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Abstract. We compute exactly the finite-horizon minimax expected regret of the two-armed adversarial
bandit with {0, 1} losses, an oblivious adversary, bandit feedback and regret measured against the best fixed
arm: V B(2, T ) = 1

2
, 1
2
, 3
4
, 33
40

for T = 1, 2, 3, 4, and 15
16

≤ V B(2, 5) ≤ 53
40

. Under full information the same
game has Cover’s value ⌈T/2⌉

( T
⌊T/2⌋

)
2−T , so bandit feedback is free for T ≤ 3 and first costs at T = 4,

where the exact price of the missing observation is 33
40

− 3
4
= 3

40
. We then add the unit switching cost of

Dekel, Ding, Koren and Peres and obtain V sw(2, T ) = 3
2
, 2, 7

3
, 31
12

, 167
60

for T ≤ 5, which is HT + 1
2

at each of
these five horizons, and the full-information values 3

2
, 2, 9

4
for T ≤ 3: with a switching cost, bandit feedback

already costs at T = 3, one horizon earlier than without it. The harmonic pattern is a fit and not a law:
an explicit twelve-point adversary shows V sw(2, 7) ≥ 373

120
> H7 + 1

2
. Every value is an attained minimum

over all behaviour strategies with probabilities in an arbitrary linearly ordered field, certified on both sides
by explicit finite data; the certificate calculus and all finite checks are verified in Lean 4.

1. Introduction

The adversarial (non-stochastic) multi-armed bandit of Auer, Cesa-Bianchi, Freund and Schapire [2] is a
central object of online learning, and its minimax regret is known up to constant factors: Θ(

√
TK) for K

arms and T rounds [2, 3, 7, 13]. What is not known, for any T and any K, is its value. Abernethy and
Warmuth, posing the open problem Minimax Games with Bandits at COLT 2009 [1], wrote that many online
decision games “have been analyzed completely, with efficient solutions in each case. Yet, to our knowledge,
no such minimax solution has been given for any decision game in the bandit setting.” Among the questions
they list is the stopping rule: “In the hedge setting we used a bound k on the loss of the best action, and
it may be reasonable to keep this restriction. Yet perhaps a bound on the time of the game would give an
easier analysis.” This paper takes that route in its smallest instance: two arms, {0, 1} losses, an oblivious
adversary, regret against the best fixed arm, and a fixed horizon T ≤ 4 (with a bracket at T = 5). We solve
this fixed-horizon variant at small horizons; we do not answer the open problem, whose stopping rule and
action count are different.

The full-information side of the same game is classical: for two experts and binary outcomes Cover [8]
determined the exact finite-horizon value in 1965 (see [12, 10], and the discussion after Proposition 4.3 for
what his paper prints); in our normalisation it is V F(2, T ) = ⌈T/2⌉

(
T

⌊T/2⌋
)
2−T . A 2026 remark of Banerjee,

Deo-Campo Vuong and Kleinberg on “the rarity of exact minimax solutions in online algorithms – results
where an algorithm’s performance perfectly matches the theoretical value of the game on input sequences of
bounded length” lists prediction with two or three experts, unconstrained linear optimisation, ski rental and
paging [6]; neither bandit feedback nor switching costs appear in that list, and we found no printed finite
value for either game studied here (Section 6).

Results. Write V B(2, T ) and V F(2, T ) for the minimax expected regret of the two-armed {0, 1}-loss game
at horizon T under bandit feedback and under full information (Section 2 defines both exactly). Our first
results are the entries of Table 1.

So bandit feedback is free below horizon 4 and first costs at T = 4, by exactly 3
40 (Theorems 4.1 and 4.4).

The rate literature cannot make this statement: comparing
√
TK logK with

√
T logK says that bandit

feedback eventually costs a factor of order
√
K, and nothing about where the cost begins. At T = 4, K = 2

the constants printed by Audibert and Bubeck [3] for rewards in [0, 1] (a game that contains ours) leave the
value between 1

20

√
TK = 0.141 — the lower bound they state over K-tuples of distributions on [0, 1], which

they note bounds the adversarial case as well — and 100
√
TK = 282.8, their Theorem 4 at q = 3, whose

supremum is over all adversarial environments. The exact value is 0.825.
1
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T 1 2 3 4 5
V B(2, T ) 1/2 1/2 3/4 33/40 [15/16, 53/40]
V F(2, T ) 1/2 1/2 3/4 3/4 15/16

Table 1. The plain game. Every entry except the bracket is an attained minimum, certified
on both sides.

The second group of results concerns the same game with the unit switching cost of Dekel, Ding, Koren
and Peres [9]: the learner pays 1 on every round on which its arm differs from that of the previous round,
the first round always counting as a switch. They prove an Ω̃(k1/3T 2/3) lower bound which, combined with
the O(k1/3T 2/3) upper bound they attribute to Arora, Dekel and Tewari [4], makes the minimax regret
of that game Θ̃(k1/3T 2/3) under bandit feedback against Θ(

√
T log k) under full information — “the first

example that exhibits (even for constant k) a clear gap between the asymptotic difficulty, as T grows, of
online learning with bandit and full feedback.” Table 2 gives the exact values at small horizons.

T 1 2 3 4 5 6 7

V sw(2, T ) (bandit) 3/2 2 7/3 31/12 167/60 ≥ 59/20 ≥ 373/120
V swF(2, T ) (full info.) 3/2 2 9/4 – – – –
HT + 1

2
3/2 2 7/3 31/12 167/60 59/20 433/140

Table 2. The game with a unit switching cost; HT =
∑

j≤T 1/j. The entries at T = 6, 7

are one-sided lower bounds, and 433/140 < 373/120.

Three things are visible in the table and proved below. The five values V sw(2, T ), T ≤ 5, are exact and
equal the harmonic numbers shifted by 1

2 (Theorem 5.2). With a switching cost, bandit feedback already
costs at T = 3: V swF(2, 3) = 9

4 < 7
3 = V sw(2, 3), a price of 1

12 , while the two feedback models agree at
T ≤ 2 (Theorem 5.4); the onset of the bandit-versus-full-information gap thus moves from T = 4 to T = 3,
the finite-horizon shadow of the asymptotic gap of [9]. And the harmonic pattern does not continue: a
twelve-point adversary distribution guarantees 373

120 > H7 +
1
2 against every horizon-7 learner (Theorem 5.6).

The same construction gives exactly H6 +
1
2 at T = 6, so we do not claim that T = 7 is the first failure.

Each value is pinned by a two-sided certificate: an explicit behaviour strategy whose worst case over
all 4T loss matrices is the value, and an explicit finitely supported adversary distribution against which no
behaviour strategy whatsoever does better. The second half rests on a backward-induction lemma (Section 3)
valid for every behaviour strategy with probabilities in any linearly ordered commutative ring, so the values
are attained minima over an infinite strategy space, not outputs of a search. The certificates were found by
linear programming over the learner’s sequence form; how they were found plays no role in their correctness.
Every theorem, proposition and lemma below has been checked in Lean 4 with Mathlib (Section 7).

