periodic set). Let Qw = ,,5,¢™(W). Then Qw = pg U Vs
with Vo = {v € Gy : vI*t! = a}, and Vo = wuyy, is a non-empty coset of unr, < Go.
Moreover Q = ¢, (Qw), and

(5) k=min{t >1: Vu € pg Uwpg, u =1 oru ! = al.

Proof. On G5 the map v is an automorphism; on Gy, Y™ is trivial for m large. So
for large m, v™(X) = {x2”m :x € X}, xo the Go-component of x. For X = U:
u?™' =1 forces uy € GoNpty—1 = f1a, and conversely every v € i, is (v )" with
v "€ gy CU;s 80N, Y™ (U) = pra. For X =V: u?! = a € Gy (by N1) splits as
ui’“ =1, ugH = a, and V" = V4 since v — v™ is injective on G5 and preserves
the condition v?™! = «; so (), ™ (V) = Va. The norm v — v9*! maps G» into i,
with kernel Go N pg+1 = par, by (N2), so its image has order A/Ms = a and is all
of 11 3 «; thus Vs is a coset wppy,. Since (W) C W, the chain ¢™ (W) decreases
and is eventually constant, and D;?,(F,) = ¢a(¢™(W)) by Lemma 5.1, whence
Q= po(Qw). As Qu is ¢- and t-stable, for © = ¢, (u) with u € Qy we have
D}, (x) = x iff u" € {u,a/u} (fibre description), and (5) follows from (4). O

Lemma 5.3 (the modulus). Let E be the exponent of the subgroup of Go generated
by Qw. Then E = 3.

Proof. Let ¢ generate G and write w = ¢*. The subgroup generated by 1, Uwpipg,
contains g, = ((M2), pa, = (€%) (ratios of coset elements) and w, so it is (¢9)
with g = ged(a, Ma, i), cyclic of order and exponent E = A/g. As ged(a, Ms) |
ged(g— 1,94+ 1) | 2, g € {1,2}. Now use Theorem 1.1 of [1] for 7. ¢ even: N is
odd, g =1, F = A, and 7 = N gives my = A. ¢q odd, n even: a, My are odd, so
g=1land E=A; 7 |n—1isodd, so a = (a"t1/2)2 is a square and 7 = N/2;
as 2 | n the prime 2 is absent from both N(,) and (N/2)(,), so m = A. q odd,
n odd: ged(a, Ma) = 2 and g = ged(2,4). With £ a generator of F;z, ¢ =¢P and
a = wit! = ¢BUatD) 5o o is a square in Fy iff a(971/2 = 1iff N | BiN/2iff 2 | i (B
is odd since n is). If 2 |i: g =2, £ = A/2, and m = N/2 gives m = N(,,y/2 = A/2.
If2fi: g=1, E= A, and 7 = N gives m = A. O

Theorem 5.4 (the criterion; proved on paper, outside the formal development).
Let q be a prime power, « € F, n > 1 with o = «, and let 72, k, K, be as
in Section 2. Then k = k/|(n) N K,| inside (Z/m2Z)>. Hence k € {k,k/2}, with
k= k/2 if and only if k is even and n*/? € K, (mod 73), and k = k if k is odd.

Proof. Apply Theorem 4.4 with G = ]F;Q, P = 4, R = ppr,, the w of Lemma 5.2,
Q = q and E = 3. The hypotheses hold: u?~! =1 on y, since a | ¢ — 1; h4Tt =1
on piar, since My | ¢+ 1; wit! = o € p,; T2 generates the annihilator of p, Uwpyy,
by Lemma 5.3; and n is coprime to a, Ma, ms by construction. By (5),  is the d
of Theorem 4.4, k is the order of n modulo m, and K is K,, the classes —1, —¢q
appearing exactly when a = w9t? = 1. Theorem 4.4 gives x | k, k | 2k, and
k = k/2 iff k is even and n*/? € K,,. Finally, theset T = {t € Z : n* € K,} is a
subgroup of Z containing kZ whose image in Z/kZ = (n) is (n) N K,; so T = kZ
with x = k/|(n) N K,|, and the intersection has order 1 or 2 because (n) is cyclic
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and K, has exponent dividing 2. A cyclic group of even order k has exactly one
involution, n*/2, and one of odd order has none. (Il

