THE WEAK-LEARNING GAME OF FACTORIZED ADABOOST.MH: THE
EXACT VALUE OF AN INSTANCE, AND THE EFFECTIVE CLASS NUMBER

KOREA SUPERINTELLIGENCE LABS

ABSTRACT. Let W range over the nonnegative n x K matrices of total mass one, let Y be the
signed one-hot label matrix of a label map £ : [n] — [K], and let v range over {1}¥. The
quantity max, ||(W ® Y*)v||1 is the binary weight mass that a factorized multi-class base classifier
can induce, and Kégl asked in 2014 whether it admits a positive lower bound independent of n. Zou
and Xu have recently determined its minimum over both W and ¢ exactly, W, k = Cnin{n+1,K}
with Cq = ¢/(3¢ —4) for even ¢ > 2 and Cyq = (¢+1)/(3¢ — 1) for odd g > 3, and they conjecture
that some effective class number governs the hardness contributed by the labels. We determine
the value of a fized instance. For every n, every K and every label map using exactly m distinct
labels with 2 < m <9,

n‘}[i/n Inlé?,X ||(W®Yl)“||1 = Cmin{'m+1,K}'

The value therefore depends on the instance only through the number of labels it uses: not
on the number of examples, and not on how the examples are distributed among those labels.
This identifies the effective class number of an instance as min{m + 1, K} and contains 20,, g =
Chuin{n+1,K} as the case m = min{n, K'}. The lower half of the identity is already contained,
unstated, in the refined lower-bound argument of the source; what is new is the matching upper
bound at every m, obtained by re-instantiating the source’s own two weight-matrix constructions
at m, and the exact value and its two independence properties that follow. The lower bounds are
certified by optimal maximiser strategies of the underlying +1 matrix game, in closed form, to
which the source’s analytic argument has no counterpart. All the finite content is machine-checked
in Lean 4; Section 8 says exactly what is and what is not formalised.

1. INTRODUCTION

The objects. Fix n > 1 examples and K > 1 classes, and write [n] = {1,...,n}. AdaBoost.MH
[5] reduces multi-class classification to K binary problems by carrying a weight W;; > 0 on each
example—class pair (i,7) together with the signed one-hot label matrix Y: row ¢ of Y is +1 in the
true-class column of example ¢ and —1 in every other column. Following the source, we write

and Y, i for the set of signed one-hot label matrices. Factorized AdaBoost.MH [4] uses base
classifiers of the form h(z) = ave(x): a single binary rule ¢ shared across the classes, with all
class dependence carried by a vote vector v € Vi. Fixing v collapses the weighted example—class
problem back to a binary problem on the examples, but only with the induced total mass

)

n K
(1) ws(W,Y,0) = [[(WoY)|, = Z‘ZWUYUUJ'

i=1 j=1

where © is the entrywise product. A weak-learning guarantee for the factorized rule is therefore
useful only if some vote vector keeps (1) away from zero, for every weight matrix and every labelling;
the worst case over both is
2 207 = min max wy(W,Y,v).
( ) n.K WeWn k,YEYVn k vEVK Z( )
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A label matrix Y € Y, x is the same datum as a label map £ : [n] — [K], namely V| = +1 if
j = £(i) and —1 otherwise, and we write ws (W, £, v) for (1) with Y = Y*. The object this paper is
about is the value of a single instance,

(3) V() == min max ws(W,{,v), SO W, x = min
WeWn k vEVk £:[n]—[K]

V()

and about the single statistic of ¢ on which it turns out to depend, the number

m({) = |im¢| = #{classes that some example actually has}.

The source, and what it leaves open. Kégl [3] posed the question for the factorized rule. In his
own words, verbatim ([3, Remark 3]; his w§ is our wy):

“So the question is whether there exists a setup (X, W, Y, and function class) in

which all of the 25 different vote vectors v = {£1}¥ lead to arbitrarily small (or

zero) w, or we can find a constant (independent of n) lower bound w such that

with at least one vote vector v and classifier ¢, w§, > w holds.”
The body of the same paper states the target as “to find a lower bound on w, which may depend on
the number of classes K but is independent of the number of training points n”; the source [1, §2]
quotes the question in a lightly reworded form. Zou, Zhou, Xu and Liu [2] answered the first half in
the negative, with 20, x > max{1/n, 1/v/2K} (their Theorems 3.3 and 3.4), which still degrades in
both parameters. Zou and Xu [1] then computed (2) exactly. Their Theorem 3.5, verbatim: “For
integers n > 1 and K > 2, we have: W, k = Crin{n+1,Kx} > Where