What is not claimed. “First” in “bandit feedback first costs at T = 4” is relative to the conventions
of Section 2: two arms, {0, 1} losses, an oblivious adversary, regret against the best fixed arm, a fixed
horizon, and, for the switching-cost game, the opening convention of [9]. Lattimore and Szepesvári state as
an exercise that, without switching costs, the minimax regret over {0, 1} losses equals that over [0, 1] losses
([13], Exercise 36.13, “Binary is the worst case”); we cite that exercise and neither prove nor use it, and with
a switching cost we claim only that the binary value is at most the [0, 1] value. The inequalities V F ≤ V B and
V swF ≤ V sw are true but are not used: both values in every comparison are pinned independently. Finally,
the stochastic symmetric two-armed Bernoulli bandit, whose finite-horizon minimax values go back to Fabius
and van Zwet [11], is a different game (a parametric family of reward distributions and pseudo-regret, not
4T adversarial loss matrices), and its values do not compare with ours.

2. The games

2.1. Loss matrices, learners, and the two feedback models. There are two arms, a ∈ {0, 1}, and a
horizon T ∈ N. An oblivious adversary fixes, before the first round, a loss matrix ℓ = (ℓ1, . . . , ℓT ) with
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ℓt = (ℓt(0), ℓt(1)) ∈ {0, 1}2; LT is the set of all 4T loss matrices, and m(ℓ) = mina
∑

t ℓt(a) is the loss of
the best fixed arm in hindsight. The adversary may randomise over LT ; since the expected regret of a fixed
learner is affine in the adversary’s distribution, the supremum over distributions is the maximum over the
4T deterministic matrices, and only the latter appears in the definitions (the certificate lemma of Section 3
covers arbitrary finite mixtures).

At round t the learner plays It ∈ {0, 1} at random, as a function of what it has observed and of private
randomness. Under bandit feedback it observes ℓt(It) and nothing else; under full information it observes
the pair ℓt. The learner has perfect recall, so by Kuhn’s theorem nothing is lost by describing it through
a behaviour strategy, one probability per observed history. Fix a commutative ring K with a linear order
making it a strictly ordered ring (in the theorems K is a linearly ordered field, R in particular). A behaviour
strategy of depth 0 is a leaf; one of depth T + 1 is a node (p; c00, c01, c10, c11) with p ∈ K, 0 ≤ p ≤ 1, and
four behaviour strategies of depth T as children: p is the probability of playing arm 0 now, and cab the
continuation after playing arm a and observing the bit b. Let ST (K) be the set of behaviour strategies of
depth T . The same trees serve both feedback models; only the rule selecting the child differs. For ℓ = (ℓ1, ℓ

′)
and S = (p; c00, c01, c10, c11) ∈ ST+1(K) the expected losses are

CB
ℓ (S) = p

(
ℓ1(0) + CB

ℓ′ (c0,ℓ1(0))
)
+ (1− p)

(
ℓ1(1) + CB

ℓ′ (c1,ℓ1(1))
)
,

CF
ℓ (S) = p ℓ1(0) + (1− p) ℓ1(1) + CF

ℓ′(cℓ1(0),ℓ1(1)),

with CB
() = CF

() = 0 at the empty matrix. Under bandit feedback the continuation depends on the arm
played and the bit observed; under full information on the observed pair alone. The regrets are RB

ℓ (S) =
CB

ℓ (S)−m(ℓ) and RF
ℓ (S) = CF

ℓ (S)−m(ℓ).

2.2. The minimax value as an attained minimum. Let
WB

T (K) =
{
v ∈ K : ∃S ∈ ST (K) ∀ℓ ∈ LT , RB

ℓ (S) ≤ v
}

be the set of worst-case regrets a horizon-T bandit learner can guarantee, and WF
T (K) the same with RF. The

minimax value V B(2, T ) is the least element of WB
T (K); each theorem below asserts that this least element

exists (the infimum is attained) and names it, for an arbitrary linearly ordered field K.

Remark 2.1 (Why the full-information learner ignores its own past actions). The trees above let a full-
information learner condition on the loss history only. That is without loss for this payoff: the expected loss∑

t E[ℓt(It)] depends only on the per-round marginals Pr(It = 0 | ℓ), and any strategy that also looks at its
own past actions induces such marginals. Under bandit feedback the same reduction is unavailable, because
the learner’s own action determines what it observes; that asymmetry is what Theorem 4.4 measures. The
reduction is an argument in prose; the formal theorems are about the trees as defined.

2.3. The switching cost. Dekel, Ding, Koren and Peres [9] define the regret of a player who pays a unit
cost for each change of action by their equation (1),

R =

T∑
t=1

(
ℓt(Xt) + 1Xt ̸=Xt−1

)
− min

x∈[k]

T∑
t=1

ℓt(x),

and fix the opening convention on the same page: “To make the loss on the first round well-defined, we
set X0 = 0 (so the first action always counts as a switch).” Their X0 = 0 lies outside the action set
[k] = {1, . . . , k}; we reproduce exactly that convention. Let x ∈ {∅, 0, 1} be the previously played arm, ∅
before round 1, and σ(x, a) = 0 if x = a, σ(x, a) = 1 otherwise, so that σ(∅, a) = 1 for both arms. For
S = (p; c00, c01, c10, c11) and ℓ = (ℓ1, ℓ

′) put
Csw

ℓ (S;x) = p
(
ℓ1(0) + σ(x, 0) + Csw

ℓ′ (c0,ℓ1(0); 0)
)

+ (1− p)
(
ℓ1(1) + σ(x, 1) + Csw

ℓ′ (c1,ℓ1(1); 1)
)
,

with Csw
() = 0, and Rsw

ℓ (S) = Csw
ℓ (S;∅)−m(ℓ): this is equation (1) with the expectation over the learner’s

randomness taken. The strategy trees are unchanged – under bandit feedback the switching cost changes
the payoff, not the information structure – and Wsw

T (K), V sw(2, T ) are defined from Rsw as before.
Under full information the switching cost does change the information structure: the reduction of Re-

mark 2.1 fails, because the switching term contributes Pr(It ̸= It−1 | ℓ), a function of the joint law of
consecutive actions and not of the two marginals. A full-information learner that pays for switching must
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therefore be allowed to condition on its own past actions. Its behaviour strategies are the 8-ary trees S8
T (K):

a node is (p; (ca,r)a∈{0,1}, r∈{0,1}2) with 0 ≤ p ≤ 1, ca,r being the continuation after playing a and observing
the pair r, and

CswF
ℓ (S;x) = p

(
ℓ1(0) + σ(x, 0) + CswF

ℓ′ (c0,ℓ1 ; 0)
)

+ (1− p)
(
ℓ1(1) + σ(x, 1) + CswF

ℓ′ (c1,ℓ1 ; 1)
)
,

RswF
ℓ (S) = CswF

ℓ (S;∅) − m(ℓ), with WswF
T (K) and V swF(2, T ) as before. Using the 4-ary full-information

trees here would understate the full-information value and could manufacture a separation; the 8-ary class
is the one over which Theorem 5.4 quantifies.