Corollary 5.5. (i) (Proposition 4.5 of [1]) If k is odd then k = k.
(ii) (the dichotomy) k € {k,k/2} for every admissible (o, n).
(iii) (Corollary 4.3(1) of [1], in the corrected form of Section 7) If ged(n, ¢*>—1) =1
then my = m and the period of D,, o is k/2 exactly when the kernel class (g,
or for « =1 one of —1,4q) is a power of n modulo 7, and k otherwise.

Example 5.6. Over F5. (a=1,n=2): 1 =12, m; =4, my = 3, k = ord3(2) = 2,
nk?2=2=-1€cK,sox=1=Ek/2. (a =4, n=23): ais a square, 7 = 12,
7 =3, T =4, k=ordy(3) =2, n*/2 =3 = —1, but K; = {1,5mod 4} = {1}, so
k = 2 = k. These are the two sides of the Question at the smallest field where both
occur (Proposition 6.4). The witness of Theorem 8.1: over Fy3 with n = 3, my = 28,
(3) = {1,3,9,27,25,19}; for o = 1, K7 = {1,27,13,15} meets (3) in {1,27} and
k =3, while for « = —1, K_1 = {1, 13} meets it trivially and x = 6.

Remark 5.7. The direction “n*/?2 € K, = & | k/2” has a two-line proof from the
identities of §2.5 and Theorem 1.1 alone: with 71 | n!, n!**/2 = en! (mod =) for
e=nk/2e K., and D.,, = D,, for ¢ € K, and a™ = «. The converse — nothing
smaller works, and « = k when the involution misses K, — is where the splitting
lemma is needed, and it is what the source’s Lemma 4.2 does not give outside the
permutation range.

6. EXHAUSTIVE VERIFICATION, AND HOW THE TWO BRANCHES SPLIT

Theorem 6.1 (the criterion, certified at seventeen fields). For each of the seventeen
prime powers q € {3,4,5,7,8,9,11,13,16,17,19, 23,25, 27,29, 31,32} (presented as
in Section 3) and every admissible (a,n),

k
[(n) N Kal’
where Kk is computed as the least common multiple of the cycle lengths of the func-
tional graph of Dy, o built from (1), and the right-hand side as k/2 if k is even and
n*/2 mod my lies in Ko, else k. At g = 3,4,5 the check is performed by the kernel
of the proof assistant; at the other fourteen fields by compiled evaluation.

Theorems 3.3 and 6.1 are certified by the same seventeen Boolean statements, one
per field: each asserts that the presented ring is a field and that, at every admissible
pair, A = [, the odd-k case gives k = k, the even-k case gives k € {k,k/2}, and
k equals the criterion’s prediction. The seventeen fields span both parities of the
characteristic, prime and non-prime ¢, and square and non-square a.

Remark 6.2 (the external sweep). An independent C implementation (field arith-
metic in F,[X]/(f) with f found by an irreducibility search; functional graph by
a colouring pass) checks Lemma 4.4, Proposition 4.5, the dichotomy, the criterion,
and — at ¢ < 32 — Theorem 1.1, for all 4,385,984 admissible pairs at all seventy
prime powers 2 < ¢ < 256 (2,096,688 pairs with ged(n,¢? — 1) > 1 and 2,289,296
coprime ones), in 135 CPU-seconds, with zero violations of any of them. A third
implementation, in Python, agrees with it on every quantity at every prime q < 43.
These are reported computations; nothing in this remark is certified.
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Theorem 6.3 (how often the period halves). Ouver the admissible pairs (c,n) with
ged(n,q® — 1) > 1 and k even, the pair (#{n =k/2}, #{rk = k}) is

q g 4 565 7 8§ 9 11 13 16 17 19

#{e=k/2y 0 4 5 6 12 17 50 66 204 51 186
#{k =k} 0o 01 8 0 7 82 32 16 69 108

(by the kernel at ¢ = 3,4,5, by compiled evaluation at the other eight fields).