C, = q q+1
3¢g—14 3q—1
So the answer to Kégl’s question is a constant independent of both n and K: the sequence (4)
decreases to 1/3 and never reaches it.
What (2) does not say is how hard a particular problem is. The minimum over Y in (2) is attained
at a label map that spreads the examples over as many classes as possible, and the source notices
exactly this gap, writing ([1, §3], verbatim):

(4) Cy =1, (¢ > 2 even), Cy = (¢ > 2 odd).

“However, when n < K, the n examples can not use up all K labels. So we conjec-

ture that there might be effective class number that really captures the intrinsic

hardness caused by the labels.”
Their theorem pins that number to min{n + 1, K}, a function of the two size parameters alone. An
instance with a thousand examples in three classes and an instance with three examples in three
classes get the same answer only if n is the right statistic — and it is not.

What this paper settles.

e The exact value of an instance (Theorem 4.2). For every n, every K and every label map ¢

with m =m({) and 2 <m <9,
V(g) = min{m+1, K}-
Both halves are proved: no weight matrix does better, and an explicit one attains the value.

e Two independence properties, and the effective class number (Corollary 4.3). In that range
V(¢) does not depend on n and does not depend on the block sizes [¢~1(c)|: two instances
with the same number of used labels and the same K have the same value, whatever
their sizes and however unbalanced they are. The effective class number of an instance
is min{m(¢) + 1, K}, and W, k = Criin{n+1,kx} 1 the case m = min{n, K}.

e Optimal mazimiser strategies in closed form (Section 3). The lower half rests on a dual
mixed strategy for the underlying +1 matrix game which is exactly tight — all its correlation
constraints hold with equality — and which is described in closed form at every m (Table 1).
Eighteen instances of it, at m < 9, are verified as integer certificates. The bound they certify
is the source’s, as the next paragraph explains; the strategies are not in it.
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o The source’s own theorem, machine-checked (Theorem 5.1): 2, r = Ciingn41,Kx) for every
n >1and K > 1 with min{n, K'} < 9. This is published mathematics; only the certification
is ours.

e Negative controls (Section 6), including that the value of an instance is unique, so that a
wrong value is refuted rather than merely unproved.

Attribution. Three things must be said plainly, and they are said again where they are used.

First, the lower half of Theorem 4.2 is the source’s Appendix B.2 in all but name. That appendix
argues for an arbitrary fized pair (W,Y): it sets Iy = {i: >, Wi; > 0}, S ={c; :i € I1}, r = |S],
q = r + 1, and concludes, verbatim, “By the proof of the lower bounds of Theorem 3.1, we have
maxy,ey, ws(W,Y,u) > C,. So we can conclude that when r < K, max,cy, ws(W,Y,v) > C, >
Chin{n+1,k}" — where only the last inequality minimises over Y, the case 7 = K having been settled
a few lines earlier by 20,, k > Ck. Since r < m(¢) and C is non-increasing, the per-instance bound
V(€) > Cin{m+1,x1 follows from their text by bookkeeping alone. Proposition 3.1 is that bound;
it is stated as a re-derivation, with an explicit maximiser strategy the source does not exhibit, and
not as a new result.

Second, what is new is the matching per-instance upper bound at every m, and hence the exact
value and its independence from n and from the block sizes. The source’s Appendix C.1 constructs a
weight matrix only for the particular label map with min{n, K} distinct labels, and its Appendix C.2
only for n even with n + 1 < K neither pins the value of an arbitrary instance. The ingredients
of Proposition 4.1 are nevertheless theirs: it is their two tables, re-instantiated at m in place of
min{n, K}, on a set of representatives of the used labels.

Third, effective class number is the source’s phrase, and the conjecture that such a quantity exists
is theirs; what we add is its identification with min{m + 1, K'} at the level of an instance.