3. Certificates

3.1. Backward induction against a mixture. A mixture of horizon n is a finite list M = ((wi, ℓ
i))si=1 with

weights wi ∈ K, wi ≥ 0, and ℓi ∈ Ln (repetitions allowed). Write tot(M) =
∑

i wi and µa(M) =
∑

i wi ℓ
i
1(a),

the weight the mixture puts on “arm a loses in the current round”. For a, b ∈ {0, 1} let Ma,b be the sub-
mixture of those (wi, ℓ

i) with ℓi1(a) = b, with the first round of each matrix removed; for r ∈ {0, 1}2 let Mr be
the sub-mixture of those with ℓi1 = r, first round removed. Define βB

0 = βF
0 = 0, βsw

0 (M ;x) = βswF
0 (M ;x) = 0

and
βB
n+1(M) = min

a∈{0,1}

(
µa(M) + βB

n (Ma,1) + βB
n (Ma,0)

)
,

βF
n+1(M) = min

a∈{0,1}
µa(M) +

∑
r∈{0,1}2

βF
n (Mr),

βsw
n+1(M ;x) = min

a

(
σ(x, a) tot(M) + µa(M) + βsw

n (Ma,1; a) + βsw
n (Ma,0; a)

)
,

βswF
n+1(M ;x) = min

a

(
σ(x, a) tot(M) + µa(M) +

∑
r∈{0,1}2

βswF
n (Mr; a)

)
.

With a switching cost the recursion carries the previous arm and each branch gains one additive term, the
switch penalty times the weight of the sub-mixture still alive.

Lemma 3.1 (Backward induction bounds every behaviour strategy). Let K be a commutative ring with a
linear order making it a strictly ordered ring, let M = ((wi, ℓ

i)) be a mixture of horizon n with all wi ≥ 0,
and let S ∈ Sn(K). Then

βB
n (M) ≤

∑
i

wi C
B
ℓi(S) and βF

n (M) ≤
∑
i

wi C
F
ℓi(S).

Lemma 3.2 (The same with a switching cost). Under the hypotheses of Lemma 3.1, for every x ∈ {∅, 0, 1},

βsw
n (M ;x) ≤

∑
i

wi C
sw
ℓi (S;x) (S ∈ Sn(K)),

βswF
n (M ;x) ≤

∑
i

wi C
swF
ℓi (S;x) (S ∈ S8

n(K)).

Proof of both lemmas. Induction on n; at n = 0 both sides vanish. At a node S = (p; cab) the weighted cost
splits by the first round:∑

i

wi C
B
ℓi(S) = pA0 + (1− p)A1, Aa = µa(M) +

∑
b∈{0,1}

∑
i: ℓi1(a)=b

wi C
B
ℓi′(cab),

where ℓi′ is ℓi without its first round. Since 0 ≤ p ≤ 1, pA0 + (1 − p)A1 ≥ min(A0, A1), and the induction
hypothesis on the four sub-mixtures Ma,b gives Aa ≥ µa(M) + βB

n (Ma,1) + βB
n (Ma,0). For full information

the continuation does not depend on a and the sum over the four Mr factors out of the minimum. With a
switching cost Aa gains the term σ(x, a) tot(M), the same for every i, and the continuations are evaluated
with previous arm a. No finiteness assumption on S is made and no computation is involved. □
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3.2. Two-sided certificates. For a mixture M of horizon n set
valB(M) = βB

n (M)−
∑
i

wi m(ℓi),

the regret the mixture guarantees itself against every bandit learner, and likewise valF, valsw (with x = ∅)
and valswF.

Proposition 3.3 (A rational certificate pins the value over every ordered field). Let n ≥ 0.
(1) If M is a mixture of horizon n with nonnegative weights summing to 1 and S ∈ Sn(K) satisfies

RB
ℓi(S) ≤ w for every i, then valB(M) ≤ w; the same holds for F, sw and swF (with S ∈ S8

n(K) in
the last case).

(2) Let v ∈ Q. Suppose S ∈ Sn(Q) satisfies RB
ℓ (S) ≤ v for all ℓ ∈ Ln, and M is a mixture of horizon

n with rational weights, nonnegative and summing to 1, every ℓi ∈ Ln, and valB(M) = v. Then for
every linearly ordered field K, v is the least element of WB

n (K). The same holds for F, sw and swF.

Proof. (1) Sum RB
ℓi(S) ≤ w with weights wi and apply Lemma 3.1. (2) The embedding Q → K commutes

with every recursion above and preserves 0 ≤ p ≤ 1, so the image of S shows v ∈ WB
n (K), and for w ∈ WB

n (K)
witnessed by S′ ∈ Sn(K), part (1) for the image of M and S′ gives v ≤ w. The other cases use Lemma 3.2. □

So a value is established by a rational learner tree, a rational adversary mixture, and four finite compu-
tations: the tree is complete of the right depth with all probabilities in [0, 1]; its regret against each of the
4n matrices is at most v; the mixture is a probability distribution on Ln; and its backward-induction value
is exactly v. These four checks are the only computational content of the results below.

3.3. How the certificates were found. The learner’s strategy space is a treeplex, so the game is a linear
program in sequence form: one variable per learner sequence, one flow equality per information set, one
inequality per adversary matrix – 170 variables, 85 equalities and up to 256 inequalities at T = 4; 682, 341
and up to 1024 at T = 5. Adversary rows were generated on demand (solve the restricted program, evaluate
the plan against all 4T matrices, add the most violated rows, repeat). For the plain game the simplex ran in
exact rational arithmetic and the T = 4 bandit program converged in six rounds. For the switching-cost game
a floating-point simplex supplied a warm start and the small restricted program was re-solved exactly; at
T = 5 the learner’s 341 probabilities were obtained by rounding the floating-point solution to denominators
at most 360, and their exact worst case over the 1024 matrices is exactly 167

60 . Every certificate was re-verified
by independently written code along a different path (forward evaluation of the tree against every matrix,
backward induction on the mixture); at T = 2 the switching-cost value was also recomputed in normal form
over all 25 = 32 deterministic bandit learners and 16 matrices, as a check of the sequence-form encoding
and of Kuhn’s theorem in this instance. The full-information column of Table 1 was also reproduced by an
unrelated dynamic program on the pair (rounds left, loss difference), which matches Cover’s closed form for
every T ≤ 14 and supplies the T = 5 full-information certificate. The T = 1 switching-cost value is a hand
computation: the learner plays arm 0 with probability p and pays 1 for the opening switch, its regret is 1+p
against (1, 0) and 2− p against (0, 1), and max(1 + p, 2− p) is minimised at p = 1

2 with value 3
2 .

4. The plain game

Theorem 4.1 (V B(2, 4) = 33/40). For every linearly ordered field K, 33
40 is the least element of WB

4 (K):
some horizon-4 behaviour strategy has regret at most 33

40 against every one of the 256 loss matrices, and no
behaviour strategy whatsoever has worst-case regret below 33

40 .