Chen and Peng print no data for their Question — their only tables are the coef-
ficient blocks of Theorem 3.4 — so these values are new. Neither row is monotone
in ¢: the split is governed by whether the Frobenius class ¢ (and, at & = 1, —1 and
—q) lands in (n) modulo 7y, an arithmetic condition on g2 —1 rather than on the size
of ¢q. In the external sweep of Remark 6.2, the totals over all seventy prime powers
q < 256 are 661,371 halving and 1,151,089 non-halving pairs. Neither the sequence
0,4,5,6,12,17,50, 66,204, 51, 186 nor its segment 5,6, 12,17, 50, 66,204 was in the
OEIS on 2026-09-03.

Proposition 6.4 (both answers occur, and F5 is minimal). Ouver Fy the split is
(5,1). Hence neither “k = k always” nor “k = k/2 whenever k is even” is the
answer to the Question; and since Fs has no admissible pair with ged(n,8) > 1
and k even, while Fy has only halving ones, Fs5 is the smallest field at which both
branches occur.

Over the eleven fields of Theorem 6.3, among the 874 admissible pairs with
ged(n,q? — 1) > 1 and k even, the first reading fails at the 601 halving pairs and
the second at the 273 others (the column sums of the certified table).

Proposition 6.5 (the hypotheses are load-bearing). (i) Drop the standing hy-
pothesis o = a: among the pairs (a,n) with o € F, 1 < n < my(a),

ged(n,¢? —1) > 1 and k even, the number with r ¢ {k,k/2} is 2 over F5 and
9 over F7. (Under the hypothesis it is O at every field of Theorem 6.1.)

(ii) Use K, = {1,q} at every «, i.e. drop the classes —1,—q at a« = 1: the
criterion then mispredicts k at 3 admissible pairs over Fs and 6 over Fy.

(iii) Replace mq(ct) by q¢*> —1 throughout, i.e. ignore the square case of Theorem 1.1:
the criterion mispredicts at 2 admissible pairs over Fs and 10 over Fr.

(iv) The field check refuses Fo[X]/(X? + 1), in which X + 1 is a zero divisor; no
sweep can run over a ring that is not a field.

Control (i) is the trap a first reading of [1] falls into: the hypothesis is stated
once, in the second paragraph of its Section 4. The external sweep continues the
count of (i) to 157 over Fy; and 408 over Fy3.

7. A CORRECTION TO COROLLARY 4.3(1) OF THE SOURCE

Corollary 4.3 of [1], verbatim from the compiled version 3 (p. 10):
Corollary 4.3. 1. Let a € Fy satisfy " = a. The period of
D, o(z) (mod x? — ) is 0y, ok, where k is the multiplicative order
of n modulo m,(a) with 8, o = 3, if n and « satisfy the conditions
we describe below, 1, otherwise. The condition is that when o = 1,
—1,+q¢ ¢ {n’ (mod ¢> —1) | i =1,2,3...}, and that when o # 1,
q ¢ {n" (mod my(a)) |i=1,2,3...}.
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(The corollary sits in Section 4.1, “n is coprime to ¢? — 1) Its proof reads “This
naturally follows from Lemma 4.2”, and Lemma 4.2 does give the corollary — with
the condition the other way round.

Theorem 7.1 (the condition is inverted). Over Fs with o =2 (so m5(2) = 24):

(a) forn =>5: k = ordes(5) = 2, the period of D5 o under composition is k =1,
and ¢ =5 is a power of n modulo 24; the printed condition gives 0, o =1
and predicts period 2;

(b) forn =13: k = ordss(13) = 2, the period is & = 2, and ¢ = 5 is not a power
of 13 modulo 24 ((13) = {13,1}); the printed condition gives 6p.o = 5 and
predicts period 1.

Both are checked by the kernel of the proof assistant.