Relation to game-theoretic boosting. That boosting has a minimax reading is old: Freund and
Schapire [6] present boosting as a repeated two-player game, Ritsch and Warmuth [7] and Shalev-
Shwartz and Singer [8] use von Neumann duality to characterise weak learnability against a convex
hull of hypotheses, and Mukherjee and Schapire [9] build the multiclass theory on edge-over-random
conditions that are themselves minimax constraints. None of these computes a constant of the shape
(4), and none computes the value or the optimal strategies of the game (3); a search of the literature
accessible to us found the constants (4) only in [1]. One point of contact should be disclosed: [2]
already randomises the vote vector. Its proof of Theorem 3.4 bounds max, wy below by E,p ws
“for any distribution D on V7, takes the coordinates of v to be independent Rademacher variables,
and finishes with Khintchine’s inequality. That is a distribution over v alone: no sign pattern on the
examples is randomised, and the resulting bound 1/ V2K is not tight. The strategies of Section 3
are joint distributions over the pair (sign pattern, vote vector) and are exactly tight, which is what
makes them optimal rather than merely feasible.

2. PRELIMINARIES

Notation. Throughout, n > 1 and K > 1 are integers, £ : [n] — [K] is a label map, Y, = +1 if
j = £(i) and —1 otherwise, and wx (W, ¢,v) is (1). We write m = m(¢) = |im|; note 1 < m <
min{n, K'}. Since | >, W;;Yi;v;| < 37, Wi for v € Vi, every instance satisfies ws (W, £,v) < 1, so
V() <1 always.

All the statements below are proved in the two-sided form
(5) (YW eW, x e Vg :ws(W,lv)>c) and (BW € W, x Yo € Vi : ws(W,L,v) < c),

which is what “V(¢) = ¢” abbreviates; no compactness or attainment argument is needed, and (5)
determines ¢ uniquely (Proposition 6.1).
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The constants.

Proposition 2.1. Let C,; be given by (4), extended by Co = 1. Then for every g > 1,

t

Cy = 3 _9’ t=T[q/2],

and: C is non-increasing; Cqy1 = Cy for odd q; and 1/3 < Cy <1 for every q. The first values are

g |1 23 456 78 9 10
G113 337 % 3 3 55 5

The three properties are the source’s own Proposition 3.2 and the remark following its Theorem 3.5
[1]; they are restated here because every statement below is phrased in terms of C, and because the
one-case form ¢/(3t — 2), which merges the source’s three cases, is what makes the parity collapse
and the monotonicity immediate. That form is an algebraic rewriting of (4), not a result.

Proof. Write t = [q/2]. For even q > 2, t = ¢/2 and ¢q/(3q¢ —4) = 2t/(6t — 4) = t/(3t — 2); for odd
¢>3,t=(¢+1)/2and (¢+1)/(3¢—1) =2t/(6t —4) =t/(3t —2); and t = 1 gives 1 at ¢ € {1,2}.
The map ¢ — t/(3t — 2) is decreasing on ¢t > 1 with value 1 at ¢ = 1 and limit 1/3, and [q/2] is
non-decreasing in ¢ and constant on {¢q,q + 1} for odd gq. O

The instance as a =1 matrix game. Because |z|; = max,c(i1}»(s, ), the inner maximisation
in (3) can be enlarged to a maximisation over pairs:

(6) V(f) = Wénvl\}:,x (o.9) eﬁ%}f’”xvx iz:sz ’UJ

This is the value of a finite matrix game. The minimiser mixes over the nK cells (i,j) — the
set of mixed strategies is the simplex W, g — the maximiser plays a pair (s,v), and the payoff
is slv]Ye € {£1}. In particular V(¢) is a rational number, and the maximiser side of the game
reads: a mixed strategy p over pairs certifies V' (¢) > ¢ as soon as its induced correlations satisfy
Vi Ey[siv;] > ¢ at every cell (i,7). That implication is the only form of duality we use, and it is
elementary.

Proposition 2.2 (Weak duality). Let W € R"*X be nonnegative with Z” Wij =1, let A € RM™*E
and let p be a probability vector on N pairs (s*,vF) € {£1}" x RE. If

A;j Zpk skvk >c for every (i, j),

then ZZ’Z Wij Aijul | > ¢ for at least one k.