Certificate. The learner is a complete 4-ary tree of depth 4 with 85 node probabilities; the least common
multiple of their denominators is 150480 (among them 3

19 , 10
19 , 8

11 , 3
16 , 13

16 ), and its regret against each of the
256 matrices is at most 33

40 , with equality on some matrix. The adversary is a distribution of support 20 on
L4, with weights of denominator dividing 80, whose value valB is exactly 33

40 . Both checks are exhaustive
finite computations; Proposition 3.3 does the rest. □
Proposition 4.2 (Horizons 1, 2, 3). For every linearly ordered field K, the least elements of WB

1 (K), WB
2 (K),

WB
3 (K) are 1

2 , 1
2 , 3

4 , and the least elements of WF
T (R) for T = 1, 2, 3 are the same three numbers.
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Certificate. Learner trees of 1, 5 and 21 probabilities and adversary distributions of support 2, 2 and 6, in
each feedback model. At T = 1 the learner flips a fair coin and the adversary plays (1, 0) or (0, 1) with
probability 1

2 each. The non-obvious half at T = 3 is a bandit learner matching the full-information value
3
4 . □
Proposition 4.3 (Cover’s column, re-derived). For every linearly ordered field K and T = 1, . . . , 5, the least
element of WF

T (K) is 1
2 ,

1
2 ,

3
4 ,

3
4 ,

15
16 respectively, that is, ⌈T/2⌉

(
T

⌊T/2⌋
)
2−T .

This is Cover’s 1965 value for two experts [8], in the form Gravin, Peres and Sivan describe as “exactly
half the expected distance travelled by a simple random walk in T steps” [12]; the binomial expression is an
elementary rewriting of that description and is not claimed as new. The proposition is the control column
against which Theorem 4.4 compares, re-derived from the definition of the game and certified two-sidedly at
each of the five horizons (adversary supports 2, 2, 6, 6, 20; learner trees of 1, 5, 21, 85, 341 probabilities).

What Cover’s paper prints, read from the offprint of pp. 263–272, is a characterisation of the scores
achievable by a sequential predictor of a binary sequence of length T : a score ŝ(k/T ) depending only on
the number k of ones is achievable exactly when 2−T

∑
k

(
T
k

)
ŝ(k/T ) = 1

2 together with a Lipschitz condition
(his VII, p. 269), and one satisfying the second condition but not the first is achievable uniformly with the
error εT = 1

2 − 2−T
∑

k

(
T
k

)
ŝ(k/T ), which he displays on p. 270 for the envelope ŝ(η) = max{η, 1 − η}, the

score of the better of the two constant predictors. Since a score is 1 − (error rate), −TεT is the minimax
number of extra mistakes; it agrees with ⌈T/2⌉

(
T

⌊T/2⌋
)
2−T at every horizon T ≤ 14 we evaluated. Cover’s

adversary plays only rounds on which exactly one of the two predictors errs, whereas LT also contains (0, 0)
and (1, 1); Proposition 4.3 is proved over the larger LT , and the values coincide.
Theorem 4.4 (Bandit feedback first costs at T = 4). For T = 1, 2, 3 the least elements of WB

T (R) and
WF

T (R) coincide ( 1
2 ,

1
2 ,

3
4). At T = 4 the least element of WB

4 (R) is 33
40 , that of WF

4 (R) is 3
4 , 3

4 < 33
40 , and

33
40 − 3

4 = 3
40 .

Proof. Theorem 4.1, Propositions 4.2 and 4.3, and arithmetic. □
Proposition 4.5 (Horizon 5, bracketed). 53

40 ∈ WB
5 (R), and every v ∈ WB

5 (R) satisfies v ≥ 15
16 ; in particular

every horizon-5 bandit strategy has worst-case regret strictly above V B(2, 4) = 33
40 .

Certificate. The upper end is the learner that plays the horizon-4 optimum of Theorem 4.1 for four rounds
and then a fair coin, evaluated against all 1024 matrices. The lower end is the optimal full-information
adversary of Proposition 4.3 at T = 5 (support 20), read under bandit feedback: its bandit backward-
induction value is at least 15

16 , and Lemma 3.1 applies. The exact value of V B(2, 5) is not determined here
(Section 8); two other cheap adversary mixtures tried for the lower end also gave exactly 15

16 . □

Remark 4.6 (Controls). The formal development also records that 3
4 and 5

6 are not least elements of WB
4 (R),

that 1
2 is not the least element of WB

3 (R), that the horizon-4 learner certificate is tight, that the constant
strategy “always arm 0” is a legitimate strategy with worst case 4, and that the horizon-4 adversary certificate
has support exactly 20; these guard against a misplaced quantifier making the theorems vacuous.

5. The game with a switching cost

Lemma 5.1 (The opening penalty is deterministic). For every commutative ring K, every ℓ1 = (l0, l1) ∈
{0, 1}2, every ℓ′, and every node S = (p; c00, c01, c10, c11),

Csw
(ℓ1,ℓ′)

(S;∅) = 1 +
(
p
(
l0 + Csw

ℓ′ (c0,l0 ; 0)
)
+ (1− p)

(
l1 + Csw

ℓ′ (c1,l1 ; 1)
))

.

Proof. σ(∅, 0) = σ(∅, 1) = 1 and p+ (1− p) = 1. □
Consequently the variant that charges only the switches from round 2 on has value V sw(2, T )−1 wherever

V sw(2, T ) is known; that shifted set of guarantees is not itself defined in the formal development, and the
shift is read off the lemma rather than stated as a theorem. The convention X0 = 0 /∈ [k] is the stated
definition of [9] (page 3 of the arXiv v2 PDF); in the paragraph that immediately follows the statement of
their Theorem 2, at the head of their Section 4 and before its proof begins (page 9), the same paper writes
“recall that we arbitrarily set X0 = 1”, which is in the action set. Asymptotically the difference is O(1); at
T ≤ 5 it is the whole third digit, and Remark 5.8 records what the other readings give.
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Theorem 5.2 (V sw(2, T ) for T ≤ 5). For every linearly ordered field K and T = 1, 2, 3, 4, 5, the least element
of Wsw

T (K) exists and equals 3
2 , 2, 7

3 ,
31
12 ,

167
60 respectively.

Certificate. Learner trees of 1, 5, 21, 85, 341 probabilities, the largest single denominator being 2, 2, 4, 24, 350
at the five horizons, each with worst case over the 4T matrices exactly the stated value (the T = 4, 5
certificates are tight). Adversary distributions of support 2, 2, 4, 6, 8; at T = 5 the eight matrices are(

(1, 1)j , (1, 0)5−j
)

and
(
(1, 1)j , (0, 1)5−j

)
, j = 0, 1, 2, 3,

with weight 1
5 ,

1
20 ,

1
12 ,

1
6 on each of the two matrices with commitment time j, where (1, 1)j means j rounds

on which both arms lose and (1, 0)5−j means 5−j rounds on which only arm 0 loses; its value valsw is exactly
167
60 . Proposition 3.3 transports both halves. □

Proposition 5.3 (The price of the switching cost). With both minimax values attained (Theorems 4.1
and 5.2, Proposition 4.2),

V sw(2, T )− V B(2, T ) = 1, 3
2 ,

19
12 ,

211
120 (T = 1, 2, 3, 4),

and net of the deterministic opening penalty of Lemma 5.1 the price is 0, 1
2 ,

7
12 ,

91
120 : the switching cost is

free at T = 1, where there is no second round to switch into, and strictly positive from T = 2 on. At T = 5,
where V B(2, 5) is only bracketed (Proposition 4.5), 167

60 − 53
40 = 35

24 ≤ V sw(2, 5)− V B(2, 5) ≤ 167
60 − 15

16 = 443
240 .