Since the printed rule fails in both directions, the defect is in the condition and
not in an exponent: the period halves exactly when the kernel class is a power of
n. Read that way, the corollary is Corollary 5.5(iii), and in the external sweep of
Remark 6.2 it holds at all 2,289,296 coprime admissible pairs with ¢ < 256. Read
exactly as printed, for o # 1 the rule is wrong at every coprime admissible pair:
when k is odd the cyclic group (n) has no involution, so ¢ ¢ (n) (as ¢> = 1 and
q # 1 (mod 7)) and the rule selects § = %, where 6k is not an integer; when k
is even its condition is the exact negation of the true one. (At a = 1 the printed
modulus is g2 — 1 rather than 7 (1) = (¢*> — 1)/2 for odd ¢, and there the printed
rule can agree with the true period by accident.) The two k = 2 witnesses above
are the informative ones.

The same condition is printed in version 1 of [1] (35 pages) as Corollary 5.3(1):
“The condition is that when a =1, —1,4¢ ¢ {n* mod ¢* —1|i=1,2,3...}, and
that when o # 1, ¢ ¢ {n‘mod w(v) | i = 1,2,3...} It has thus survived two
revisions. Version 3 (3 July 2026) is the latest, its arXiv comment reads “18 pages,
under revision”, no journal reference is recorded, and the arXiv listing carries no
erratum. This is a correction to a printed statement, not to the mathematics behind
it.

8. THE CASE o = 1, AND WHAT IS PRIOR

For odd ¢, D, (z,1) = 2T,,(«/2) with T,, the Chebyshev polynomial, so the func-
tional graph of D, ; on F, is conjugate (by = — 2z) to that of T,,. Qureshi
and Panario [2] describe the latter completely, for arbitrary n (their abstract:
“We completely describe the functional graph associated to iterations of Cheby-
shev polynomials over finite fields”). Their preliminaries define, for ged(n,d) = 1,
04(n) and 64(n) as the orders of n in (Z/dZ)* and in (Z/dZ)* /{£1}, note that
0a(n) = o4(n)/2 if =1 € (n) and o4(n) otherwise, and write m = ww with
rad(v) | rad(n) and ged(w,n) = 1 (the n-decomposition, the same device as w172
here). Their proposition on periods reads, verbatim from the preprint: “Let a € Fy,
a € F 2 such that a = o+ o~ ! and ord(a) = ud the n-decomposition of the (mul-
tiplicative) order of a. Then per(a) = 64(n) and pper(a) = min{k > 0 : u | n*}.”
This is a per-point period; the least common multiple is never taken there. Ag-
gregating over the orders realised in Fy* U g1 gives, with wo = (¢ — 1)(n) and
w1 = (¢ + ),

(6) lem of the cycle lengths of 75, on Fy = lem gy or djw, 0a(n).



12 KOREA SUPERINTELLIGENCE LABS

Theorem 8.1 (the a = 1 case is Qureshi-Panario’s; « matters). (i) For every
odd prime ¢ < 19 and every n with 1 < n < w (1), the k of D, 1 on
F,, computed from the Dickson table, equals the right-hand side of (6)
computed from the Qureshi—Panario formula and nothing else (by the kernel
at ¢ = 3,5,7, by compiled evaluation at ¢ = 11,13,17,19).
(ii)  is not a function of (q,n) alone: over Fi3 withn = 3, the two squares o = 1
and o = 12 = —1 share m3(«) = 84 and give Kk = 3 and kK = 6 respectively
(by the kernel).