Proof. Put Fj, = Z Wi A;jst UJ Exchanging the order of summation and using W > 0 together
with the hypothesis ce11w1se

ZPka = ZW”( ij Zpksk k) > CZWH = ¢,
k .5 4,J
so Fy, > c for some k. Finally, since s¥ € {41},

= Yt wudue)) < S widg). 0
i j i

Applied with A = Y*, Proposition 2.2 turns a maximiser strategy into a lower bound on wy, valid
for every weight matrix at once. What makes such a bound usable at all n and K simultaneously is
a compression of the strategy space, and it is worth isolating because everything below rests on it.
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Remark 2.3 (Two compressions). In the game (6) the payoff at cell (i,) depends on the row i only
through the label £(i), and every column that is nobody’s label sees the same entry —1 from every
row. So it costs nothing to restrict the maximiser to strategies in which (i) s; depends on i only
through ¢(i) — a sign on the m used labels rather than on the n examples — and (ii) v; depends on
j only through which used label j is, all unused columns carrying one common sign. Such a strategy
lives on m label slots and M € {m, m + 1} column slots, and mentions neither n nor K.

Definition 2.4. A dual certificate D consists of integers m, M > 1, a finite list of atoms (pa, 0a, Ta)
with p, € Z>o a weight and o, € {£1}™, 7, € {£1}M sign patterns on the label and column slots,
a denominator d = ) p, > 0, and a claimed value ¢ = v/§ with § > 0. Writing corr(b, j) =
Y uPa0a(b) Ta(j), the certificate passes when

vd < §-corr(b,b) and vd < —§-corr(b,j) (bem], j€[M], j#D),

that is, when the maximiser’s correlation with the true-class slot is at least ¢ and with every other
column slot at most —c.

Lemma 2.5 (Certificate soundness). Let D be a certificate that passes, with value c.

(i) Let £: [n] = [K] and let g : [K] = {1,..., M} send each used column to its own label slot,
distinct used columns to distinct slots, and every column to a slot < M. Then for every
W € W, k there is v € Vg with ws (W, ¢,v) > ¢. In particular this holds for every n and
every K: if M = m+1 it suffices that £ use at most m labels, and if M = m that in addition
£ be onto |K].

(ii) Dually, let r1,...,rm be examples carrying m distinct labels c1,...,cm, let ¢1,...,car be
distinct columns extending them, and let w € Z75™M with dapWab=d >0. If

m M
1, b=
5'Z‘Zwabyabeb’ <vd for all e € {+1}M, Yab = th “
a=1 b=1 -1, b#a,

then the matrix W with W, ., = we/d and zeros elsewhere lies in W, k and satisfies
we (W, L,v) < V'/§ for every v € Vi.

Proof. (i) Transport the atoms along g: put sf = 0,(g(£(7))) and v§ = 7.(g(j)), and p,/d for the
probabilities. The hypotheses on g say exactly that at a cell (i, 7) with j = £(i) the pair of slots is
(b,b), and at a cell with j # £(i) it is (b, j') with j' # b; so the two families of certificate inequalities
are precisely Yig.IE[sivj] > ¢ cellwise, and Proposition 2.2 applies with A = Y*. (ii) W is nonnegative
with total mass 1 by construction, the rows outside {ry,...,r,} contribute nothing to (1), and on
the row r, only the columns ¢y, ..., cp carry weight, so ws(W, £,v) equals the left-hand side of the
displayed inequality divided by d’ with e, = v.,. The inequality is assumed for all 2M patterns
e. |

3. THE VALUE OF AN INSTANCE FROM BELOW

This section re-derives, with an explicit optimal strategy, a bound that is already contained in [1,
Appendix B.2]; see the Attribution paragraph of Section 1. It is stated because Theorem 4.2 needs
it in per-instance form and because the maximiser strategies are the objects the machine verification
actually carries.

Proposition 3.1. Let 1 < m < 9. For every n, every K, every label map ¢ : [n] — [K] using at
most m distinct labels and every W € W, i there is a vote vector v € Vi with

’UJE(W Ea U) > Cm+1;

and if moreover every class is somebody’s label, that is ¢ is onto [K], then there is v € Vi with
ws (W, L, v) > Cp,.
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Applied at m = m(¥) this gives max, ws (W, £,v) > Cpinm(e)+1, k} for every W: when K > m(f)
the first bound applies, and when K = m(¢) the second does. For m > m/(¢) the statement is weaker,
C being non-increasing.

The maximiser strategies. The certificates are instances of one closed-form strategy, which is
what the proof of Proposition 3.1 really uses. Let o € {£1}™ be the sign carried by the used labels
(so s; = 0y(s)), let the vote vector be v = o on the used columns and v = € on the unused ones, and
let a € [0,1). The strategy is:
e with probability a, play the anti atom o = +1, v = —1;
e otherwise draw ¢ uniformly from a prescribed level set of " _o. and put ¢ = —sign(}°_.oc)
on the unused columns, splitting the two signs evenly when ) o, = 0.