Proof. Subtraction of attained values; at T = 5, Theorem 5.2 with Proposition 4.5. □
Theorem 5.4 (With a switching cost, bandit feedback first costs at T = 3). For every linearly ordered
field K the least elements of WswF

1 (K), WswF
2 (K), WswF

3 (K) – the minimax values of the switching-cost game
under full information, over all 8-ary behaviour strategies – exist and equal 3

2 , 2, 9
4 . Hence the bandit and

full-information values agree at T = 1, 2, and at T = 3

V swF(2, 3) = 9
4 < 7

3 = V sw(2, 3), 7
3 − 9

4 = 1
12 .

At the same horizon the plain game has V B(2, 3) = V F(2, 3) = 3
4 : adding the switching cost moves the onset

of the bandit-versus-full-information gap from T = 4 to T = 3.

Certificate. Full-information learner trees (8-ary) of 1, 9, 73 probabilities with worst cases 3
2 , 2,

9
4 (tight at

T = 3), and adversary distributions of support 2, 2, 4 with valswF equal to the same numbers; Lemma 3.2 for
S8 and Proposition 3.3. The comparison uses Theorem 5.2 and Proposition 4.2; the inequality V swF ≤ V sw

is not used. □
The four numbers at T = 3 say what the switching cost does. Net of the opening penalty, the full-

information learner pays 9
4 − 1− 3

4 = 1
2 for the switching cost and the bandit learner pays 7

3 − 1− 3
4 = 7

12 ;
since the plain game has no gap at T = 3, the entire separation 1

12 is the extra price the bandit learner pays
for switching. This is the mechanism of [9] – a bandit learner must switch to explore, and each switch is
charged – in its smallest instance.

Proposition 5.5 (The harmonic fit). With HT =
∑T

j=1
1
j , HT + 1

2 = 3
2 , 2,

7
3 ,

31
12 ,

167
60 for T = 1, . . . , 5; that

is, V sw(2, T ) = HT + 1
2 at each of the five horizons of Theorem 5.2.

This is a fit to five points and is recorded as such; no formula for general T is stated anywhere in this
paper. It cannot continue for all T : Theorem 1 of [9] gives Ω̃(k1/3T 2/3) for k ≤ T , and their Section 5.1
(“Binary losses”) says in prose that the construction adapts to losses in {0, 1}, this paper’s loss model, so
the true V sw(2, T ) outgrows log T (we cite that paragraph and do not use it). No finite-T comparison with
their bounds is well posed at these horizons: Theorem 1 carries no constant, and their Theorem 2, the one
statement with an explicit constant, assumes T ≥ max{k, 6}, which excludes every horizon of Theorem 5.2.
What the five values show is the exact price of the switching cost at each horizon, the onset of the feedback
gap at T = 3, and increments 1

2 ,
1
3 ,

1
4 ,

1
5 at these horizons; what they cannot show is any onset of the T 2/3

regime or any constant in front of it. The next theorem, obtained with a different instrument, shows where
the fit stops being an equality.
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Theorem 5.6 (The harmonic fit fails at T = 7). For every linearly ordered field K,
∀v ∈ Wsw

6 (K) : v ≥ 59
20 and ∀v ∈ Wsw

7 (K) : v ≥ 373
120 .

Moreover H6 +
1
2 = 59

20 , while H7 +
1
2 = 433

140 < 373
120 . Hence every horizon-7 behaviour strategy has worst-case

switching-cost regret strictly above H7 + 1
2 : the pattern V sw(2, T ) = HT + 1

2 , exact for T ≤ 5, is false at
T = 7.

Certificate. Every optimal adversary found at T ≤ 5 has one shape, delayed commitment: choose a com-
mitment time j, play (1, 1) for j rounds – both arms lose, so the learner pays without learning – and then
commit to a single losing arm, (1, 0) or (0, 1), for the remaining T −j rounds. The horizon-7 certificate is the
twelve-point distribution on the matrices ((1, 1)j , (1, 0)7−j) and ((1, 1)j , (0, 1)7−j), j = 0, . . . , 5, with weight

1
6 ,

1
36 ,

7
180 ,

7
120 ,

7
72 ,

1
9

on each of the two matrices with commitment time j = 0, . . . , 5; its value valsw is exactly 373
120 , and Lemma 3.2

bounds every behaviour strategy. The horizon-6 certificate is the ten-point member of the same family with
weights 1

6 ,
1
30 ,

1
20 ,

1
12 ,

1
6 per arm for j = 0, . . . , 4, of value exactly 59

20 . Both are one-sided: no learner certificate
was computed at T = 6 or T = 7, whose sequence-form programs have 2730 and 10922 variables, so V sw(2, 6)
and V sw(2, 7) are bounded below and not pinned. □
Remark 5.7 (The closed-form weights; computed but not formalised). The horizon-6 weights above are the
instance T = 6 of the closed form w0 = 1

T , wj = 1/((T − j)(T − j + 1)) for 1 ≤ j ≤ T − 2, one copy of wj

on each of the two arms (the 2(T − 1) weights sum to 1 because
∑

j≥1 wj =
∑T−1

m=2
1

m(m+1) = 1
2 − 1

T ), and
the T = 5 adversary of Theorem 5.2 is the instance T = 5. Evaluated in exact rational arithmetic, this one
closed-form mixture guarantees exactly HT + 1

2 at every horizon T = 2, . . . , 10, so HT + 1
2 is a lower bound

with a reason at least up to T = 10; that computation is outside the formal development and no statement for
general T is made. Maximising the exact guarantee over all weightings of the delayed-commitment family (a
small concave problem, solved by cutting planes each of which is an exact backward-induction best response)
gives exactly HT + 1

2 for T = 2, . . . , 6, so the family refutes nothing at T = 6; it gives 373
120 at T = 7, and at

T = 8 it gives 2731
840 , which exceeds H8 +

1
2 = 901

280 (computed, not formalised). Some adversary outside this
family could in principle refute the fit at T = 6; we make no claim either way.