Part (i) is the attribution boundary of Theorem 5.4, made checkable: at o =
1 the criterion recovers known results by a known method, and [1] cites [2] (as
[19], for the sentence “Qureshi and Panario completely described the functional
graphs of Chebyshev polynomials over finite fields ..”) without connecting it to
its own Question. Part (ii) is why the a # 1 content cannot be obtained by
conjugating the Chebyshev case. Beyond o = 1 the located prior work is confined
to the permutation case: Lidl and Mullen [3] give the cycle lengths of D, (z,1)
(their Theorem 2: a cycle of length m exists iff ¢ — 1 or ¢ + 1 has a divisor ¢
with n™ = +1 (mod ¢)) and of D, (z,—1) for n,q odd (Theorem 3), for Dickson
permutation polynomials, and note that these are closed under composition only for
a € {0,£1}; by the Chinese remainder theorem the least common multiple in their
Theorem 2 is min{m : n™ € {41, 4q} (mod ¢*> — 1)}, the a = 1 permutation case
of Theorem 5.4. Charpin, Mesnager and Sarkar [4] prove in characteristic 2 that
Di(z) =z (mod 22" +x) exactly for k € {1,2™,22™ 2™ —1,22™ 21 (Corollary 1
of the ePrint version, Corollary 1.1 of the HAL copy hal-01237332), which is K; =
{1,q, —q,—1} with ¢ = 2™; they present it as an instance of Theorem 3.8 of the
monograph of Lidl, Mullen and Turnwald [5]. That monograph is reference [9] of [1],
cited there (“see [5, 9, 11, 22]”) for the standard properties of Dickson polynomials.
No copy of it was available for this paper, so whether its Theorem 3.8 covers general
« is left open here; if it does, Theorem 1.1 and Lemma 4.2 of [1] and the set K, are
classical, which would still not reach the iteration criterion outside the permutation
range. The Z/nZ analogue of the group of Dickson permutation functions is studied
by Pefia and Ortiz [6], with the same modulus (p? — 1)/2 appearing; it contains no
iteration statement. None of these sources reaches @ # 1 with ged(n,¢* — 1) > 1.

9. VERIFICATION

Every theorem of Sections 3, 4, 6-8 is stated and proved in Lean 4 against
Mathlib [8, 7]; the exact statements are reproduced verbatim in Appendix A, and
the repository reference is to be added at submission. Theorem 5.4 and Lem-
mas 5.1-5.3 are proved on paper only. Two kinds of formal statement occur. The
group-theoretic theorems of Section 4 are ordinary Mathlib proofs over an arbitrary
CommGroup (or CommMonoid); #print axioms, run on 2026-09-03, reports for each of
the eight declarations exactly the three standard axioms propext, Classical.choice,
Quot.sound. The finite-field statements are Boolean computations over a self-
contained module that imports nothing (finite-field arithmetic on digit vectors,
Dickson tables packed one byte per point, the functional graph, Floyd’s cycle detec-
tion for (I, k), and the criterion), so that the small cases are affordable to the kernel’s
own decide: at ¢ = 3,4,5 (the sweeps, Theorem 1.1, the Frobenius identity and
the counts), for all six table statements, for the field control and the two witnesses
of Theorem 7.1, and for parts of Theorem 8.1, #print axioms reports [propext]
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alone. Every other finite-field statement — the fourteen sweeps at 7 < ¢ < 32,
Theorem 1.1 at 7 < ¢ < 16, the Frobenius identity at ¢ = 7,8,9, the counts
at 7 < ¢ <19, controls (i)—(iii) of Proposition 6.5, and part (i) of Theorem 8.1 at
q=11,13,17,19 — is proved by native decide, i.e. by evaluating the same Boolean
with the compiled evaluator, and carries in addition the axiom Lean.ofReduceBool
(printed as <decl>._native.native decide.ax_1 1). The kernel/native boundary is
a cost boundary only: the module holding the ten kernel theorems at ¢ < 5 (the
sweeps, Theorem 1.1 and the Frobenius identity at ¢ = 3,4, 5, and the F5 counts)
elaborates by decide in 12.5 CPU-seconds, while a file holding the ¢ = 7, 8,9 sweeps
together with Theorem 1.1 at ¢ = 7, all by decide, did not finish in two minutes
(which of the four is the wall was not isolated). No sorry and no added axiom
occur anywhere. The C and Python sweeps of Remark 6.2 are outside the formal
development.

APPENDIX A. THE LEAN STATEMENTS

The statements below are quoted verbatim from the development (proofs omit-
ted; each is := by decide, := by native decide, or a Mathlib tactic proof). All live
in the namespace LeanProblemSpec.DicksonEvenk. prime p is F,; f4, f8, f9, f16,
25, f27, 32 are the presentations of Section 3; sweepOK F is the Boolean of Theo-
rems 3.3 and 6.1; thm110K, frobeniusOK, halfFullCounts are those of Theorems 3.1,
3.2, 6.3; noHypBad, badNoPM, badFullPi count the failures in Proposition 6.5(i)—(iii);
cord3Data F « n returns (k,k,[¢ € (n) mod m,(c)]); dpoly p a n is the coefficient
list of D, (z,a) over F, from (1); qpAgrees compares xk with (6); kPair F o n is
(k at a, k at 1); and kernelClasses E Q alphaOne is the set K of Theorem 4.4.