TABLE 1. The optimal maximiser strategies. In each case all three correlations
Elocve|, E[ocv;] (j # ¢ a used column) and E[o.c] equal +C, —C, —C' exactly.

case a law of o off the anti atom value C'
m odd 321:_;1 uniform on |} 0. =1 Cm = Crit1
meven, K =m Fye— uniform on ) o, =0 Cm

m even, K >m 3mm+ 5 Y e0c=0w.p. %, |> . 0cl =2 w.p. 2mm+ 5 Crnt1

Table 1 records the three cases. That all three correlations come out as equalities is what makes
each strategy optimal and not merely feasible: a feasible primal of the same value appears in
Section 4, and the two match. The source’s lower-bound argument is analytic — it tracks the
true-class mass p = ), Wjy(;) and combines the all-ones vote vector with a balanced family of vote
vectors — and exhibits no maximiser strategy, so Table 1 has no counterpart there.

Proof of Proposition 3.1, and what was computed.

Proof sketch. For each m < 9 the strategy of Table 1 is written out as an integer certificate in the
sense of Definition 2.4: FE,, with M = m + 1 column slots and claimed value C),+1, and F;, with
M = m and claimed value C),. Each is checked to pass, which is the evaluation of m - M integer
inequalities, each a sum over the atom list, plus the nonnegativity and total-weight conditions.
Lemma 2.5(i), applied with the slot map that sends a used column to its rank among the used
columns and every unused column to the extra slot, then gives the two conclusions for all n and K
at once. (Il

The computation is exhaustive over a finite, explicitly bounded index set — there is no search
inside the verification. The eighteen certificates are:

m 1 2 3 4 5 6 7 8 9
atomsof £, |1 7 7 21 21 71 71 253 25
11 3 3 2 2 5 5

value Cpon |15 5 5 % 5 5§ 13 13

atomsof Fy,, |1 2 7 7 21 21 71 71 253
11 3 3 2 2 5

Va.hle Cm 1 1 5 5 7 7 5 5 13

The atom counts are those of Table 1 after collecting equal atoms: for odd m the ((mﬂ)ﬂ) patterns
with | > o] = 1 and the anti atom; for even m with K > m the (m’%) balanced patterns, each
split in two by the sign e, the patterns with | Y o| = 2, and the anti atom. So, for instance, F4 has
2(4) + (4) + (;L) +1 = 21 atoms of total weight 28, of which the anti atom carries weight 8 = 28 ="~

2 3 3m+2
The certificates were produced outside the verification, by solving the game (6) as a linear program
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at small m and averaging the optimum over the symmetry group S,, X Sk _.,; only the passing of
the check is used inside, so no property of that generator is relied upon.

4. THE VALUE OF AN INSTANCE FROM ABOVE, AND THE EXACT VALUE

Proposition 4.1. Let 2<m <9 and let  : [n] — [K]| use exactly m distinct labels c1, . .., Cp, with
representatives 11, ..., m, £(rq) = cq.

-2 -1
(i) Let ag = 737” 1 for even m and ag = 73771 1 for odd m, and let W9 put
m — m —

d . ap d - 1-— ap
Wiwea =700 Wrie, = m(m — 1) (b#a),
and zero in every other cell. Then W9 € W,k and wg(WdJ, v) < Cp, for every v € Vi.
(ii) Suppose K > m and m is even, let co be a column that no example uses, put D = 3m + 2,
and let W+ put

1 2 4
W o — — wE = Wt =
raca = 7 e = p 079 raco = 0D’

and zero in every other cell. Then W € Wi,k and ws, (W, 4,v) < Cpuy1 for everyv € Vi.

Consequently V(£) < Crin{m+1,k}° for K =m use (i); for K >m and m even use (ii); for K >m
and m odd use (i) again, since Cpp1 = Chy,.

The two tables are the source’s Appendices C.1 and C.2 with m in place of min{n, K}, put on
a set of representatives of the used labels rather than on the first min{n, K} examples. What this
buys is the arbitrary instance: the source’s constructions choose the label map, and the choice of
representatives, together with the spare column ¢g in (ii), is what removes that choice.