Remark 5.8 (The two other readings of the opening convention). With the stated convention of [9] (X0

outside the action set) the values are HT + 1
2 for T ≤ 5 (Theorem 5.2). With no charge on round 1 they are

V sw(2, T )− 1 = 1
2 , 1,

4
3 ,

19
12 for T ≤ 4, i.e. HT − 1

2 , by Lemma 5.1. With X0 a distinguished arm of the action
set – the reading of the sentence quoted after Lemma 5.1 – the same exact two-sided computation, carried
out outside the formal development and not formalised, gives 1, 3

2 ,
11
6 , 25

12 for T ≤ 4, i.e. HT . That the three
readings differ by exactly 1

2 at every horizon computed is an observed regularity, not a theorem.

Remark 5.9 (Controls). The formal development also records that 33
40 + 1 and 8

3 are not least elements of
Wsw

4 (R) (the switching cost costs strictly more than its mandatory opening switch), that 31
12 + 1

4 and 3 are
not least elements of Wsw

5 (R), that 7
3 and 2 are not least elements of WswF

3 (R), that the constant strategies
have worst cases 5 (bandit, T = 4) and 4 (full information, T = 3), that the learner certificates at T = 4, 5
and the full-information one at T = 3 are tight, and that every adversary certificate is a genuine multi-point
distribution with strictly positive weights (supports 6, 8, 4, 10, 12).

6. Related work and what we searched

The rate literature for the plain game is [2, 3, 7, 13]; Lattimore and Szepesvári write that “Finding a
minimax policy is generally too computationally expensive to be practical. For this reason, we almost always
settle for a policy that is nearly minimax optimal” ([13], Chapter 13), and none of these sources prints a value
at any finite horizon. The switching-cost game is that of [9]; the words “exact” and “finite horizon” do not
occur in that paper, every minimax statement in it is a rate, and so is its own survey of the lineage, on page 3:
with full feedback “the Follow the Lazy Leader algorithm (Kalai and Vempala, 2005) and the Shrinking
Dartboard algorithm (Geulen et al., 2010) both guarantee a matching upper bound of O(

√
T log k)”, while

“Arora et al. (2012) presented a simple algorithm with a guaranteed regret of O(k1/3T 2/3), but a matching
lower bound was not known”. We did not read Kalai–Vempala or Geulen et al.; those two upper bounds
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enter here only as [9] reports them, and the third is [4]. The nearest printed object to our switching-cost
values is the zero-sum repeated game with switching costs of Tsodikovich, Venel and Zseleva [14] (“we show
that the value of the game exists in stationary strategies, depending solely on the previous action of the
minimizing player, not the entire history. We provide important properties of the value and the optimal
strategies as a function of the ratio between the switching costs and the stage payoffs”); there the payoff
matrix is known to both players, the game has no horizon, and there is neither a comparator “best fixed arm
in hindsight” nor bandit feedback, so it is adjacent prior art rather than an overlap. Altschuler and Talwar
[5] bound online learning with limited switching by rates, not values.

We searched for a printed value of either game as follows, reading every negative as “not found” rather than
“does not exist”. A local full-text corpus of arXiv sources (the computer-science, economics and machine-
learning slice, about 14 GB, plus the mathematics slice) returned zero files for fixed strings such as “exact
minimax regret”, “exact minimax value”, “minimax value of the bandit”, “finite horizon minimax regret”,
“bandit feedback does not hurt”, “gap between bandit and full information”, “minimax regret with switching”
and “value of the game with switching”; the 389 papers containing “switching cost” were intersected with
“minimax value”, “exact minimax”, “compute the minimax” and “exactly computed”, and every hit was read
and found to be a false positive; the strings “33/40” and “31/12” never co-occur with a bandit, regret or
minimax context. The arXiv search API returned zero results for the corresponding conjunctions and exactly
one for “minimax value” with “switching cost”, namely [14]. OpenAlex knows one distinct citing work for the
COLT 2009 note [1] (two records of the same drifting-games paper), which is full-information and computes
no bandit value. For [9], OpenAlex lists 64 distinct citing works across its two records and none of their
titles suggests a finite-horizon or exact computation; that sweep is partial – the paper has several hundred
citations and the 64 are those OpenAlex indexes – and we state it as a strong negative, not an exhaustive
one. The OEIS contains neither 1

2 ,
1
2 ,

3
4 ,

33
40 in any of five encodings nor the numerators 3, 2, 7, 31; its entries

for the numerators of Cover’s column (A100071) and for the harmonic numbers (A001008, A002805) mention
neither regret nor bandits. A value this small could still sit unlabelled in lecture notes or a solutions manual
that no index reaches.

The three- and four-expert full-information values at small horizons are treated in a companion preprint
of this project [15]; the two-expert column is not duplicated there beyond its role as a control.

7. Verification

Every theorem, proposition and lemma above is a statement checked in Lean 4 with Mathlib. The two
lemmas of Section 3 and the transfer of Proposition 3.3 are proved as ordinary structural inductions and
carry only the standard axioms (propext, Classical.choice, Quot.sound); Lemma 5.1 carries propext and
Quot.sound only. The value theorems additionally carry the axioms generated by native_decide for their
own finite checks (validity of the certificate tree, its regret against every one of the 4T matrices, and the
distribution and backward-induction value of the adversary mixture); no other axiom and no sorry occurs.
Appendix A reproduces the formal statements verbatim. The formal definitions match Section 2, with arms
named false and true, and with children indexed by 2a+ b under bandit feedback, by 2ℓt(0) + ℓt(1) under
full information, and by 4a+2ℓt(0)+ℓt(1) in the 8-ary trees. Repository reference to be added at submission.

8. Open questions

The exact value of V B(2, 5) is the obvious gap in Table 1; the float-warm-start-then-exact recipe that
solved the switching-cost game at T = 5 in about 950 seconds applies unchanged to the plain game, whose
program is the same with the switching term deleted. The value V swF(2, 4) needs an 8-ary treeplex with
585 information sets and 1170 sequence variables. The learner side at T = 6, 7 in the switching-cost game
is far more expensive (1365 and 5461 information sets, 2730 and 10922 sequence variables), so whether
V sw(2, 6) = H6 +

1
2 is open. Three arms at T ≤ 3 (a round is a vector in {0, 1}3, so 83 = 512 loss matrices

and 43 bandit information sets) would give a first data point on how the onset of the feedback gap depends
on K. The delayed-commitment family of Theorem 5.6 suggests a question we do not answer: whether the
optimal adversary of the switching-cost game always has that shape, and if so what its optimal weights are
for general T .
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Appendix A. The formal statements

The Lean statements corresponding to the results above, verbatim (statements only, proofs and attributes
omitted), grouped by module. Strat K is S(K) with children c0, . . . , c3 at index 2a+ b; Strat8 K is S8(K); Ok
n S says S is a complete tree of depth n with probabilities in [0, 1]; allLoss n is Ln; bestFixed is m; breg, freg,
sreg, fsreg are RB, RF, Rsw, RswF; WL K is the type of mixtures; brB, brF, srB, srF8 are βB, βF, βsw, βswF;
bVal, fVal, sVal, fsVal are the four val functions; banditReach, fullReach, switchReach, fswitchReach are
the four sets W; wbcost, wfcost, wscost, wfscost are the weighted costs