Theorems 3.3 and 6.1 (kernel at ¢ = 3,4,5).

theorem sweep g3 : sweepOK (prime 3) = true
theorem sweep q4 : sweepOK f4 = true

theorem sweep_q5 : sweepOK (prime 5) = true
theorem sweep q7 : sweepOK (prime 7) = true
theorem sweep g8 : sweepOK f8 = true

theorem sweep q9 : sweepOK f9 = true

theorem sweep qll : sweepOK (prime 11) = true
theorem sweep q13 : sweepOK (prime 13) = true
theorem sweep _ql16 : sweepOK f1l6 = true
theorem sweep ql7 : sweepOK (prime 17) true
theorem sweep q19 : sweepOK (prime 19) true
theorem sweep 23 : sweepOK (prime 23) = true
theorem sweep 25 : sweepOK f25 = true
theorem sweep 27 : sweepOK f27 = true
theorem sweep 29 : sweepOK (prime 29) = true
theorem sweep q31 : sweepOK (prime 31) = true
theorem sweep q32 : sweepOK f32 = true

Theorem 3.1 (kernel at ¢ = 3,4,5) and Theorem 3.2 (kernel at q = 3,4, 5).

theorem thmll g3 : thml1lOK (prime 3) = true
theorem thmll_qg4 : thml1l0K f4 = true

theorem thmll_g5 : thml1lOK (prime 5) = true
theorem thmll q7 : thml1lOK (prime 7) = true
theorem thmll g8 : thml1lOK f8 = true

theorem thmll_q9 : thmllOK f9 = true

theorem thmll _ql11 : thml110K (prime 11) = true
theorem thmll q13 : thml1l0K (prime 13) = true

theorem thmll q16 : thmllOK f16 = true

theorem frob_q3 : frobeniusOK (prime 3) = true
theorem frob_qg4 : frobeniusOK f4 = true
theorem frob_qg5 : frobeniusOK (prime 5)
theorem frob_q7 : frobeniusOK (prime 7)
theorem frob g8 : frobeniusOK f8 = true
theorem frob_q9 : frobeniusOK f9 = true

true
true
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Theorem 6.3 and Proposition 6.4 (kernel at ¢ = 3,4,5).

theorem counts g3 : halfFullCounts (prime 3) = (0, 0)
theorem counts_g4 : halfFullCounts f4 = (4, 0)

theorem counts_g5 : halfFullCounts (prime 5) = (5, 1)
theorem counts_q7 : halfFullCounts (prime 7) = (6, 8)
theorem counts g8 : halfFullCounts f8 = (12, 0)

theorem counts q9 : halfFullCounts f9 = (17, 7)

theorem counts_qll : halfFullCounts (prime 11) = (50, 32)
theorem counts_ql3 : halfFullCounts (prime 13) = (66, 32)
theorem counts_ql16 : halfFullCounts f16 = (204, 16)
theorem counts_ql7 : halfFullCounts (prime 17) = (51, 69)
theorem counts_ql19 : halfFullCounts (prime 19) = (186, 108)

Proposition 6.5 (native for the first three, kernel for the fourth) and Theorem 7.1 (kernel).
theorem hypothesis_is needed : noHypBad (prime 5) = 2 A noHypBad (prime 7) = 9

theorem kernel_needs _plus_minus : badNoPM (prime 5) = 3 A badNoPM (prime 7) = 6

theorem pi_needs_the square_case : badFullPi (prime 5) = 2 A badFullPi (prime 7) = 10

theorem notAField : (Fld.mk 2 [1, 0]).isField = false

theorem cor43 erratum _halved : cor43Data (prime 5) 2 5 = (2, 1, true)

theorem cor43_erratum_full : cor43Data (prime 5) 2 13 = (2, 2, false)