Proof sketch. Both tables are integer tables after scaling — by m(m—1)q in (i), where ag = p/q, and
by m(3m + 2) in (ii) — with row sums (m — 1)g, resp. 3m + 2, so the total mass is 1. Lemma 2.5(ii)
then reduces the claim to the finite check over the 2™ sign patterns of the vote vector on the
columns ¢i,...,cp, with M = m in (i) and M = m + 1 in (ii); the vote vector’s values on the
remaining columns do not enter, since those cells carry no weight. Each check is exhaustive over
2M < 210 — 1024 patterns, each a sum of m absolute values of M-term sums, and is carried out for
each m < 9 separately. The representatives and, in (ii), the unused column exist because |im ¢| = m
and, in (ii), m < K. O

Theorem 4.2 (The exact value of an instance). Let n > 1 and K > 1, and let £ : [n] = [K] be a
label map using exactly m distinct labels, 2 < m < 9. Then

. . 4 — .
V(f) o WeHlvl\/liK ?El%}; ||(W®Y )le - len{m+1,K}~

Explicitly: for every W € Wy, k some vote vector achieves at least Ciinfm+1,K}, and the weight
matriz of Proposition 4.1 keeps every vote vector at or below it.

Proof. Since im¢ C [K] we have m < K. If K = m then ¢ is onto and Proposition 3.1 gives the

bound €y, = Cryin{m+1,kx} from below, and Proposition 4.1(i) gives C,, from above. If K > m then
Proposition 3.1 gives Cpy1 = Crin{m+1,x3 from below, and Proposition 4.1(ii) — or (i) together
with Cy, 11 = C),, when m is odd — gives it from above. O

Corollary 4.3 (Independence, and the effective class number). Fiz K and let 2 < m < 9. Then
all label maps into [K| that use exactly m labels have the same value Chiin{m+1,K}, whatever their
number of examples n and whatever the block sizes |[¢=1(c)|. In particular the effective class number
of an instance — the index at which the sequence (4) must be read to give its value — is

q(¢) = min{|im¢|+1, K },
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and the source’s Wn k = Crinfn+1,x} 5 the case m = min{n, K}, in which min{m + 1, K} =
min{n + 1, K}.

Proof. The first sentence is Theorem 4.2, whose right-hand side mentions only m and K. For the
last: if n > K then min{n, K} = K and both expressions equal K; if n < K then min{n, K} =n
and both equal n + 1. O

Neither independence was predictable from (2). The value moves with the number of parts of the
label partition but not with their sizes: at n = 6, K = 5 the partitions (2, 2,2) and (2,2,1,1) — the
same six examples, the same five classes — have values Cy = 1/2 and C5 = 3/7, differing exactly
because one uses three labels and the other four, while (3,1) and (2,2) at n = 4 agree. Section 7
records the exhaustive rational computation in which this pattern was found.

Remark 4.4 (m = 1). The excluded case is degenerate rather than open: if every example has the
same label then Cpin2 xy = 1 and V(¢) = 1, since wy < 1 always and Proposition 3.1 at m = 1
gives wy; > Co = 1 for some vote vector.

5. THE MINIMUM OVER INSTANCES

For completeness, and as a check on the certificate route, the per-instance statements assemble
into the source’s own theorem. This is published mathematics [1, Theorem 3.5], proved there for all
n and K; what is added here is the certification, and only on the range of the finite certificates.

Theorem 5.1. Let n > 1 and K > 1 with min{n, K} < 9. Then Wy x = Cin{n+1,k}; that is,
for every label map £ : [n] — [K| and every W € W,, g some vote vector achieves wx (W, £,v) >
Chin{n+1,K}, and there are a label map and a weight matriz for which no vote vector exceeds it.

Proof. Lower half: a label map uses m(¢) < min{n, K} < 9 labels, so Proposition 3.1 gives
max, Ws > Chinfm(0)+1,5} = Cminf{n+1,x}, the last step by monotonicity of C' and m(£) < n.
Upper half: the label map ¢ — min{é, min{n, K}} uses exactly min{n, K'} labels, so Theorem 4.2
(or, at min{n, K} = 1, the preceding remark) applies to it and Corollary 4.3 identifies its value as

Cmin{nJrl,K}- 0

Two small differences from the source’s statement are worth recording. It assumes K > 2, while
the statement above also covers K = 1, where both sides are 1. And the range min{n, K} <9 is a
restriction the source does not have: within it, n and K are otherwise unrestricted, so for example
every n with K <9 classes is covered, but n = K = 10 is not.