∑
i wiCℓi(S); scost is Csw with the

previous arm first; harmonic is Mathlib’s HT ; Data.adv* and cert* are the certificate data.
Lower.lean
theorem brB_le : ∀ (n : ℕ) (L : WL K), (∀ x ∈ L, 0 ≤ x.1) → (∀ x ∈ L, x.2.length = n) →

∀ S : Strat K, Ok n S → brB n L ≤ wbcost L S
theorem brF_le : ∀ (n : ℕ) (L : WL K), (∀ x ∈ L, 0 ≤ x.1) → (∀ x ∈ L, x.2.length = n) →

∀ S : Strat K, Ok n S → brF n L ≤ wfcost L S

Cert.lean
theorem bandit_lower (n : ℕ) (L : WL K)

(hpos : ∀ x ∈ L, 0 ≤ x.1) (hlen : ∀ x ∈ L, x.2.length = n)
(hsum : (L.map Prod.fst).sum = 1)
(S : Strat K) (hS : Ok n S) (w : K) (hw : ∀ x ∈ L, breg x.2 S ≤ w) :
bVal n L ≤ w

theorem full_lower (n : ℕ) (L : WL K)
(hpos : ∀ x ∈ L, 0 ≤ x.1) (hlen : ∀ x ∈ L, x.2.length = n)
(hsum : (L.map Prod.fst).sum = 1)
(S : Strat K) (hS : Ok n S) (w : K) (hw : ∀ x ∈ L, freg x.2 S ≤ w) :
fVal n L ≤ w

theorem bandit_isLeast (n : ℕ) (v : ℚ) (S : Strat ℚ) (hS : Ok n S)
(hup : ∀ e ∈ allLoss n, breg e S ≤ v)
(M : WL ℚ) (hpos : ∀ x ∈ M, 0 ≤ x.1) (hlen : ∀ x ∈ M, x.2.length = n)
(hsum : (M.map Prod.fst).sum = 1) (hmem : ∀ x ∈ M, x.2 ∈ allLoss n)
(hval : bVal n M = v) :
IsLeast (banditReach K n) ((v : ℚ) : K)

theorem full_isLeast (n : ℕ) (v : ℚ) (S : Strat ℚ) (hS : Ok n S)
(hup : ∀ e ∈ allLoss n, freg e S ≤ v)
(M : WL ℚ) (hpos : ∀ x ∈ M, 0 ≤ x.1) (hlen : ∀ x ∈ M, x.2.length = n)
(hsum : (M.map Prod.fst).sum = 1) (hmem : ∀ x ∈ M, x.2 ∈ allLoss n)
(hval : fVal n M = v) :
IsLeast (fullReach K n) ((v : ℚ) : K)

Value.lean
theorem value_bandit_1 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (banditReach K 1) (1/2)
theorem value_bandit_2 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (banditReach K 2) (1/2)
theorem value_bandit_3 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (banditReach K 3) (3/4)
theorem value_bandit_4 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (banditReach K 4) (33/40)
theorem value_full_1 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (fullReach K 1) (1/2)
theorem value_full_2 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (fullReach K 2) (1/2)
theorem value_full_3 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (fullReach K 3) (3/4)
theorem value_full_4 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (fullReach K 4) (3/4)
theorem separation_four :

IsLeast (banditReach ℝ 4) (33 / 40) ∧ IsLeast (fullReach ℝ 4) (3 / 4) ∧
(3 : ℝ) / 4 < 33 / 40 ∧ (33 : ℝ) / 40 - 3 / 4 = 3 / 40

theorem bandit_free_below_four :
IsLeast (banditReach ℝ 1) (1 / 2) ∧ IsLeast (fullReach ℝ 1) (1 / 2) ∧
IsLeast (banditReach ℝ 2) (1 / 2) ∧ IsLeast (fullReach ℝ 2) (1 / 2) ∧
IsLeast (banditReach ℝ 3) (3 / 4) ∧ IsLeast (fullReach ℝ 3) (3 / 4)

theorem value_full_5 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :
IsLeast (fullReach K 5) (15 / 16)

theorem bandit_five_bracket :
(53 / 40 : ℝ) ∈ banditReach ℝ 5 ∧ ∀ v ∈ banditReach ℝ 5, (15 / 16 : ℝ) ≤ v

Switch.lean
theorem srB_le : ∀ (n : ℕ) (prev : Option Bool) (L : WL K), (∀ x ∈ L, 0 ≤ x.1) →

(∀ x ∈ L, x.2.length = n) → ∀ S : Strat K, Ok n S → srB prev n L ≤ wscost prev L S
theorem switch_lower (n : ℕ) (L : WL K)

(hpos : ∀ x ∈ L, 0 ≤ x.1) (hlen : ∀ x ∈ L, x.2.length = n)
(hsum : (L.map Prod.fst).sum = 1)
(S : Strat K) (hS : Ok n S) (w : K) (hw : ∀ x ∈ L, sreg x.2 S ≤ w) :
sVal n L ≤ w

theorem switch_isLeast (n : ℕ) (v : ℚ) (S : Strat ℚ) (hS : Ok n S)
(hup : ∀ e ∈ allLoss n, sreg e S ≤ v)
(M : WL ℚ) (hpos : ∀ x ∈ M, 0 ≤ x.1) (hlen : ∀ x ∈ M, x.2.length = n)
(hsum : (M.map Prod.fst).sum = 1) (hmem : ∀ x ∈ M, x.2 ∈ allLoss n)
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(hval : sVal n M = v) :
IsLeast (switchReach K n) ((v : ℚ) : K)

SwitchValue.lean
theorem scost_none_split {K : Type*} [CommRing K] (l₀ l₁ : Bool) (r : LossSeq) (p : K)

(c₀ c₁ c₂ c₃ : Strat K) :
scost none ((l₀, l₁) :: r) (.node p c₀ c₁ c₂ c₃)
= 1 + (p * (bit l₀ + scost (some false) r (if l₀ then c₁ else c₀))

+ (1 - p) * (bit l₁ + scost (some true) r (if l₁ then c₃ else c₂)))
theorem value_switch_1 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (switchReach K 1) (3/2)
theorem value_switch_2 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (switchReach K 2) (2)
theorem value_switch_3 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (switchReach K 3) (7/3)
theorem value_switch_4 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (switchReach K 4) (31/12)
theorem switch_price_table :

(IsLeast (banditReach ℝ 1) (1/2) ∧ IsLeast (switchReach ℝ 1) (3/2)
∧ (3/2 : ℝ) - 1/2 = 1) ∧

(IsLeast (banditReach ℝ 2) (1/2) ∧ IsLeast (switchReach ℝ 2) (2)
∧ (2 : ℝ) - 1/2 = 3/2) ∧

(IsLeast (banditReach ℝ 3) (3/4) ∧ IsLeast (switchReach ℝ 3) (7/3)
∧ (7/3 : ℝ) - 3/4 = 19/12) ∧