Theorem 3.4 (kernel).

theorem tablela : pick (dpoly 11 10 120) 2 2 60 =
[3, 6, 2,10, 1, 6, 6, 0, 0, 0,

8,1, 2,8,7,42,0,0,0,
0, 4,6,1, 4,9, 2,1, 0, 0,
0, 0, 1,7,3,1, 5,6, 3,0,
e, 0, 0, 7, 5, 10, 7, 2, 9, 10,
0, 6, 0, 0, 2, 3, 6, 2, 10, 1]
theorem tablelb : (pick (dpoly 11 2 120) 2 2 60).map (fun v => 3 * v % 11) =

[1, 10, 2, 6, 3, 2, 0, 0, 0, O,

’
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theorem table2
(pick (dpoly 11 16 120) 2 2 60).take 10 = [3, 6, 2, 10, 1, 6,
((pick (dpoly 11 10 120) 2 2 60).drop 10).take 11 = [8, 1, 2
((pick (dpoly 11 10 120) 2 2 60).drop 54) = [2, 3, 6, 2, 10, 1
theorem table3a : pickDown (dpoly 11 1 60) 60 2 30 =
[1, 6, 5, 0, 0,
1e, 6, 2, 2, O,

’

— o @

' 2]
theorem table3b : (pickDown (dpoly 11 9 61) 59 2 30).map (fun v => 2 * v % 11) =
[2, 0

theorem table3 is a rotation :
pickDown (dpoly 11 1 60) 60 2 30 =
((pickDown (dpoly 11 9 61) 59 2 30).map (fun v => 2 * v % 11)).reverse

Theorem 8.1 (kernel for the first and third).