6. NEGATIVE CONTROLS

A value statement of the form (5) could in principle be satisfied vacuously, or by a certificate
check that passes for the wrong reason. The following are the controls; the first is what makes the
others genuine refutations rather than mere absences of proof.

Proposition 6.1. For a fized instance £, at most one real number ¢ satisfies (5).

Proof. Let c,c’ both satisfy it, with W’ the matrix witnessing the upper half for ¢/. The lower half
for ¢ applied to W’ gives v with ¢ < ws (W', £,v) < ¢’; symmetrically ¢ < c. O

Proposition 6.2. Let ¢ : [4] — [5] be injective — four examples in four of five classes, so m = 4
and V(Ly) = C5 = 3/7 by Theorem 4.2. Then:
(i) (a value one step too large is refuted) there is W € Wy 5 with ws(W, 4y, v) < 1/2 for every
v € Vs; in particular 1/2 is not the value of £y;
(ii) (a value one step too small is refuted) there is no W € Wy 5 with ws(W, £y,v) < 2/5 for
every v € Vs; in particular 2/5 is not the value of {y;
(iii) (the number of classes matters) the same four examples with only four classes available,
£y : [4] — [4] bijective, have value Cy =1/2 # 3/7;
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(iv) (the certificate check has teeth) the 21 atoms of the certificate Ey with their claimed value
raised from 3/7 to 1/2 fail the check of Definition 2.4.

Moreover the hypotheses of the statements above are mot vacuous: a label map with exactly four
labels, a vote vector and a weight matrix are all exhibited.

Note that 1/2 and 2/5 are the neighbours of 3/7 in the sequence (4), so (i) and (ii) exclude the
two ways of being off by one step; (iii) shows the answer really does move with K at fixed examples
and labels, which is the content of the min{m + 1, K'} in Theorem 4.2; and (iv) shows that passing
the check of Definition 2.4 is not automatic.

7. COMPUTATIONS OUTSIDE THE FORMAL DEVELOPMENT

Everything in this section was computed in exact rational arithmetic and is not machine-checked;
each item says what was run.

The exhaustive value table. Before any of the statements above were formulated, V(¢) was
computed exactly for every label partition of every n < 6 at every K < 7 — one instance per pair
(partition, K) for which K is at least the number of parts. The method: solve mint subject to
AW <1, Y W =1, W > 0, where the rows of A are the pairs (s,v) of (6) modulo the global flip
(s,v) — (—s, —v), in floating point to locate the primal support and the active rows; then solve the
reduced systems exactly over Q and verify exactly, both a primal W (by recomputing max, wys, by
brute force over all 251 vote vectors) and a dual mixed strategy (by checking its correlation at
every one of the nK cells). Both halves exact means the value is proved to be ¢ for that instance;
the floating-point solver is used only to guess which constraints are tight. Cost: 11.3 CPU-seconds
for the whole sweep.

In all 36 pairs (n, K) with n < 6, 2 < K < 7 the minimum over instances reproduced 20, x =
Cin{n+1,K}, values 1,1/2,3/7,2/5. Per instance, the table is much flatter than its minimum; at
n = 6 it reads, in full,

A ‘6 51 42 411 33 321 3111 222 2211 21111 16

K=5]1 1 1 I I I 3 I 3 3 -
i1 1 1 1 i 1 5 5 2
K=7]1 3 2 2 32 3 % 3 7% 7 5
(X the multiset of block sizes, written without separators; the entry “—” is the partition with more

parts than K'). In every instance of the sweep the value equals Cryin{m+1,x3 With m the number of
parts, and this is the computation in which the shape of Theorem 4.2 was found. The independence
from the block sizes is the agreement of (5, 1), (4,2), (3,3) with each other and of (4,1,1), (3,2,1),
(2,2,2) with each other; the two sharpest separations, where partitions of the same n at the same
K differ by a single part, are (2,2,2) against (2,2,1,1) at K =5 and (2,1,1,1,1) against (1°) at
K=r1.

The closed-form strategies beyond m = 9. The strategies of Table 1 were verified in exact
rational arithmetic for m = 1,...,14 in both variants (K = m and K > m), 28 cases in all. In the
27 of them in which all three correlations are present — at m = 1 with K = m there is neither
a second used column nor an unused one — they equal +C', —C, —C exactly. Cost: 36.8 CPU-
seconds. This is evidence for, not a proof of, the general-m lower bound; the formalised range is
m <9 (Proposition 3.1), and Section 9 says what a proof for all m needs.