(IsLeast (banditReach ℝ 4) (33/40) ∧ IsLeast (switchReach ℝ 4) (31/12)
∧ (31/12 : ℝ) - 33/40 = 211/120)

theorem switch_price_net :
(3/2 - 1 : ℝ) - 1/2 = 0 ∧ (2 - 1 : ℝ) - 1/2 = 1/2 ∧
(7/3 - 1 : ℝ) - 3/4 = 7/12 ∧ (31/12 - 1 : ℝ) - 33/40 = 91/120

theorem harmonic_fit :
(harmonic 1 : ℚ) + 1/2 = 3/2 ∧ (harmonic 2 : ℚ) + 1/2 = 2 ∧
(harmonic 3 : ℚ) + 1/2 = 7/3 ∧ (harmonic 4 : ℚ) + 1/2 = 31/12

theorem constS4_bad : ∃ e ∈ allLoss 4, sreg e (constS 4) = (5 : ℚ)
theorem constS4_not_optimal : ¬ ((5 : ℝ) ≤ 31/12)
theorem not_switch_four_plain_plus_one : ¬ IsLeast (switchReach ℝ 4) (33/40 + 1)
theorem not_switch_four_eight_thirds : ¬ IsLeast (switchReach ℝ 4) (8/3)
theorem certS4_tight : ∃ e ∈ allLoss 4, sreg e certS4 = (31/12 : ℚ)
theorem advS4_support : Data.advS4.length = 6 ∧ ∀ x ∈ Data.advS4, 0 < x.1

SwitchFull.lean
theorem srF8_le : ∀ (n : ℕ) (prev : Option Bool) (L : WL K), (∀ x ∈ L, 0 ≤ x.1) →

(∀ x ∈ L, x.2.length = n) → ∀ S : Strat8 K, Ok8 n S → srF8 prev n L ≤ wfscost prev L S
theorem fswitch_lower (n : ℕ) (L : WL K)

(hpos : ∀ x ∈ L, 0 ≤ x.1) (hlen : ∀ x ∈ L, x.2.length = n)
(hsum : (L.map Prod.fst).sum = 1)
(S : Strat8 K) (hS : Ok8 n S) (w : K) (hw : ∀ x ∈ L, fsreg x.2 S ≤ w) :
fsVal n L ≤ w

theorem fswitch_isLeast (n : ℕ) (v : ℚ) (S : Strat8 ℚ) (hS : Ok8 n S)
(hup : ∀ e ∈ allLoss n, fsreg e S ≤ v)
(M : WL ℚ) (hpos : ∀ x ∈ M, 0 ≤ x.1) (hlen : ∀ x ∈ M, x.2.length = n)
(hsum : (M.map Prod.fst).sum = 1) (hmem : ∀ x ∈ M, x.2 ∈ allLoss n)
(hval : fsVal n M = v) :
IsLeast (fswitchReach K n) ((v : ℚ) : K)

theorem value_fswitch_1 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :
IsLeast (fswitchReach K 1) (3/2)

theorem value_fswitch_2 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :
IsLeast (fswitchReach K 2) (2)

theorem value_fswitch_3 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :
IsLeast (fswitchReach K 3) (9/4)

theorem switch_separation_three :
IsLeast (switchReach ℝ 1) (3/2) ∧ IsLeast (fswitchReach ℝ 1) (3/2) ∧
IsLeast (switchReach ℝ 2) (2) ∧ IsLeast (fswitchReach ℝ 2) (2) ∧
IsLeast (switchReach ℝ 3) (7/3) ∧ IsLeast (fswitchReach ℝ 3) (9/4) ∧
(9/4 : ℝ) < 7/3 ∧ (7/3 : ℝ) - 9/4 = 1/12

theorem onset_moves_earlier :
IsLeast (banditReach ℝ 3) (3/4) ∧ IsLeast (fullReach ℝ 3) (3/4) ∧
IsLeast (switchReach ℝ 3) (7/3) ∧ IsLeast (fswitchReach ℝ 3) (9/4) ∧ (9/4 : ℝ) < 7/3

theorem constFS3_bad : ∃ e ∈ allLoss 3, fsreg e (constFS 3) = (4 : ℚ)
theorem constFS3_not_optimal : ¬ ((4 : ℝ) ≤ 9/4)
theorem not_fswitch_three_eq_bandit : ¬ IsLeast (fswitchReach ℝ 3) (7/3)
theorem not_fswitch_three_two : ¬ IsLeast (fswitchReach ℝ 3) (2)
theorem certFS3_tight : ∃ e ∈ allLoss 3, fsreg e certFS3 = (9/4 : ℚ)
theorem advFS3_support : Data.advFS3.length = 4 ∧ ∀ x ∈ Data.advFS3, 0 < x.1

SwitchFive.lean
theorem value_switch_5 {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

IsLeast (switchReach K 5) (167/60)
theorem harmonic_fit_five :

(harmonic 1 : ℚ) + 1/2 = 3/2 ∧ (harmonic 2 : ℚ) + 1/2 = 2 ∧
(harmonic 3 : ℚ) + 1/2 = 7/3 ∧ (harmonic 4 : ℚ) + 1/2 = 31/12 ∧
(harmonic 5 : ℚ) + 1/2 = 167/60

theorem switch_price_five :
IsLeast (switchReach ℝ 5) (167/60) ∧ (53/40 : ℝ) ∈ banditReach ℝ 5 ∧
(∀ v ∈ banditReach ℝ 5, (15/16 : ℝ) ≤ v) ∧
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(167/60 : ℝ) - 53/40 = 35/24 ∧ (167/60 : ℝ) - 15/16 = 443/240
theorem certS5_tight : ∃ e ∈ allLoss 5, sreg e certS5 = (167/60 : ℚ)
theorem advS5_support : Data.advS5.length = 8 ∧ ∀ x ∈ Data.advS5, 0 < x.1
theorem not_switch_five_quarter_step : ¬ IsLeast (switchReach ℝ 5) (31/12 + 1/4)
theorem not_switch_five_three : ¬ IsLeast (switchReach ℝ 5) (3)

SwitchLower.lean
theorem switch_six_lower {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

∀ v ∈ switchReach K 6, (59/20 : K) ≤ v
theorem switch_seven_lower {K : Type*} [Field K] [LinearOrder K] [IsStrictOrderedRing K] :

∀ v ∈ switchReach K 7, (373/120 : K) ≤ v
theorem harmonic_fit_fails_at_seven :

(harmonic 7 : ℚ) + 1/2 = 433/140 ∧ (433/140 : ℝ) < 373/120 ∧
∀ v ∈ switchReach ℝ 7, (373/120 : ℝ) ≤ v

theorem harmonic_fit_not_refuted_at_six : (harmonic 6 : ℚ) + 1/2 = 59/20
theorem advS67_support :

Data.advS6.length = 10 ∧ Data.advS7.length = 12 ∧
(∀ x ∈ Data.advS6, 0 < x.1) ∧ (∀ x ∈ Data.advS7, 0 < x.1)

theorem switch_lower_monotone : (167/60 : ℝ) < 59/20 ∧ (59/20 : ℝ) < 373/120
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