theorem qp_agrees_small :
gpAgrees (prime 3) = true A gpAgrees (prime 5) = true A gpAgrees (prime 7) = true
theorem gp_agrees_larger
gpAgrees (prime 11) = true A gpAgrees (prime 13) = true A
gpAgrees (prime 17) = true A gpAgrees (prime 19) = true
theorem alpha_matters :
kPair (prime 13) 12 3 = (6, 3) A piq (prime 13) 12 = 84 A piq (prime 13) 1 = 84 A
isSquareIn (prime 13) 12 = true
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Theorems 4.1-4.4 and Proposition 4.5 (Mathlib proofs; variable {6 : Type*} [CommGroup G], {M :
Type*} [CommMonoid M]).
theorem coset_split (H : Subgroup G) [Finite H] (s : Z)
(hs : IsCoprime s (Nat.card H : Z)) (w B:1 B2 : G)
(hcov : Yh €H, (w*h) ~(s-1)=Br vV (w*h) "™ (s+1) =p2)
(Vhe€EH, (w*h)~(s-1) =B1) v(Vh€EH (w*h) " (s+1) =B2)
theorem omega_criterion (P R : Subgroup G) [Finite P] [Finite R] (w : G) (Q s : Z) (E : N)
(hP: YVue€eP, u~(Q-1)=1) (hR:VYheER, h”(Q+1) =1)
(RE:Vz:2Z ((E:2)]ze
((Wu€eP,urz=1)A((VhER, h~z=1)Aaw"z=1)))
(hsP : IsCoprime s (Nat.card P : Z)) (hsR : IsCoprime s (Nat.card R : Z))
(Wu€eP, ur(s-1)=1vur(s+1)=w"(Q+1)) a
(VhER, (w*h) ~(s-1)=1v(w*h) "~ (s+1)=w"(Q+1)))
o ((E:2Z)|s-1v(E:2Z)|s-Qv
(W™ (Q+1)=1A((E:2) | s+1v(E:2Z) |s+0Q)))
theorem period dvd (x : M) (S : Set M) (hS1 : (1 : M) € S)
(hmul : Yy €S, Vz€eS, y*z€eS) (hsq:Vye€eS, y*y=1)
(d : N) (hd : IsLeast {t : N | 0 <taAx”te€S}d
d | order0f x A order0f x | 2 * d
theorem period_halves iff (x : M) (S : Set M) (hS1 : (1 : M) € S)
(hmul : Vy €S, Vz€ES, y*z€S) (hsq: VyE€eS, y*xy=1)
(d : N) (hd : IsLeast {t : N | 0 <t aAx "™t €S} d) (hne : order0f x # 0)
(2 * d = order0Of x » (2 | order0f x A x ~ (order0Of x / 2) €S)) A
(d = order0f x v 2 * d = order0f x)
def kernelClasses (E : N) (Q : Z) (alphaOne : Prop) : Set (ZMod E) :=
{y | y=1vy=(Q: ZMod E) v (alphaOne A (y = -1 vy =-(Q : ZMod E)))}
theorem eventual period_formula (P R : Subgroup G) [Finite P] [Finite R] (w : G) (Q : Z)
(E : N) [NeZero E]
(hP: Yu€P, u~(Q-1)=1) (R:VhER, h” (Q+1)=1) (hwP : w” (Q + 1) € P)
(RE:Vz:2Z ((E:2)]ze
(Wu€eP,urz=1)A(YVheER, h*z=1)aw"z=1)))
(n : Z) (hnP : IsCoprime n (Nat.card P : Z)) (hnR : IsCoprime n (Nat.card R : Z))
(hnE : IsCoprime n (E : Z)) (d : N)
(hd : IsLeast {t : N | 0 <t A
(WUu€eEP, u”"(n~t-1)=1vu~(n*t+1)=w”(Q+1))n
(VheR, (w*h) " (n*t-1)=1v(w*h) ~(n"t+1)=w"(Q+1)))}d)
d | order0f ((n : ZMod E)) A orderOf ((n : ZMod E)) | 2 * d A
(2 * d = order0f ((n : ZMod E)) o
(2 | order0Of ((n : ZMod E)) A
(n : ZMod E) ~ (orderOf ((n : ZMod E)) / 2)
€ kernelClasses EQ (w ™ (Q + 1) = 1)))
theorem formula_instance g5 :
order0f ((2 : Z) : ZMod 3) = 2 A
(1 : N) | order0f ((2 : Z) : ZMod 3) A
order0f ((2 : Z) : ZMod 3) | 2% 1A
2 * 1 = order0f ((2 : Z) : ZMod 3)
theorem split_needs_coprime :
3 (H : Subgroup (Multiplicative (ZMod 2))) (s : Z) (w B1 B2 : Multiplicative (ZMod 2)),
- IsCoprime s (Nat.card H : Z) a
(VhEH, (w*h) ~(s-1)=BrvVv (w*h)”(s+1)=2)nA
- ((YVheH (w*h)~(s-1) =B1) v (VhEH (w*h) ~(s+1)=82))
theorem dichotomy_needs_exponent_two :
Isleast {t : N | @ <t A (3 :2ZMod 7) ~ t € ({1, 2, 4} : Set (ZMod 7))} 2 A
order0f (3 : ZMod 7) = 6 A = (orderOf (3 : ZMod 7) \ 2 *2)

Axioms, as printed by #print axioms on 2026-09-03.

sweep_qg3, sweep_q4, sweep_q5, thmll g3, thmll g4, thmll_q5, frob_qg3, frob_q4,
frob_g5, counts_q3, counts g4, counts g5, notAField, cor43_erratum halved,
cor43 erratum_full, tablela, tablelb, table2, table3a, table3b,

table3_is_a rotation, qp_agrees_small, alpha_matters [propext]
sweep_q7 ... sweep_q32 (14), thmll_q7 ... thmll_ql6 (6), frob_q7, frob_ g8, frob _q9,
counts_q7 ... counts_ql9 (8), hypothesis_is needed, kernel_needs_plus_minus,

pi_needs_the square case, qp_agrees_ larger
[propext, <decl>. native.native decide.ax 1 1]
coset_split, omega_criterion, period_dvd, period_halves_iff,
eventual_period_formula, formula_instance g5, split_needs_coprime,
dichotomy needs_exponent_two [propext, Classical.choice, Quot.sound]
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