A consequence for the round count.

Remark 7.1 (not part of the formal development). The reason the constant matters downstream is
the source’s round count. Its equation (3.7) reads Tiae := [2log(nK)/(6°wd)| + 1, so wy — and
hence 20, which is what bounds it uniformly — enters only through the factor w§2; substituting
20 > 1/3 gives its equation (3.9), Tiac 2 := [18log(nK)/6?|+1, and indeed 18 = 2/(1/3)?. Replacing

the uniform 1/3 by the value of the instance at hand replaces 18 by 2/C2 . (m41,K} which is 8 for



10 KOREA SUPERINTELLIGENCE LABS

an instance using two labels when K > 3. This is a substitution in the source’s derivation, not a
theorem proved here, and neither the derivation nor the substitution is machine-checked.

8. FORMAL VERIFICATION

Propositions 2.1, 2.2, 3.1, 4.1, 6.1 and 6.2, Lemma 2.5, Theorems 4.2 and 5.1 are formalised and
machine-checked in Lean 4 [10] against Mathlib [11], in eight modules totalling about 1,950 lines and
105 lemmas and theorems, a large part of the latter being certificate data. The game is set up over
R exactly as in (1)—(3), with W, k, Vi and the two-sided form (5) as definitions, so no numerical or
floating-point statement occurs anywhere; the certificates and weight tables are integer data, and the
constants C, are rationals. Quantification over n and K is genuine: Proposition 3.1 and Theorem 4.2
are single statements about all n and all K, the finiteness being confined to the number of labels
used, through the slot compression of Remark 2.3. What is not formalised: everything in Section 7,
including the exhaustive value table, the verification of Table 1 beyond m = 9 and Remark 7.1;
the derivation of Table 1 itself, of which only the resulting eighteen certificates are checked; and
the statements attributed to [1], [2] and [3], which are quoted, not re-proved — with the exception
of W, k = Cuin{n+1,x} on min{n, K} < 9, which is Theorem 5.1. Corollary 4.3 is a reading of
Theorem 4.2 and carries no verification of its own. The negative controls of Section 6 are part of
the development, not a separate script. Axiom sets were printed for every headline statement: each
is exactly propositional extensionality, quotient soundness and choice, and the certificate checks use
propositional extensionality alone. Every finite check runs inside ordinary kernel evaluation — no
compiled evaluation and no extra axiom of any kind — the largest single check taking about one
CPU-minute, and the whole development about four CPU-minutes. There is no incomplete proof
anywhere in it. The repository is private: repository reference to be added at submission.

9. THE FRONTIER
Question 9.1. Does V({) = Cpinfm+1,x} hold for every m?

We expect so, and both halves have a route. For the lower half, the strategies of Table 1 are
defined at every m and are exactly tight there — verified in exact arithmetic to m = 14 — so what is
missing is a proof of tightness in general, which amounts to two hypergeometric identities for E[o.c;]
over the level sets of Y _ o, namely E[o.0;] = (E[(}_, 0.)%] — m)/(m(m — 1)) evaluated on the two
laws of Table 1. For the upper half, the source’s own analysis of its constructions, re-instantiated
at m, should give Proposition 4.1 for all m at once. Widening the verified window from m < 9 to
m < 12 is by contrast mechanical rather than mathematical: the larger of the two certificates at
m = 12 has 3,433 atoms against 253 at m = 9, and nothing in the argument changes.

Question 9.2. Is the value of an instance governed by the number of labels used, or by the number
of labels used by the rows of positive weight?

The source’s refined lower bound is stated in terms of r, the number of distinct labels among the
examples that the weight matrix charges, which is at most m and depends on W ours is stated in
terms of m, which depends only on the instance. Since the minimiser is free to abandon examples,
the two can only be reconciled by an argument about which supports are optimal, and the exhaustive
table of Section 7 does not separate them. A per-support refinement of Theorem 4.2 would.

Finally, the boosting-theoretic point of the refinement is Remark 7.1: the round count of factorized
AdaBoost.MH is governed not by the number of classes in the problem statement but by the number
of classes the sample actually exhibits, at any sample size. Making that a theorem about the
algorithm, rather than about the constant it uses, is the natural next step.
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